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Abstract: The aim of this paper is to introduce some new operators for aggregating single-valued 
neutrosophic (SVN) information and to apply them to solve the multi-criteria decision-making 
(MCDM) problems. Single-valued neutrosophic set, as an extension and generalization of an 
intuitionistic fuzzy set, is a powerful tool to describe the fuzziness and uncertainty, and Muirhead 
mean (MM) is a well-known aggregation operator which can consider interrelationships among any 
number of arguments assigned by a variable vector. In order to make full use of the advantages of 
both, we introduce two new prioritized MM aggregation operators, such as the SVN prioritized MM 
(SVNPMM) and SVN prioritized dual MM (SVNPDMM) under SVN set environment. In addition, 
some properties of these new aggregation operators are investigated and some special cases are 
discussed. Furthermore, we propose a new method based on these operators for solving the MCDM 
problems. Finally, an illustrative example is presented to testify the efficiency and superiority of the 
proposed method by comparing it with the existing method. 


Keywords: neutrosophic set; prioritized operator; Muirhead mean; multicriteria decision-making; 
aggregation operators; dual aggregation operators 





1. Introduction 


Multicriteria decision-making (MCDM) is one of the hot topics in the decision-making field to 
choose the best alternative to the set of the feasible one. In this process, the rating values of each 
alternative include both precise data and experts’ subjective information [1,2]. However, traditionally, 
it is assumed that the information provided by them are crisp in nature. However, due to the complexity 
of the system day-by-day, the real-life contains many MCDM problems where the information is either 
vague, imprecise or uncertain in nature [3]. To deal with it, the theory of fuzzy set (FS) [4] or extended 
fuzzy sets such as intuitionistic fuzzy set (IFS) [5], interval-valued IFS (IVIFS) [6] are the most successful 
ones, which characterize the criterion values in terms of membership degrees. Since their existence, 
numerous researchers were paying more attention to these theories and developed several approaches 
using different aggregation operators [7-10] and ranking methods [11-13] in the processing of the 
information values. 

It is remarked that neither the FS nor the IFS theory are able to deal with indeterminate and 
inconsistent data. For instance, consider an expert which gives their opinion about a certain object 
in such a way that 0.5 being the possibility that the statement is true, 0.7 being the possibility that 
the statement is false and 0.2 being the possibility that he or she is not sure. Such type of data is not 
handled with FS, IFS or IVIFS. To resolve this, Smarandache [14] introduced the concept neutrosophic 
sets (NSs). In NS, each element in the universe of discourse set has degrees of truth membership, 
indeterminacy-membership and falsity membership, which takes values in the non-standard unit 
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interval (0~, 1+). Due to this non-standard unit interval, NS theory is hard to implement on the 
practical problems. So in order to use NSs in engineering problems more easily, some classes of NSs 
and their theories were proposed [15,16]. Wang et al. [16] presented the class of NS named as interval 
NS while in Wang et al. [15], a class of single-valued NS (SVNS) is presented. Due to its importance, 
several researchers have made their efforts to enrich the concept of NSs in the decision-making process 
and some theories such as distance measures [17], score functions [18], aggregation operators [19-23] 
and so on. 

Generally, aggregation operators (AOs) play an important role in the process of MCDM problems 
whose main target is to aggregate a collection of the input to a single number. In that direction, 
Ye [21] presented the operational laws of SVNSs and proposed the single-valued neutrosophic 
(SVN) weighted averaging (SVNWA) and SVN weighted geometric average (GSVNWGA) operators. 
Peng et al. [22] defined the improved operations of SVN numbers (SVNNs) and developed their 
corresponding ordered weighted average/geometric aggregation operator. Nancy and Garg [24] 
developed the weighted average and geometric average operators by using the Frank norm operations. 
Liu et al. [25] developed some generalized neutrosophic aggregation operators based on Hamacher 
operations. Zhang et al. [26] presented the aggregation operators under interval neutrosophic set (INS) 
environment and Aiwu et al. [27] proposed some of its generalized operators. Garg and Nancy [19] 
developed a nonlinear optimization model to solve the MCDM problem under the INS environment. 

From the above mentioned AOs, it is analyzed that all these studies assume that all the 
input arguments used during aggregation are independent of each other and hence there is no 
interrelationship between the argument values. However, in real-world problems, there always occurs 
a proper relationship between them. For instance, if a person wants to purchase a house then there is a 
certain relationship between its cost and the locality. Clearly, both the factors are mutually dependent 
and interacting. In order to consider the interrelationship of the input arguments, Bonferroni mean (BM) 
[28], Maclaurin symmetric mean (MSM) [29], Heronian mean (HM) [30] etc., are the useful aggregation 
functions. Yager [31] proposed the concept of BM whose main characteristic is its capability to capture 
the interrelationship between the input arguments. Garg and Arora [32] presented BM aggregation 
operators under the intuitionistic fuzzy soft set environment. In these functions, BM can capture 
the interrelationship between two arguments while others can capture more than two relationships. 
Taking the advantages of these functions in a neutrosophic domain, Liu and Wang [33] applied the 
BM to a neutrosophic environment and introduce the SVN normalized weighted Bonferroni mean 
(SVNNWBM) operator. Wang et al. [34] proposed the MSM aggregation operators to capture the 
correlation between the aggregated arguments. Li et al. [20] presented HM operators to solve the 
MCDM problems under SVNS environment. Garg and Nancy [35] presented prioritized AOs under 
the linguistic SVNS environment to solve the decision-making problems. Wu et al. [36] developed 
some prioritized weighted averaging and geometric aggregation operators for SVNNs. Ji et al. [37] 
established the single-valued prioritized BM operator by using the Frank operations. An alternative to 
these aggregations, the Muirhead mean (MM) [38] is a powerful and useful aggregation technique. 
The prominent advantage of the MM is that it can consider the interrelationships among all arguments, 
which makes it more powerful and comprehensive than BM, MSM and HM. In addition, MM has a 
parameter vector which can make the aggregation process more flexible. 

Based on the above analysis, we know the decision-making problems are becoming more and 
more complex in the real world. In order to select the best alternative(s) for the MCDM problems, it is 
necessary to express the uncertain information in a more profitable way. In addition, it is important to 
deal with how to consider the relationship between input arguments. Keeping all these features in 
mind, and by taking the advantages of the SVNS, we combine the prioritized aggregation and MM and 
propose prioritized MM (PMM) operator by considering the advantages of both. These considerations 
have led us to consider the following main objectives for this paper: 


1. to handle the impact of the some unduly high or unduly low values provided by the decision 
makers on to the final ranking; 
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2. to present some new aggregation operators to aggregate the preferences of experts element; 


9 


to develop an algorithm to solve the decision-making problems based on proposed operators; 
4. to present some example in which relevance of the preferences in SVN decision problems is 
made explicit. 


, 


Since in our real decision-making problems, we always encounter a problem of some attributes 
values, provided by the decision makers, whose impact on the decision-making process are unduly 
high or unduly low; this consequently results in a bad impression on the final results. To handle it, 
in the first objective we utilize prioritized averaging (PA) as an aggregation function which can 
handle such a problem very well. To achieve the second objective, we develop two new AOs, 
named as SVN prioritized MM (SVNPMM) and SVN prioritized dual MM (SVNPDMM) operators, 
by extending the operations of SVNNs by using MM and PA operators. MM operator is a powerful 
and useful aggregation technique with the feature that it considers the interrelationships among all 
arguments which makes it more powerful and comprehensive than BM [28], MSM [29] and HM [30]. 
Moreover, the MM has a parameter vector which can make the aggregation process more flexible. 
Several properties and some special cases from the proposed operators are investigated. To achieve 
the third objective, we establish an MCDM method based on these proposed operators under the 
SVNS environment where preferences related to each alternative is expressed in terms of SVNNs. 
An illustrative example is presented to testify the efficiency and superiority of the proposed method 
by comparative analysis with the other existing methods for fulfilling the fourth objective. Further, 
apart from these, we verify that the methods proposed in this paper have advantages with respect to 
existing operators as follows: (1) some of the existing AOs can be taken as a special case of the proposed 
operators under NSs environment, (2) they consider the interrelationship among all arguments, (3) they 
are more adaptable and feasible than the existing AOs based on the parameter vector, (4) the presented 
approach considers the preferences of the decision maker in terms of risk preference as well as 
risk aversion. 

The rest of the manuscript is organized as follows. In Section 2, we briefly review the concepts of 
SVNS and the aggregation operators. In Section 3, two new AOs based on PA and MM operations 
are developed under SVNS environment and their desirable properties are investigated. In addition, 
some special cases of the operators by varying the parametric value are discussed. In Section 4, 
we explore the applications of SVNN to MCDM problems with the aid of the proposed decision-making 
method and demonstrate with a numerical example. Finally, Section 5 gives the concluding remarks. 


2. Preliminaries 


In this section, some basic concepts related to SVNSs have been defined over the universal set X 
with a generic element x € X. 


Definition 1 ((14]). A neutrosophic set (NS) « comprises of three independent degrees in particular truth (Uq), 
indeterminacy (pq), and falsity (vq) which are characterized as 


a = {(x,Ha(X),Pa(X),Va(x) | x € X)}, (1) 


where Hy(X), Pa(X), Va(x) is the subset of the non-standard unit interval (0~,1*) such that O~ < fy(x) + 
pa(x) + va(x) < 3+, 


Definition 2 ([16]). A single-valued neutrosophic set (SVNS) « in X is defined as 
a = {(x, Ha (x), Pa(x), Vax) | x € X)}, (2) 


where [a(x), Pa(x), Va(x) € [0,1] such that 0 < pa(x) + Pa(x) + Va(x) < 3 forall x € X. A SVNS is an 
instance of an NS. 
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For convenience, we denote this pair as « = (}tq,(a,Va), throughout this article, and called as 
SVNN with the conditions pig, «,Va € [0,1] and Ha + Pa + Va < 3. 


Definition 3 ([{18]). Let « = (1a, Px,Va) bea SVNN. A score function s of « is defined as 








1+ (Me — 204 — Ve)(2 — Ug — Ve 
ata (Ha — 2p Jol ! ) 





(3) 
Based on this function, an ordered relation between two SVNNs « and f is stated as, if s(w) > s(B) then « > B. 


Definition 4 ([16,22]). Let « = (u,0,v), 01 = ([1,01,¥1) and x2 = (H2,02,V2) be three SVNNs and A > 0 
be real number. Then, we have 


ae = (v,p, HL); 
< a2 if Wa < po, 01 = pz and vy > v2; 
= & if and only if « < a2 and a2 < a4; 
Nag = (min(p1, M2), max(91,2),max(V1,V2)); 
U a = (max(}11, #2), min(p1, p2),min(V4, v2)); 
@ ay = (py + M2 — Pla, P12, V1V2); 
@ Oy = (H1P2, 1 + P2 — P1P2,V1 + V2 — V4V2); 
y= == pa) ptt 

(v4.1 —(1—p1)*4,1- (1—1)?). 


~R 








Se NS Se SN 
>R RRRRR 
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Definition 5 ([36]). For a collection of SVNNs a; = (j,p;,Vj)(j = 1,2,...,1), the prioritized weighted 
aggregation operators are defined as 


1. SVN prioritized weighted average (SVNPWA) operator 





Aj Aj Aj 
n ta, inj 0 Sn 

SVNPWA(a1,02,.-.,n) = |1-[]Q-4)" J[][@)" [oj J, (4) 

j=l j=l j=l 

2. SVN prioritized geometric average (SVNPGA) operator 
swine Hi Hi 
n LH n LH n baa 

SVNPGA (a1, 02,-.-4n) =| T [a 1-T]a-e)"1-TTa-we'}, © 

j=l j=l j=l 


j-1 
where Hy = 1 and Hj = TI s(a%)i (f= 2p veg): 


Definition 6 ([38]). For a non-negative real numbers hj(j = 1,2,...,n), (MM) operator over the parameter 
P = (pi, p2,---,Pn) © R" is defined as 


1: 


1 n . x Pj 
P P a7 
MM" (hy,Iz,..., hn) = (; | [Hin) vv (6) 


* GESy j=1 
where o is the permutation of (1,2,...,n) and Sy is set of all permutations of (1,2,...,1). 


By assigning some special vectors to P, we can obtain some special cases of the MM: 
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1. IfP = (1,0,...,0), the MM is reduced to 


v= 
> 


MM(0) (hy, hp, ..-,Htn) = 


ale 
Se 
i 
ary 


which is the arithmetic averaging operator. 
2. IfP =(1/n,1/n,...,1/n), the MM is reduced to 


n 
MMO 1/1 /) (fay, fag, / ln) = | [Y/", (8) 
j=l 


which is the geometric averaging operator. 
3. If P =(1,1,0,0,...,0), then the MM is reduced to 


1/2 
1 n 
(11,0,0,....) (hy ho,...,Hn) = | ———~ hh; 
MM ( 1/12, , hn) n(n +1) L 1j J , (9) 
iAj 
which is the BM operator [28]. 
k —k 
—_— —— 
4. IfP=(1,1,...,1,0,0,...,0), then the MM is reduced to 
k n—k 1/k 
ao eo 1 k 
MM@-1.--/10/0,.--0) (1, ha,...Fn)=| ae Yo [1m | > (10) 
k si < j=l 
we Sip 


which is the MSM operator [29]. 


3. Neutrosophic Prioritized Muirhead Mean Operators 


In this section, by considering the overall interrelationships among the multiple input arguments, 
we develop some new prioritized based MM aggregation operators for a collection of SVNNs 
Qj; (j =1,2,...,n), denoted by QO. Assume that ¢ is the permutation of (1,2,...,) such that 
Xo(j—-1) < Xo(j) for j= 2; Bp 15s: 


3.1. Single-Valued Neutrosophic Prioritized Muirhead Mean (SVNPMM) Operator 


Definition 7. Fora collection of SVNNs a;(j = 1,2,...,1),a SVNPMM operator is a mapping SVNPMM : 
O. > O defined as 





Pj al 
Xi 
Lay Tl pe a 
SVNPMM(a4,42,...,01) = | = DIT] "aw j (11) 
* ES, j=l ye Aj 


jel 


j-l 
where Hy = 1, H; = [] s(x); @ = 2,...,1), Sn is collection of all permutations of (1,2,...,n) and 
k=1 : 7 


P= (p1,p1,---,Pn) € R" be a vector of parameters. 
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Theorem 1. For a collection of SVNNs aj = (Hj, Pj: v;) (j =1,2,...,m), the aggregated value by Equation (11) 
is again a SVNN and given by 


SVNPMM (01, 02,...,&n) 








Hy) \ Pi i e : 
n 2) jar 
“ Pa 
t=) [=f | 4a=0 =e) , 
oESn j=l 
1 
a 7 
neh) PIN EY by 
. zi 12 
= a= [a=] TT [2-TT | 1-00 mi 02 
oESn j=l 
he 
el SY ae 
“ BH 
1 f1-[ TT f2-T1 ]1-v09 * 
oeSn j=l 


Proof. For SVNN a; (j =1,2,...,n) and by Definition 4, we have 
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Now, 
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J ZL Pj 
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ES, j=l x Aj 
j=l 
i. 
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Thus Equation (12) holds. Furthermore, 0 < f1g(j), Po(j)Yo(j) < 1 80 we have 
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Similarly, we have 





1 
1 i 
Hay; j nl ; 
+f “o()) Pj n! li 
n x H. 
G2t= (t=) Tatty <1 
oESy j=l 
and 
Hye \ Pj H e : 
“ “o()) J] ! ai 
n ye Hj 
o<t—]1-| TT J1-T]]1-vy <1 
oESy j=l 











which complete the proof. 





The working of the proposed operator is demonstrated through a numerical example, which is 
illustrated as follow. 


Example 1. Let a, = (0.5, 0.2, 0.3), a2 = (0.3, 0.5, 0.4) and a3 = (0.6, 0.5, 0.2) be three SVNNs and 


j-1 
P = (1, 0.5, 0.3) be the given parameter vector. By utilizing the given information and Hj = [J s(ax); 
k=1 
(j = 2,3), we get Hy = 1, Hp = 0.74 and H3 = 0.2257. Therefore, 
get) \ Pi 
3. aj 
lg t=[] 1 (1= pq) ! 
vES3 j= 
1 0.5 0.3 
_ . = (1-a ~ (1-05) aad ‘ (1- $08 oe) s (1 (1-06 a 
1 0.5 0.3 
x t _ (1-a _ aai(): 3) pre x (1- 1=05 ad) x (1 = (P06 cm) 
1 0.5 0.3 
’ . _ (1-a ~ (1-06) ) ¥ (1- 1-03 ae) ~ (1 (1-05 sacs) 
1 0.5 0.3 
sy {1 a (1-a =(1=03) pee) se (1- 1-06 oe) 7 (1 ~(1—-05 ee) 
1 0.5 0.3 
sé + = (-a = (1-05) oe) sé (1- 1-06 a) << (1 ~ (1-03 as 
1 0.5 0.3 
. ft _ (1-0 aa66 prone) : (1- i ce some”) 7 (: Se some) 
= 0.0052. 
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Similarly, we have 
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Hence, by using Equation (12), we get the aggregated value by SVNPMM is 
SVNPMM (ay, 2, 3) 


1/1.8 1/1.8 
(1 - (0.0052)'/*) a= (1 - (0.000083196)"/*) 


_ 1/1.8 
1- (1 — (0.00000093195)*/ ‘) 
= (0.7415, 0.1246, 0.0562). 


It is observed from the proposed operator that it satisfies the certain properties which are stated 


as follows. 


Theorem 2. If a; = (4;,p;,v;) and a = (Hj Pir v;) are two SVNNs such that uj < Lis pj = Pj and v; > v; 


for all j, then 
SVNPMM(ai, &2,..-,&n) < SVNPMM(o, 05,..., 0¢),). 


This property is called monotonicity. 


Proof. For two SVNNs a; and ai, we have a,j) < a) for all j which implies that pig(j) < Ho (}) and 














ne ne 
Aj 1 R HY i 1 1 ! 
(l-poyy) A 2 O- Hociy) mt", where Hy, = 1, Hj = TH s(x) and H; = 1, Hj = J ta) for 
(j = 2,3,...,n). Thus, 
n te) \ Fi nto \" 
Lh Ly 
1=(=poq) <|1-G-ng) 7 
neat \ Pi og \ Mi 
n xy ij n F XL i 
and Il t= (1=925) i < 1—(1-p qi) iF 
j=l j=l 
Further, we have 
ne). \ Pi 
n x Aj 
IT |1-IT]}1-G-poy) 7 
oESn j=l 
gun" 
" ho§ ea 
= TI 1-|] 1= (=a) 
oESy j=l 
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and 
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a <SVNPMM(q1,02,.--,&n) <a. 


Therefore, by Definition 4, we have 
SVNPMM(o1,02,---,&n) < SVNPMM (aj, 05,..., a). 
Theorem 3. For a collection of SVNNs aj = (Hj, Pir v)G = 1,2,...,n). Leta” = (u-,p ,v_) and 
at = (u*,pt,v*) be the lower and upper bound, respectively, of the SVNNs where p~ = min{y;}, 
J 
p~ = max{p;}, v- = max{vj}, p+ = max{y)}, p+ = min{o;} and v+ = min{vj}, then 
J J J 


This property is called boundedness. 





Proof. Since min{y;} < pj, therefore min{y;} < Hg), which implies 
J ji 
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which implies that 
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In the same manner, we get 
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oESy j= 


RB 


H Pj a a 

j nt . 

nu) ja? 
n x Hj 

ata (t=) [= TL t=—4.— 


Hence, (uw ,9,v_) < SVNPMM(aj,a,...,&n). Similarly, we have 


SVNPMM(a1,a2,.--,8n) < (u*,pt,vt), 








which completes the proof. 








Theorem 4. Let &; be any permutation of «; then we have 


SVNPMM (aj, 2, bana Xn) — SVNPMM (1, i2, ssaed in). 


This property is called commutativity. 





Proof. The proof of this theorem can be easily followed from Equation (12), so we omit it here. 











Theorem 5. If the priority level of all the SVNNs is taken to be the same then SVNPMM operator reduces to 
single-valued neutrosophic Muirhead mean (SVNMM) operator. This property is called reducibility. 
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Proof. Take ¢; = Bc = | for all j denotes the prioritized level. As ¢; is same for all j, 80, we have 
J n J Pp J i 





j 
j=l 
(nj) &o(j) = Xj), Which implies 
aot, 
1 pi \ hy Pi 
SVNPMM(a1,02,.--,&n) = (Z DB Ts%) Fl 
ES, j=l 
= SVNMM(a1,02,...,an)- 














However, apart from these, the following particular cases are observed from the proposed 
SVNPMM operator by assigning different values to P = (pi, P2,-++,Pn)- 


1. If P = (1,0,...,0), then SVNPMM operator becomes the SVN prioritized weighted average 
(SVNPWA) operator which is given as 











= 
H pari 
1 1 - 
SVNPMM(a1,02,...,0n) = al B a - d seta) 
“ ESy ys Aj 
j=l 
n H. 
—_ J 
~~ n Xj 
j=l Yj 


j=l 
= SVNPWA(a1,42,...,4n). 


2. When P = (A,0,...,0), then SVNPMM operator yields to SVN generalized hybrid prioritized 
weighted average (GSVNGHPWA) operator as shown below 








AY ix 
1 Ag 
SVNPMM(qj,02,...,0n) = = Qin aia wet) 
“ 7ESy ye Aj 
j=l 
AY x 
1% Aj 
= | 0] "a4 
ns 
j=l ye Aj 


j=l 
= SVNGHPWA(aj,a2,...,n). 


3. If P= (1,1,0,...,0), then Equation (11) reduces to SVN prioritized bonferroni mean (SVNPBM) 
operator as below 
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1 
z 
1 Aga Ag 
SVNPMM(ay,02,..-,4n) = Qin ul d aet1) +i a Beta 
‘ oESy ye Aj yy j 
j=l j=l 
1 
2 
2 n 
n H, Hs 
~ n!} D H a a bs 
ret \ Hy y A, 
T= s=1 


= SVNPBM(aj,a2,...,0n)- 


tterms n-— t terms 
SN) * 
4. IfP = (1,1...,1, 0,0...,0 ), then SVNPMM operator yields to SVN prioritized Maclaurin 
symmetric mean (SVNPMSM) operator as follows 


2n't Aj 
SVNPMM(a1,@2,---,4n) = ar a ®& hay, 
© 1<j<- q=1 YH, 
<jp<n (AA 


3.2. Single-Valued Neutrosophic Prioritized Dual Muirhead Mean Operator 


In this section, we propose prioritized dual aggregation operator based on the MM under the 
SVNS environment. 


Definition 8. A SVNPDMM operator is a mapping SVNPDMM : ()" — Q. given by 











1 
5 
1 1 zhi 
SVNPDMM(a1,a2,-.-/4) = =—| TT @(pito) | - (13) 
x; Pj ovESy j=l 
j=l 
Theorem 6. The collective value by using Equation (13) is still a SVNN and is given as 
SVNPDMM(ay, &2,..-, 6n) 
a 
1 7 
: ned) \PIN\ Yi 
1—]}1-]| J] J1-[]}1-roq) *° j 
oESn j=l 
i\ \ at 
n nee PNA) ett 
. 1=| T] |2-I] | 1-@-aq) ,|- (14) 
TES, j=l 

4 

1\ x 
n ‘ ‘ee " ‘i -A 4 

1-| J] J1- 1-(1-vyq)) FE’ 
TES, j=l 











Proof. The proof follows from Theorem 1. 





In order to illustrate the working of this operator, we demonstrate it through an illustrative 
example as follows. 
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Example 2. If we have taken the data as considered in Example 1 to illustrate the aggregation operator as 
defined in Theorem 6 then, we have 
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and 
gue \ 7 
3 x4; 
1 ee Oe 
7E53 I= 
1 0.5 03 
_ . _ (1-a ~ (1-03) ae . (1- 1-04 — ¥ (1 _(1-02 pe) 
1 0.5 03 
ss t 7 (1-a ~ (1-04) al Mg Gc 1-03 aad) : (1 =1=62 — 
1 0.5 03 
” {1 a (-a ~ (1-02) pe) . (1- 1-04 aia) “ (1 _ (1-03 is 
1 0.5 03 
“ } _ (1-a ~ (1-04) pane) 52 (:- 1-02 ies) ry (1 (1-03 ae 
1 0.5 03 
{1 = (-a ~ (1-03) pew) zs (1- 1-02 es) “g (1 _(1-04 ore) 
1 0.5 03 
. ft _ (i-a ~ (1-02) om) . (1- 1-03 7) e (1 (1-04 aia 
= 0.0791 
Hence, 
1 1 
1\ 18 1\ 18 
1- (1 - (0.00042495)  ) (1 - (0.0268) ) ‘i 
SVNPDMM(ay,02,03) = 


els 


Us (0.0791)6 ) i 


= (0.1631, 0.6441, 0.5535). 


Similar to SVNPMM operator, it is observed that this SVNPDMM operator also satisfies same 
properties for a collection of SVNNs «;(j = 1,2,...,1) which are stated without proof as below. 


(P1) Monotonicity: Ifa; < a for all j, then 
SVNPDMM(a1,«2,.--,&n) <SVNPDMM(a}, «5,...,a',). 
(P2) Boundedness: If a~, and a* are lower and upper bound of SVNNs then 
a <SVNPDMM(a1,02,...,0n) <a. 
(P3) Commutativity: For any permutation (01, 02,...,@n) of the (a1, a,...,an), we have 
SVNPDMM (a4, &2,...,&n) = SVNPDMM (a, o2,...,00n). 


4. Multi-Criteria Decision-Making Approach Based on Proposed Operators 


In this section, we present an MCDM approach for solving the decision-making problem under 
the SVNS environment by using the proposed operators. A practical example from a field of 
decision-making has been taken to illustrate it. 
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4.1. Proposed Decision-Making Approach 


Consider an MCDM problem which consists of m alternatives A;,A2,...,Am which are evaluated 
under the n criteria Cy, C2,...,Cn. For this, an expert was invited to evaluate these alternatives under 
the SVN environment such that their rating values were given in the form of SVNNs. For instance, 
corresponding to alternative A; under criterion C;, when we ask the opinion of an expert about the 
alternative A; with respect to the criterion C;, he or she may observe that the possibility degree in which 
the statement is good is j1;;, the statement is false is vj; and the degree in which he or she is unsure is 
pij- In this case, the evaluation of these alternatives are represented as SVNN aij = (Hij, Pij, Vij) such 
that 0 < pi, Pj, Vij < Land pi + pi + Vij < 3. This collective information is represented in the form of 
the neutrosophic decision-matrix D which is represented as 


G& & co & 
Ay [O11 12 «ee. Mn 
D= Az | &1 22 «shan 
Am \Om1 &m2 +++ &mn 


Based on this information, the procedure to find the best alternative(s) is summarized as follows: 


Step 1: If in the considered decision-making problem, there exist two kinds of criteria, namely the 
benefit and the cost types, then all the cost type criteria should be normalized into the benefit 
type by using the following equation 


poe (Vij, Pij Hii) + for cost type criteria, (15) 
y ( Hije Pij, Vij) ; for benefit type criteria. 
Step 2: Compute Aiyg(i = 1,2,...,m) as 
1 i fey 
Hes 2j4 (16) 
: TH sre) 7 f=2,..m 


Step 3: For a given parameter P = (pj, p2,.--, Pn), utilize either SVNPMM or SVNPDMM operator 
to get the collective values rj = (Hi, pi, vi)(i = 1,2,...,m) for each alternative as 
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1, 7— 
Hi-a3 ; at ; 
nie) \ Pi Bi 
n Hy 
1 IT }1 1— (1 Hig(j)) = ' 
oESy j=l 
1 =e 
A Fin() Pj nl zi 
n yw; 
= Poor | 
= [t=[t=] t= tee , a7) 
oESy j=l 
Pp bl a 
Fig (} p nm Lp 
, niet Ai 
1—j1-j [J j1- 1=Viggy) =" 
vEeSy, j=l 
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or 
ji = SVNPDMM(rj1, 72, --+,Tin) 
ul 
1 nt 
Hine \. Pj al 
pO NN EY Be 
- a] 
1—)1-] TT [1-IL] 1-H * 
oESy j=l 
1 
Hig \ Pi\ \ 8 \ Ej 
n i Ht: j=l 
= pai (18) 
1-| TT |1-IT| 1-4 - ping) al 
oeSy j=l 
1 ue 
H.. Pj a i 
, Ps a } nt Ai 
=| 
t=) TT )3=[] | 1-@=tagy) > 
oeSy j=l 


Step 4: Calculate score values of the overall aggregated values r; = (1;,0;,v;) (i = 1,2,...,m) by 
using equation 








y= LA = 2p — w)(2— Mi v)_ (19) 


s(rj 7 


Step 5: Rank all the feasible alternatives A;(i = 1,2,...,m) according to Definition 3 and hence select 
the most desirable alternative(s). 


The above mentioned approach has been illustrated with a numerical example discussed in 
Section 4.2. 


4.2. Illustrative Example 


A travel agency named Marricot Tripmate has excelled in providing travel related services to 
domestic and inbound tourists. The agency wants to provide more facilities like detailed information, 
online booking capabilities, the ability to book and sell airline tickets, and other travel related services 
to their customers. For this purpose, the agency intends to find an appropriate information technology 
(IT) software company that delivers affordable solutions through software development. To complete 
this motive, the agency forms a set of five companies (alternatives), namely, Zensar Tech (A), NIT 
Tech (Az), HCL Tech (A3), Hexaware Tech (Aq), and Tech Mahindra (As) and the selection is held 
on the basis of the different criteria, namely, technology expertise (C1), service quality (C2), project 
management (C3) and industry experience (C4). The prioritization relationship for the criterion is 
Ci > Cp > C3 > C4. In order to access these alternatives, an expert was invited and he gives their 
preferences toward each alternative in the form of SVNN. Their complete preferences of the expert are 
summarized in Table 1. 


Table 1. Single-valued neutrosophic decision making matrix. 








Cy C2 C3 C4 
Ay (0.5,0.3,04) (0.5,0.2,0.3) (0.2,0.2,0.6) (0.3,0.2,0.4) 
Az (0.7,0.1,0.3) (0.7,0.2,0.3) (0.6,0.3,0.2) (0.6,0.4,0.2) 
Ax (0.5,0.3,04) (0.6,0.2,0.4) (06,0.1,0.2) (0.5,0.1,0.3) 
A, (0.7,0.3,0.2) (0.7,0.2,0.2) (0.4,0.5,0.2) (0.5,0.2,0.2) 
As (04,0.1,0.3) (0.5,0.1,0.2) (0.4,0.1,0.5) (0.4,0.3,0.6) 
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Then, the following steps of the proposed approach have been executed as below 


Step 1: As all the criteria values are of the same types, the original decision matrix need not be 
normalized. 
Step 2: Compute Hjj (j = 1,2,3,4) by using Equation (16), we get 


0.9000 0.7200 0.4464 

0.6650 0.5320 0.4575 
F 0.6650 0.5154 eel 
1 0.8250 0.6806 0.6024 


1 0.6650 0.4921 0.3642 
H = |! 


Step 3: Without loss of generality, we take P = (0.25,0.25,0.25,0.25) and use SVNPMM operator 
given in Equation (17) to aggregate rjj(j = 1,2,3,4) and hence we get r; = (0.9026, 0.0004, 
0.0118); r2 = (0.9963, 0.0008, 0.0007); r3 = (0.9858, 0.0001, 0.0029); rg = (0.9877, 0.0021, 
0.0002) and rs = (0.9474, 0.0000, 0.0093). 

Step 4: By Equation (19), we get s(r;) = 0.9959, s(r2) = 0.9992, s(r3) = 0.9998, s(r4) = 0.9978 and 
s(t5) = 0.9990. 

Step 5: Since s(r3) > s(r2) > s(r5) > s(r4) > s(71) and thus ranking order of their corresponding 
alternatives is Az > Az > As > Aq > Aj. Here > refers “preferred to”. Therefore, A3 is the 
best one according to the requirement of the travel agency. 


Contrary to this, if we utilize SVNPDMM operator then the following steps are executed as: 


Step 1: Similar to above Step 1. 

Step 2: Similar to above Step 2. 

Step 3: For a parameter P = (0.25, 0.25, 0.25, 0.25), use SVNPDMM operator given in Equation (18) 
we get r = (0.0069, 0.7379, 0.9413); r2 = (0.1034, 0.7423, 0.7782); rz = (0.0428, 0.6021, 0.8672); 
r4 = (0.0625, 0.8271, 0.6966) and rs = (0.0109, 0.5340, 0.9125). 

Step 4: The evaluated score values by using Equation (19) are s(1) = 0.2226, s(r2) = 0.1628, s(r3) = 
0.3396, s(r4) = —0.0554 and s(rs) = 0.4222. 

Step 5: The ranking order of the alternatives, based on the score values, is As > A3 > A, > Az > Ag 
and hence As as the best alternative among the others. 


4.3. Comparison Study 


If we apply the existing prioritized aggregation operator named as SVN prioritized operator [36] 
on the considered problem, then the following steps of the Wu et al. [36] approach have been executed 
as follows: 


Step 1: Use SVNPWA operator as given in Equation (4) to calculate the aggregated values 
Bi(i = 1,2,3,4,5) of each alternative A; are B; =  (0.4392,0.2407, 0.3981), 
Bo = (0.6681,0.1864, 0.2602), Bs = (0.5461,0.1929,0.3414), Bs = (0.6294, 0.2844, 0.2000) 
and Bs = (0.4291, 0.1141, 0.3232). 

Step 2: Compute the cross entropy E for each 8; from A* = (1,0,0) and A~ = (0,0,1) based on 
the equation E(a1,a2) = (sinpy — sinpz) x (sin(f44 — f2)) + (sine1 — sinp2) x (sin(o1 — 
p2)) + (sinv; — sinv2) x (sin(v; — v2)) and then evaluate Sg, by using equation Sg, = 
mati The values corresponding to it are: Sg, = 0.4642, Sp, = 0.1755, Sg, = 0.3199, 
Spy = 0.1914 and Sp, = 0.4007. 

Step 3: The final ranking of alternative, according to the values of S Bir iS Az > Ag > A3 > As > Al. 


From above, we have concluded that the A2 is the best alternative and A, is the worst one. 
However, from their approach [36], it has been concluded that they have completely ignored the 
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interrelationships among the multi-input arguments and hence the ranking order are quite different. 
Thus, from it, we can see the influence of the interrelationships among all the criteria on the 
decision-making process. 


4.4, Influence of Parameter P on the Decision-Making Process 


The proposed aggregation operators have two prominent advantages. First, it can reduce the 
bad effects of the unduly high and low assessments on the final results. Second, it can capture the 
interrelationship between SVN attributes values. Moreover, both of the two aggregation operators 
have a parameter vector P, which leads to a more flexibility during the aggregation process. Further, 
the parameter vector P plays a significant role in the final ranking results. In order to illustrate the 
influence of the parameter vector P = (pj, p2,-.., Pn) on the score functions and the ranking results, 
we set different values to P in the SVNPMM and SVNPDMM operators and their corresponding results 
are summarized in Table 2. From this table, it is concluded that the score value of each alternative 
decreases by SVNPMM operator while it increases by SVNPDMM operator. Therefore, based on the 
decision maker behavior, either A3 or As are the best alternatives to be chosen for their desired goals. 
Thus, the parameter vector P can be viewed as decision makers’ risk preference. 


4.5. Further Discussion 


The prominent advantage of the proposed aggregation operators is that the interrelationship 
among all SVNNs can be taken into consideration. Moreover, it has a parameter vector that leads 
to flexible aggregation operators. To show the validity and superiorities of the proposed operators, 
we conduct a comparative analysis whose characteristics are presented in Table 3. 


Table 2. Ranking results of alternatives using proposed operators for different values of P. 


Parameter Vector Score Values of Alternatives Ranking 
Operator 


P Ay A2 A3 Ag As Results 
SVNPMM 0.9975 0.9997 0.9999 0.9989 0.9990 A3> Ap>A5 > Ag> Aj 






































1,0, 0.9 SVNPDMM _ 0.2184 0.0876 0.2942 -0.1233 0.3632 As;>A3> Ay > Ap > Ag 
(1, 1,0,0 SVNPMM 0.9844 0.9969 0.9988 0.9920 0.9940 A3> Ap> As > Ag> Ay 
aes SVNPDMM _ 0.3638 0.2891 0.4851 0.0162 0.5597 As>A3> A,y> Ao> Ag 
(1,1,1,0 SVNPMM 0.9723 0.9926 0.9968 0.9809 0.9887 A3> Ap> As> Ag> Ay 
a SVNPDMM _ 0.4268 0.3846 0.5529. 0.1219 0.6053. «As + Az > Ay > Ap > Ag 
(1,1,1,1 SVNPMM 0.9624 0.9868 0.9942 0.9659 0.9851 A3> Ap> As> Ag> Ay 
asa SVNPDMM_ 0.4617 0.4507. 0.5955 0.2079 «(0.6341 «As + Az > Ay > Ap > Ag 
(2,2,2,2 SVNPMM 0.9443 (0.9633 (0.9836 »=-«0.9189_-0.9767. A3> As > Ap > Ay > Ag 
teint SVNPDMM 0.5165 0.5024 0.640 0.3016 -~=—:0.6698 = As + Az > Ay > Ap > Ag 
(3,3, 3,3) SVNPMM 0.9322 0.9440 (0.9744 0.8896 0.9715 A3;>A5> A> A, > Ag 
ia SVNPDMM _ 0.5369 (0.5018 0.6490 --(0.3142.-S:0.6853. As > Az > Ay > Ap > Ag 
( 11 1) SVNPMM 0.9824 0.9965 0.9987 0.9903 0.9943 A3>Ap>> As > Ag> Ay 
272/22 SVNPDMM _ 0.3652 (0.3217—«0.4982—s:«0.0490-s:0.5661 «As > A3 > Ay > Ap > Ag 
(3 111 ) SVNPMM 0.9959 0.9992 0.9998 0.9978 0.9990 A3>Ap> As > Ag> Aq 
40 4r arg SVNPDMM _ 0.2226 0.1628 0.3396 -0.0554 0.4222 As>A3> A> Ao> Ag 
(2, 0, 0,0) SVNPMM _ 0.9890 0.9984 0.9990 0.9953 0.9931 A3> Ap> Ag> Ax > Aq 
inti SVNPDMM _ 0.3571 (0.1886 0.4228 «= -0.1009 0.4781 As; > A3> A, > Ap > Ag 
(3, 0,0, 0) SVNPMM 0.9814 0.9964 (0.9974 0.9898 0.9860 A3;> Ap > Ag> Asx > Aq 


SVNPDMM_ 0.4139 0.2426 0.4645 -0.0595 0.5008 As + A3> Ay > Ap > Ag 


SVNPMM: single-valued neutrosophic prioritized Muirhead mean, SVNPDMM: single-valued neutrosophic 
prioritized dual Muirhead mean. 
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Table 3. Comparison of different approaches and aggregation operators. 





Whether the Whether the Whether the Whether the Bad Whether It Makes the 
Interrelationship of _Interrelationship of Relationship of Effects of the Unduly High = Method Flexible by 
Two Attributes Three Attributes Multiple Attributes © Unduly Low Arguments the Parameter 
Is Captured Is Captured Is Captured Can Be Reduced Vector 


NWA [21] x Bd x 
SVNWA [22] 
SVNOWA [22 
SVNWG [22] 
SVNOWG [22] 
SVNHWA [25] 
SVNHWG [25] 
NWG [21] 
SVNEWG [24 
SVNEWA [24] 
SVNENPBM [37] 
WSVNLMSM [34] 
SVNNWEM [33] 
SVNIGWHM [20] 
GNNHWA [25] 

The proposed method. 


Approaches 





x 





\ x KX KX KX XK XK XK XK KX 


SKANK XK XK XK KK KK XK 
XK AK NK XK XK KX KX XK XK 
SX AKA XK XX KX XK XK K XK XK 
KAA AA ANA XK XK KX XK XK X 





NWA: neutrosophic weighted averaging, SVNWA: single-valued neutrosophic weighted averaging, SVNOWA: 
single-valued neutrosophic ordered weighted averaging, SVNWG: single-valued neutrosophic weighted 
geometric, SVNOWG: single-valued neutrosophic ordered weighted geometric, SVNHWA: single-valued 
neutrosophic hybrid weighted averaging, SVNHWG: single-valued neutrosophic hybrid weighted geometric, 
NWG: neutrosophic weighted geometric, SVNFWG: single-valued neutrosophic Frank weighted geometric, 
SVNEFWA: single-valued neutrosophic Frank weighted averaging, SVNFNPBM: single-valued neutrosophic 
Frank normalized prioritized Bonferroni mean, WSVNLMSM: weighted single-valued neutrosophic linguistic 
Maclaurin symmetric mean, SVNNWBM: single-valued neutrosophic normalized weighted Bonferroni 
mean, IGWHM: single-valued neutrosophic improved generalized weighted Heronian mean, GNNHWA: 
generalized neutrosophic number Hamacher weighted averaging. 


The approaches in [21,22,25] are based on a simple weighted averaging operator. However, 
in these approaches, some of the weakness are (1) they assume that all the input arguments are 
independent, which is somewhat inconsistent with reality; (2) they cannot consider the interrelationship 
among input arguments. However, on the contrary, the proposed method can capture the 
interrelationship among input arguments. In addition to that, the proposed operator has an additional 
parameter P which provide a feasible aggregation process. In addition, some of the existing operators 
are deduced from the proposed operators. Thus, the proposed method is more powerful and flexible 
than the methods in [21,22,25]. 

In [33,37], authors presented an approach based on the BM aggregation operator where they 
considered the interrelationship between the arguments. However, the main flaws of these approaches 
are that they consider only two arguments during the interrelationship. On the other hand, in [34] 
authors have presented an aggregation operator based on MSM by considering two or more arguments 
during the interrelationship; however, these methods [33,34,37] fail to reflect the interrelationship 
among all input arguments. Finally, in [20] authors used the Heronian mean AOs without considering 
any interrelationship between the arguments. 

As compared with these existing approaches, the merits of the proposed approach are that it can 
reflect the interrelationships among all the input arguments. In addition, the proposed operators have 
an additional parameter P which makes the proposed approach more flexible and feasible. 


5. Conclusions 


Muirhead mean aggregation operator is more flexible by using a variable and considering the 
multiple interrelationships between the pairs of the input arguments. On the other hand, SVNS is more 
of a generalization of the fuzzy set, intuitionistic fuzzy set to describe the uncertainties in the data. 
In order to combine their advantages, in the present paper, we develop some new MM aggregation 
operators for the SVNSs including the SVNPMM and the SVNPDMM. The desirable properties of these 
proposed operators and some special cases are discussed in detail. Moreover, we presented two new 
methods to solve the MCDM problem based on the proposed operators. The proposed method is more 
general and flexible, not only by considering the parametric vector P but also by taking into account the 
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multiple interrelationships between the input argument. Apart from this, the remarkable characteristic 
of the proposed operator is to reflect the correlations of the aggregated arguments by considering the 
fact that those different criteria having different priority levels. The mentioned approach has been 
demonstrated through a numerical example and compares their corresponding proposed results with 
some of the results of existing approaches. From the computed results, it has been observed that the 
proposed approach can be efficiently utilized to solve decision-making problems where uncertainties 
and vagueness in the data occur concurrently. Moreover, by changing the values of the parameter P, 
an analysis has been done which concludes that the proposed operators provide more choices to the 
decision makers according to their preferences. In addition, it is also regarded as considering the risk 
preference of decision makers by the parameter P. So, the proposed approach is more suitable and 
flexible to solve the practical and complex MCDM problems. 

In future works, we will apply our proposed method for more practical decision-making problems. 
In addition, considering the superiority of MM operator, we can extend it to some new fuzzy sets, such as 
Pythagorean fuzzy sets [39-41], applications to MCDM [42-44], multiplicative sets [45,46] and so on. 
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Abstract: As a new generalization of the notion of the standard group, the notion of the neutrosophic 
triplet group (NTG) is derived from the basic idea of the neutrosophic set and can be regarded 
as a mathematical structure describing generalized symmetry. In this paper, the properties and 
structural features of NTG are studied in depth by using theoretical analysis and software calculations 
(in fact, some important examples in the paper are calculated and verified by mathematics software, 
but the related programs are omitted). The main results are obtained as follows: (1) by constructing 
counterexamples, some mistakes in the some literatures are pointed out; (2) some new properties 
of NTGs are obtained, and it is proved that every element has unique neutral element in any 
neutrosophic triplet group; (3) the notions of NT-subgroups, strong NT-subgroups, and weak 
commutative neutrosophic triplet groups (WCNTGs) are introduced, the quotient structures are 
constructed by strong NT-subgroups, and a homomorphism theorem is proved in weak commutative 
neutrosophic triplet groups. 


Keywords: neutrosophic triplet group (NTG); NT-subgroup; homomorphism theorem; weak 
commutative neutrosophic triplet group 





1. Introduction 


The importance of group theory is self-evident. It is widely used in many fields, such as physics, 
chemistry, engineering, and so on. It is a very good mathematical tool to describe the symmetry of 
nature [1,2]. As a more general concept, Molaei introduced the new notion of generalized group in 
1999 [3,4], and some researchers studied its properties [5,6]. 

The concept of neutrosophic set is introduced by F. Smarandache, it is a generalization of 
(intuitionistic) fuzzy sets [7]. The neutrosophic set theory is applied to algebraic structures, multiple 
attribute decision-making, and so on [8-13]. Recently, F. Smarandache and Mumtaz Ali in [14,15], 
for the first time, introduced the new notion of neutrosophic triplet group (NTG), which is another 
generalization of classical group. It is easy to verify that all generalized groups are neutrosophic triplet 
group. Note that, in this paper, the notion of neutrosophic triplet group, indeed, is the neutrosophic 
extended triplet group in [14]. 

Until now, for neutrosophic triplet group, some research articles are published [16-21]. At the 
same time, there are still some misunderstandings about this new algebraic structure. This paper will 
clarify some misunderstandings, especially pointing out some erroneous conclusions in [18] and will 
try to give improved results. In Section 2, we give some examples to illustrate which conclusions 
are incorrect and some misunderstandings have led to the emergence of these results. In Section 3, 
we prove some new important properties of neutrosophic triplet groups. In Section 4, we give some 
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new concepts, include NT-subgroups, strong NT-subgroups, and weak commutative neutrosophic 
triplet groups (WCNTGs), and prove a homomorphism theorem of weak commutative neutrosophic 
triplet groups. 


2. Preliminaries 


As we all know, the concept of group is a useful tool to characterize symmetry. In the definition 
of classical group, unit element has operation invariance for any element, i.e., e-x = x-e = x for all x 
in a group (G, -), where e in G is the unit element. Moreover, the inverse element x! of x is also 
relative to the unit element e, and the inverse element is unique in the classical group. In [14,15], 
starting from the basic idea of neutrosophic set, a new algebraic structure, neutrosophic triplet group 
(briefly, NTG), is proposed. In NTG, the unit element is generalized as a neutral element, which is 
relative and local; that is, each element has its own neutral element; and the original inverse element 
concept is generalized as an anti (opposite) element, and it is relative to own neutral element, and it 
cannot be unique. In this way, NTG can express more general symmetry and has important theoretical 
and applied value. 


Definition 1. Assume that N is an empty set and * is a binary operation on N. Then, N is called a neutrosophic 
triplet set (NTS) if for any a € N, there exists a neutral of “a” (denoted by neut(a)), and an opposite of “a” 
(denoted by anti(a)) satisfying ([14,15]): 


a*neut(a) = neut(a)*a = a; 


a* anti(a) = anti(a)*a = neut(a). 
And, the triple (a, neut(a), anti(a)) is called a neutrosophic triplet. 
Note that, for a neutrosophic triplet set (N, *), a € N, neut(a) and anti(a) may not be unique. In order 


not to cause ambiguity, we use the notations {neut(a)} and {anti(a)}; they represent the sets of neut(a) 
and anti(a), respectively. 


Remark 1. In the original definition in [14,15], the neutral element cannot be a unit element in the usual sense, 
and then this restriction is removed, using the concept of a neutrosophic extended triplet by F. Smarandache [14]. 
That is, the classical unit element can be regarded as a special neutral element. Here, the notion of neutrosophic 
triplet refers to neutrosophic extended triplet. 


Definition 2. Assume that (N, *) is a neutrosophic triplet set. Then, N is called a neutrosophic triplet group, 
if it satisfies ([14,15]): 


(1) The operation * is closed, i.e.,a *b € N, Va, b € N; 
(2) The operation” is associative, 1.e., (a *b) *c =a * (b *c)N a,b,c EN 


A neutrosophic triplet group (N, *) is called to be commutative, if a* b = b* a,Va,b € N. 


3. Some Counterexamples and Misunderstandings on Neutrosophic Triplet Groups 


The research idea of Ref. [18] is very good, but the main results are not true. This section first 
gives some counterexamples, and then analyzes some of the misunderstandings on neutrosophic 
triplet groups. 


Example 1. Denote N = {1, 2, 3, 4, 5}; the operation * on N is defined by Table 1. Then, (N, *) is a commutative 
neutrosophic triplet group, and: 


neut(1) = 1, {anti(1) } = {1, 2, 3}; neut(2) = 3, anti(2) = 2; neut(3) = 3, anti(3) = 3; 
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neut(4) = 4, fanti(4)} = {1, 2, 3, 4}; neut(5) = 4, anti(5) = 5. 


Table 1. Commutative neutrosophic triplet group. 


* 
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Denote H = {1, 2, 3, 4}, then (H, *) is a neutrosophic triplet subgroup (according to Definition 17 in [18]). And, 
1H ={1, 4}, 2H ={1, 2, 3, 4}, 3H = (1, 2, 3, 4}, 4H = {4}, 5H = {5}. 
This means that Lemma 1 (2), (4), (7), and (9) in [18] are not true: 
1 €H, but 1H £H; 


1H ¥ 2H and 1HN 2H £ @; 


1 € H, but 1H isa neutrosophic triplet subgroup (according to Definition 17 in [18]); 
11H| # 12H 1. 


Moreover, |H| = 4, |N| =5, it follows that |H\| |N\; and the number of distinct aH in N (according to 
Definition 18 in [18]) is no |N1|1\1H1|. This means that Theorem 3 in [18] are not true. 


Example 2. Denote N = {1, 2, 3, 4, 5}, the operation * on N is defined by Table 2. Then, (N, *) is 
a non-commutative neutrosophic triplet group, and: 


neut(1) = 1, anti(1) = 1; neut(2) = 2, anti(2) = 2; neut(3) = 3, anti(3) = 3; 


neut(4) = 4, {anti(4)} = {3, 4}; neut(5) = 3, anti(5) = 5. 


Table 2. Non-commutative neutrosophic triplet group. 


* 
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Denote H = {1, 2, 3, 4}, then (H, *) is a neutrosophic triplet subgroup (according to Definition 17 in [18]). And: 
1H = {1}, H1 =(1, 2, 4}; 2H = {2}, H2 =(1, 2, 4}; 3H = (3, 4}, H3 = (1, 2, 3, 4}; 


4H = {4}, H4 =(1, 2, 4}; 5H = {4, 5}, H5 = (1, 2, 4, 5}. 


It follows that Theorem 4 in [18] is not true: 


anti(1)*(H1) C H, anti(2)*(H2) C H, anti(3)*(H3) C H, anti(4)*(H4) C H, anti(5)*(H5) C H; 
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but H is not normal (according to Definition 20 in [18]). 
Moreover, anti(5)*4 = 4 € H, thus 5 =; 4(mod H), according to Definition 19 in [18]. But 4 A ; 5 (mod H), 
this means that = ; is not an equivalence relation. Therefore, Proposition 2 in [18] is not true. 


4. Some New and Important Properties of Neutrosophic Triplet Groups 


As mentioned earlier, from the definition of neutrosophic triplet group, there may be multiple 
neutral elements neut(a) of an element a. We used more than a dozen personal computers, hoping to 
find an example to show that neutral elements of an element do not have to be unique. Unfortunately, 
we spent several months without finding the desired examples. This prompted us to consider another 
possibility: perhaps because of the associative law, every element in a neutrosophic triplet group has 
a unique neutral element? Recently, we succeeded to prove that this conjecture is true. 


Theorem 1. Assume that (N, *) is a neutrosophic triplet group. Then: 


(1) aé€N,neut(a) is unique. 
(2) aeé€N,neut(a) * neut(a) = neut(a). 


Proof. Assume s, t € {neut(a)}. Then s*a = a*s = a, t*a = a*t = a, and there exists p, g such that: 
pra=a*p=s, q*a=a*q =t. 


Thus: 





s*t = (p*a)*t = p*(a*t) = p*a=s. 
On the other hand: 
s*t = (a*p)*(a*q) = [a*(p*a)]*q = (a*s)*q = a%q = t. 











Therefore, s = f = s*t. This means that neut(a) is unique, and neut(a) * neut(a) = neut(a) for any a in N. 





Remark 2. For an element a in a neutrosophic triplet group (N, *), although neut(a) is unique, but we can see 
from Examples 1 and 2 that anti(a) is usually not unique. 


Theorem 2. Let (N, *) be a neutrosophic triplet group. Then Va € N, Vanti(a) € {anti(a)}, 


(1) neut(a)*p = q*neut(a), for any p, q € {anti(a)};. 

(2) neut(neut(a)) = neut(a); 

(3) anti(neut(a))*anti(a) € {anti(a)}; 

(4) — neut(a*a)*a = a*neut(a*a) = a; neut(a*a)*neut(a) = neut(a)*neut(a*a) = neut(a); 

(5) neut(anti(a))*a = a*neut(anti(a)) = a; neut(anti(a))*neut(a) = neut(a)*neut(anti(a)) = neut(a); 
(6) anti(neut(a))*a = a*anti(neut(a)) = a, for any anti(neut(a)) € {anti(neut(a))}; 

(7) a € {anti(neut(a)*anti(a))}- 

(8) neut(a)*anti(a) € {anti(a)}; anti(a)*neut(a) € {anti(a)}; 

(9) a € {anti(anti(a))}, that is, there exists p € {anti(a)} such that a € {anti(p)}; 

(10) neut(a)*anti(anti(a)) = a. 


Proof. 


(1) For any p, q € {anti(a)}, according the definition of neutral and opposite element, applying 
Theorem 1 (1), we have: 


p*a = a*p = neut(a), g*a = a*q = neut(a). 
neut(a)*p = (q*a)*p = q*(a*p) = q*neut(a). 
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(2) For any anti(a) € {anti(a)} and anti(neut(a)) € {anti(neut(a))}, 
[anti(neut(a))*anti(a)]|*a = anti(neut(a))*[anti(a)*a] = anti(neut(a))*neut(a) = neut(neut(a)). 
On the other hand: 


{Lanti(neut(a))*anti(a)]*a}*neut(a) = [anti(neut(a))*anti(a)]*[a*neut(a)] = 
[anti(neut(a))*anti(a)]|*a = neut(neut(a)). 


Thus: 
neut(neut(a))*neut(a) = {[anti(neut(a))*anti(a)]*a}*neut(a) = neut(neut(a)). 


Moreover, the definition of neutral element, neut(neut(a))*neut(a) = neut(a). Therefore, neut(neut(a)) 
= neut(a). 
(3) For any anti(a) € {anti(a)} and anti(neut(a)) € {anti(neut(a))}, applying (2), we have: 


[anti(neut(a))*anti(a)]|*a = anti(neut(a))*[anti(a)*a] = anti(neut(a))*neut(a) = neut(neut(a)) = neut(a); 
a*[anti(neut(a))*anti(a)] = [a*neut(a)]*[anti(neut(a))*anti(a)] = a*[neut(a)*anti(neut(a))|*anti(a) = 
a*neut(neut(a))*anti(a) = a*neut(a)*anti(a) = a*anti(a) = neut(a). 


Thus, anti(neut(a))*anti(a) € {anti(a)}. 
(4) According to the definition of neutral element, using the associative law, we get: 


(a*a)*neut(a*a) = (a*a), 
anti(a)*[(a*a)*neut(a*a)| = anti(a)*(a*a), 
[anti(a)*a]*[a*neut(a*a)] = [anti(a)*a]*a, 

neut(a)*[a*neut(a*a)] = neut(a)*a, 
[neut(a)*a]*neut(a*a) = neut(a)*a, 
a*neut(a*a) =a. 


Similarly, we can get that neut(a*a)*a = a. Moreover: 


neut(a)*neut(a*a) = [anti(a)*a]*neut(a*a) = anti(a)*[a*neut(a*a)| = anti(a)*a = neut(a). 
neut(a*a)*neut(a) = neut(a*a)*[a*anti(a)] = [neut(a*a)*a]*anti(a) = a *anti(a) = neut(a). 


(5) For any anti(a) € {anti(a)}, we have: 


anti(a)*neut(anti(a)) = anti(a); neut(anti(a))*anti(a) = anti(a). 
a*[anti(a)*neut(anti(a))] = a*anti(a); [neut(anti(a))*anti(a)|*a = anti(a)*a. 
[a*anti(a)]|*neut(anti(a)) = a*anti(a); neut(anti(a))*[anti(a)*a] = anti(a)*a. 
neut(a)*neut(anti(a)) = neut(a); neut(anti(a))*neut(a) = neut(a). 
a*[neut(a)*neut(anti(a))] = a*neut(a); [neut(anti(a))*neut(a)]*a = neut(a)*a. 
[a*neut(a)]*neut(anti(a)) = a*neut(a); neut(anti(a))*[neut(a)*a] = neut(a)*a. 
a*neut(anti(a)) = a; neut(anti(a))*a = a. 


Moreover: 


neut(a)*neut(anti(a)) = [anti(a)*a]*neut(anti(a)) = anti(a)*[a*neut(anti(a))] = anti(a)*a = neut(a). 
neut(anti(a))*neut(a) = neut(anti(a))*[a*anti(a)] = [neut(anti(a))*a]*anti(a) = a *anti(a) = neut(a). 


(6) For any anti(neut(a)) € {anti(neut(a))}, by the definition of opposite element, we have: 


neut(a)*anti(neut(a)) = anti(neut(a))*neut(a) = neut(neut(a)). 
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(7) 


(8) 


(9) 


(10) 


Applying (2), neut(neut(a)) = neut(a), we get: 
neut(a)*anti(neut(a)) = anti(neut(a))*neut(a) = neut(a). 


Thus: 
= a*[neut(a)*anti(neut(a))] = a*neut(a); [anti(neut(a))*neut(a)]*a = neut(a)*a. 
[a*neut(a)]*anti(neut(a)) = a*neut(a); anti(neut(a))*[neut(a)*a] = neut(a)*a. 
a*anti(neut(a)) = a; anti(neut(a))*a = a. 


For any anti(a) € {anti(a)}, we have: 


a*anti(a) = anti(a)*a = neut(a). 
[a*neut(a)|*anti(a) = anti(a)*[neut(a)*a] = neut(a). 
a*[neut(a)*anti(a)] = [anti(a)*neut(a)|*a = neut(a). 


Applying (1), anti(a)*neut(a) = neut(a)*anti(a), thus: 
a*[neut(a)*anti(a)] = [neut(a)*anti(a)}*a = neut(a). 
Using (5), neut(a)*neut(anti(a)) = neut(a), it follows that: 
a*[neut(a)*anti(a)] = [neut(a)*anti(a)|*a = neut(a)*neut(anti(a)). 
On the other hand, by (1) and Theorem 1 (2): 
[neut(a)*anti(a)}*[neut(a)*neut(anti(a))] = neut(a)*neut(a)*{anti(a)*neut(anti(a))] = neut(a)*anti(a); 
[neut(a)*neut(anti(a))}*[neut(a)*anti(a)| = neut(a)*{neut(anti(a))*anti(a)}*neut(a) = neut(a)*anti(a). 


Therefore, a € {anti(neut(a)*anti(a))}. 
Assume anti(a) € {anti(a)}, then [neut(a)*anti(a)]*a = neut(a)*[anti(a)*a] = neut(a)*neut(a). By Theorem 
1 (2), neut(a)*neut(a) = neut(a). Thus, [neut(a)*anti(a)]*a = neut(a). On the other hand, 


a*[neut(a)*anti(a)| = [a*neut(a)]*anti(a) = a*anti(a) = neut(a). 


Therefore: 
[neut(a)*anti(a)]*a = a*[neut(a)*anti(a)] = neut(a). 


This means that neut(a)*anti(a) € {anti(a)}. Similarly, we can get anti(a)*neut(a) € {anti(a)}. 
For any anti(a) € {anti(a)}, denote p = neut(a)*anti(a). Using (8) we have p € {anti(a)}. Moreover, by 
Theorem 1 (2): 


neut(a)*p = neut(a)*[neut(a)*anti(a)] = [neut(a)*neut(a)|*anti(a) = neut(a)*anti(a) = p. 


From this and applying (7), a € {anti(neut(a)*p)} = {anti(p)}, p € {anti(a)}. 
Assume anti(a) € {anti(a)} and anti(anti(a)) € {anti(anti(a))}, by the definition of opposite element, 
we have: 
anti(a)*anti(anti(a)) = neut(anti(a)). 

Thus: 

a*[anti(a)*anti(anti(a))] = a*neut(anti(a)). 

[a*anti(a)]|*anti(anti(a)) = a*neut(anti(a)). 

neut(a)*anti(anti(a)) = a*neut(anti(a)). 
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Applying (5), a*neut(anti(a)) = a, it follows that: 


neut(a)*anti(anti(a)) = a. 














Example 3. Let Z¢ = {[0], [1], [2], [3], [4], [5]}, * is classical mod multiplication, then (Z¢, *) is a commutative 
neutrosophic triplet group, see Example 10 in [16]. 


(4) 


(5) 


We can show that (they correspond to the conclusions of Theorem 2): 


[2}*[4] = [5}*[21, [2]*15] = [4]*[2], that is, for any p, q € {anti([2])}, neut([2])*p = q*neut([2)). 
neut(neut([0])) = neut([O]) = [0], neut(newt({1])) = neut([1]) = [1], neut(neut([2])) = neut([2]) = [4], 
neut(neut([3])) = neut([3]) = [3], neut(neut([4])) = neut([4]) = [4], neut(neut([5])) = neut([5]) = [1]. 
Since neut([2]) = [4], {anti([4])} = {[1], [4]} and {anti([2])} = {[2], [5]}, so anti(neut([2])) = anti([4]) = 
{(1], [4]}, and [1]*[2] = [2] € {anti([2])}, [*15] = [5] € tanti((5))}, [412] = [2] € {anti((2))}, [4715] = 
[2] € {anti([2])}. This means that anti(neut([2]))*anti([2]) € {anti([2])} for any anti([2]) € {anti([2])} 
and any anti(neut([2])) € {anti(neut([2]))}. 

neut([O]*[0])*[0] = [0]*meut([O]*[0]) = [0], newt([O]*[0])* neut([O]) = neut([0])*neut([O]*[0]) = [0]; 
neut((1}*[1])*[1] = [1]*neut((1]*[1)) = [1], neut((1]*[1])* newt((1]) = neut([1])*neut((1]}*[1]) = [1]; and 
so on. This means that (4) hold for alla € Z6. 

Since {anti([2])} = {[2], [5]}, so neut(anti([2])) = [4] or [1]. From [4]*[2] = [2]*[4] = [2] and [1]*[2] = 
[2]*[1] = [2] we know that neut(anti([2]))*[2] = [2]*neut(anti([2])) = [2] for any anti([2]) € {anti([2])} 
and any neut(anti([2])) € {neut(anti([2]))}. Note that, since {neut(anti([2]))} = {[4], [1]}; when anti([2]) 
= [5], neut(anti([2])) = [1] A neut([2]), this means that neut(anti(a)) = neut(a) is not true in general. 
Since {anti(neut([2]))} = {[1], [4]}, from this and [1]*[2] = [2]*[1] = [2] and [4]*[2] = [2]*[4] = [2] we 
know that anti(neut([2]))*[2] = [2}*anti(neut([2])) = [2] for any anti(neut([2])) € {anti(neut ([2]))}. 
Note that, since {anti(neut([2]))} = {{1], [4]}; when anti(neut([2])) = [1], anti(neut([2])) 4 neut([2]), 
this means that anti(neut(a)) = neut(a) is not true in general. 

Since {anti(neut([2]))} = {[1], [4]} and {anti([2])} = {[2], [5]}, so {anti(neut([2]))*anti([2])} = {[2], [5]}, 
that is, [2] € {anti(neut([2]))*anti([2])}. 

Since neut([2]) = [4] and {anti({2])} = {[2], [5]}, from [4]*[2] = [4]*[5] = [2] we know that 
neut([2])*anti([2]) € {anti([2])}. 

Since neut([2]) = [4] and {anti([2])} = {[2], [5]}, so {anti(anti([2]))} = {[2], [5]}. Thus, from 
[4]*[2] = [4]*[5] = [2] we know that neut([2])*anti(anti([2])) = [2] for any anti([2]) € {anti([2])} 
and anti(anti([2])) € {anti(anti([2]))}. Note that, since {anti(2)} = {[2], [5]}; when anti([2]) = [5], 
anti(anti([2])) = [5] A [2], this means that anti(anti(a)) = a is not true in general. 


Theorem 3. Assume that (N, *) is a commutative neutrosophic triplet group. Then a, b € N: 


(1) 
(2) 


neut(a) * neut(b) = neut(a*b). 
anti(a) * anti(b) € {anti(a*b)}. 


Proof. If a, b € N, then: 


[neut(a)*neut(b)}*(a*b) = {[neut(a)*neut(b)]*a}*b = {[neut(a)*a]}*neut(b)}*b = [a*neut(b)]*b 
= a*[neut(b)*b] = a*b. 


Similarly, we have (a*b)*[neut(a)*neut(b)] = a*b. That is: 


(a*b)*[neut(a)*neut(b)] = [neut(a)*neut(b)]*(a*b) = a*b. (1) 
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Moreover, for any anti(a) € {anti(a)} and anti(b) € {anti(b)}, we have: 


[anti(a)*anti(b)]*(a*b) = {[anti(a)*anti(b)]*a}*b = {[anti(a)*a]*anti(b)}*b = [neut(a)*anti(b)]*b 
= neut(a)*[anti(b)*b] = neut(a)*neut(b). 


Similarly, we have (a*b)*[anti(a)*anti(b)] = neut(a)*neut(b). That is: 
(a*b)*[anti(a)*anti(b)] = [anti(a)*anti(b)]*(a*b) = neut(a)*neut(b). (2) 


Combining (1) and (2), we have neut(a)*neut(b) € {neut(a*b)}. From this, by Theorem 1, we get: 
neut(a)*neut(b) = neut(a*b). Therefore, using (2), we get anti(a)*anti(b) € {anti(a*b)}. 














5. NT-subgroups and Weak Commutative Neutrosophic Tripet Groups 


The notion of subgroup is an important basic concept for neutrosophic triplet groups, but the 
definitions in the existing literatures are not consistent (see [14,15,18,20]). In order to avoid ambiguity, 
this paper gives a new definition and formally named NT-subgroup. Moreover, this section will discuss 
an important kind of neutrosophic triplet groups, call weak commutative neutrosophic triplet group 
(WCNTG). We will prove some well-known properties of WCNTG and a homomorphism theorem by 
special NT-subgroups. 


Definition 3. Assume that (N,*) is a neutrosophic triplet group and H be a nonempty subset of N. Then H is 
called a NT-subgroup of N if; 


(1) a*b € Hfor alla, b € H; 
(2) _ there exists anti(a) € {anti(a)} such that anti(a) € H for alla € H, where {anti(a)} is the set of opposite 
element of a in (N,*). 


Proposition 1. Assume that (N,*) is a neutrosophic triplet group. If H is a NT- subgroup of N, then neut(a) € H 
for alla € H, where neut(a) is the neutral element of a in (N,*). 


Proof. For any a € H, by Theorem 1 (1) we know that neut(a) is unique. Applying Definition 3, we get 
that there exists anti(a) € H and neut(a) = a*anti(a) € H. 














Remark 3. (1) For a NT-subgroup H of N, where (N, *) is a neutrosophic triplet group, a € H, by Definition 
3 we know that not all anti(a) is in H; in fact, at least one can be in H. (2) By Proposition 1, a € H implies 
neut(a) € H. But H does not necessarily contain neut(b) for all b € N. For example, let N = Z¢ in Example 3 
and H = {[0], [2], [3], [4]}, then H is a NT-subgroup of (Z¢, *), and (1) [2] € H but {anti([2])} is not a subset of 
H; (2) {neut(a)|a € N = Z¢} = {[0], [1], [3], [4]} is not a subset of H. 


Definition 4. Assume that (N,*) is a neutrosophic triplet group. N is called a weak commutative neutrosophic 
triplet group (briefly, WCNTG) if a* neut(b) = neut(b)* a for alla, b € N. 


Obviously, every commutative neutrosophic triplet group is weak commutative. The following 
example shows that there exists non-commutative neutrosophic triplet group which is weak 
commutative neutrosophic triplet group. 


Example 4. Put N = {1, 2, 3, 4, 5, 6, 7}, and define the operation * on N as Table 3. Then, (N, *) is a 
non-commutative neutrosophic triplet group, and: 


neut(1) = 1, anti(1) = 1; neut(2) = 1, anti(2) = 2; neut(3) = 1, anti(3) = 3; neut(4) = 1, anti(4) = 4; 
neut(5) = 1, anti(5) = 6; neut(6) = 1, anti(6) = 5; neut(7) = 7, {anti(7)} = {1, 2, 3, 4, 5, 6, 7}. 
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It is easy to verify that (N, *) is a weak commutative neutrosophic triplet group. 


Table 3. Weak commutative neutrosophic triplet group. 


* 





NOUR WNR 
NOOR ONE | BR 
NR WODATPNIN 
NN BTR DAW] w 
N@WONFAGA] SA 
NRF AWNAU|U 
NGPN ROA! A 
NNNNNNNI SN 


Proposition 2. Assume that (N,*) is a neutrosophic triplet group. Then (N,*) is weak commutative if and only 
if N satisfies the following conditions: 


(1) — neut(a)*neut(b) = neut(b)*neut(a) for alla, b € N. 
(2) neut(a)*neut(b)*a = a*neut(b) for all a,b € N. 


Proof. If (N, *) isa weak commutative neutrosophic triplet group, then (using Definition 4): 
neut(a)*neut(b) = neut(b)*neut(a), Va,b EN. 
And: 
neut(a)*neut(b)*a = neut(a)*[neut(b)*a] = neut(a)*[a*neut(b)] = [neut(a)*a]*neut(b) = a*neut(b). 
Conversely, assume that N satisfies the conditions (1) and (2) above. Then: 


a*neut(b) = [neut(a)*neut(b)]*a = [neut(b)*neut(a)|*a = neut(b)*[neut(a)*a] = neut(b)*a. 





From Definition 4 we know that (N, *) is a weak commutative neutrosophic triplet group. 











Proposition 3. Let (N,*) be a weak commutative neutrosophic triplet group. Then V a,b € N: 


(1) neut(a)*neut(b) = neut(b*a); 
(2) anti(a)*anti(b) € {anti(b*a)}. 


Proof. If a, b € N, then: 


[neut(a)*neut(b)}*(b*a) = {[neut(a)*neut(b)]*b}*a = {neut(a)*[b*neut(b)]}*a = [neut(a)*b]*a 
= [b*neut(a)]*a = b*[neut(a)*a] = b*a. 


Similarly, we have (b*a)*[neut(a)*neut(b)] = b*a. That is: 
(b*a)*[neut(a)*neut(b)] = [neut(a)*neut(b)]*(b*a) = b*a. (3) 
Moreover, for any anti(a) € {anti(a)} and anti(b) € {anti(b)}, we have: 


[anti(a)*anti(b)]*(b*a) = {[anti(a)*anti(b)]*b}*a = {anti(a)*[anti(b)*b]}*a = [anti(a)*neut(b)]*a 
= anti(a)*[neut(b)*a] = anti(a)*[a*neut(b)] = [anti(a)*a}*neut(b) = neut(a)*neut(b). 


Similarly, we have (b*a)*[anti(a)*anti(b)] = neut(a)*neut(b). That is: 


(b*a)*[anti(a)*anti(b)] = [anti(a)*anti(b)]*(b*a) = neut(a)*neut(b). (4) 
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Combining (3) and (4), we have neut(a)*neut(b) € {neut(b*a)}. From this, by Theorem 1, we get 
neut(a)*neut(b) = neut(b*a). Therefore, using (4), we get anti(a)*anti(b) € {anti(b*a)}. 














Definition 5. Let (N,*) be a neutrosophic triplet group and H be a NT-subgroup of N. Then H is called a strong 
NT- subgroup of N if: 


(1) neut(a) € H for alla € N. 
(2) if there exists anti(a) € {anti(a)} and p € N such that anti(a)*b*neut(p) € H, then there exists anti(b) € 
{anti(b)} and q © N such that a*anti(b)*neut(q) € H; and the inverse is true. 


Example 5. Let (N, *) be the neutrosophic triplet group in Example 4 and H; = {1,7}, H2 ={1, 5, 6, 7}. Then Hy 
and Hp are two strong NT-subgroups of N. 


Proposition 4. Let ((N, *) be a group (as a special neutrosophic triplet group) and H be a normal subgroup of N. 
Then ((N, *) is a weak commutative neutrosophic triplet group and H is a strong NT-subgroup of N. 


Proof. For group (N, *) with identity e, neut(a) = e and anti(a) = a! for anya eN. 

It is easy to verify that a* neut(b) = neut(b)* a for alla, b € N. From this, by Definition 4 we know 
that (N, *) is a weak commutative neutrosophic triplet group. 

For normal subgroup H, by Definition 3, H is a NT-subgroup of N. Moreover, H satisfies the 
condition in Definition 5 (1). 

Now, assume that there exists anti(a) € {anti(a)} and p € N such that anti(a)*b*neut(p) € H, 
this means that a~!*b € H. Denote h = a~!*b € H. Then a = b*h~!. Since H is a normal subgroup 
of N,h—! € H and there exists 4 € H such that b*h—! = hy*b. Thus, a = hy*b, a*b—! = hy € H. That is, 
there exists b~! = anti(b) € {anti(b)} and a € N such that a*anti(b)*neut(a) = a*b—'*e = a*b—! = hy € H. 
Similarly, we can prove the inverse is true. 

Therefore, H satisfies the condition in Definition 5 (2), and H is a strong NT-subgroup of N. 

















Theorem 4. Let (N, *) be a weak commutative neutrosophic triplet group and H be a strong NT-subgroup of N. 
Define binary relation ~y on N as follows: Va, b € N: 


a & yb if and only if there exists anti(a) € {anti(a)} and p € N such that anti(a)*b*neut(p) € H. 


Then: 


(1) _ the binary relation © y is an equivalent relation on N; 

(2) a yb implies c*a Sy c*b for all c € N; 

(3) a yb implies a*c Sy b*c and c*a & y c*b for all c € N; 

(4) denote the equivalent class contained a by [a], and denote N/H = {[aly\a € N}, define binary operation 
on N/H as follows: [a]y *[b]p = [a*b]Na, b € N. We can obtain a homomorphism from (N, *) to (N/H, *), 
that is, f: N-N/H; f(a) = [aly for alla € N. 


* 


Proof. 


(1) For anya € N, applying Theorem 1 we have: 
anti(a)*a*neut(a) = [anti(a)*a]*neut(a) = neut(a)*neut(a) = neut(a) € H. 


Thus a & y 4a. 
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e = Ifa yb, then there exists anti(a) € {anti(a)} and p € N such that anti(a)*b*neut(p) € H. Denote 
h = anti(a)*b*neut(p), then h € H and: 


a*h = a*[anti(a)*b*neut(p)], 
a*h = neut(a)*b*neut(p), 

a*h = b*neut(a)*neut(p), (by Definition 4) 
anti(b)*(a*h) = anti(b)*[b*neut(a)*neut(p)], 
[anti(b)*a]*h = neut(b)*neut(a)*neut(p), 
{[anti(b)*a]*h}*anti(h) = [neut(b)*neut(a)*neut(p)}*anti(h), 
anti(b)*a*neut(h) = [neut(b)*neut(a)*neut(p)]*anti(h). 


Applying Definition 3 we have [neut(b)*neut(a)*neut(p)|*anti(h) € H, thus anti(b)*a*neut(h) € H, 
this means that b © 7 a. 

e =6If ay b and b & 4c, then there exists anti(a) € {anti(a)}, anti(a) € {anti(a)}, p € N and 
q € N such that anti(a)*b*neut(p) € H, anti(b)*c*neut(q) € H. Denote hy = anti(a)*b*neut(p), 
hy = anti(b)*c*neut(q), then hy € H, hp € H and: 


b*hz = b*[anti(b)*c*neut(q)] = [b*anti(b)]*[c*neut(q)] = neut(b)*c*neut(q). 
From this and hy = anti(a)*b*neut(p), using Definition 4 we get: 


hy*hy 

= [anti(a)*b*neut(p)|*h2 

= [anti(a)*b]*[neut(p)*hz] 

= [anti(a)*b]*[ho*neut(p)] 

= anti(a)*(b*hz)*neut(p) 

= anti(a)*[neut(b)*c*neut(q) |/*neut(p) 
= anti(a)*[neut(b)*c]*[neut(q)*neut(p)] 
= anti(a)*[c*neut(b)|*[neut(q)*neut(p)] 
= [anti(a)*c]*[neut(b)*neut(q)*neut(p)] 


By Definition 3 we have h*hz € H; using Proposition 3 (1), neut(b)*neut(q)*neut(p) = 
neut(p*q*b). Hence: 


anti(a)*c*neut(p*q*b) = hy*hz € H. 
This means that a © 7 c. Therefore, *y is an equivalent relation on N. 


(2) Assume a * y b. Then there exists anti(a) € {anti(a)} and p € N such that anti(a)*b*neut(p) € H. 
Denote:h = anti(a)*b*neut(p), then h € H and: 


h*neut(c) 

= [anti(a)*b*neut(p)|*neut(c) 

= [anti(a)*b]*[neut(p)*neut(c)] 
= [anti(a)*b]*[neut(c)*neut(p)] 
= anti(a)*[b*neut(c)|*neut(p) 

= anti(a)*[neut(c)*b]*neut(p) 

= [anti(a)*neut(c)]*[b*neut(p)] 
= [anti(a)*anti(c)*c]*[b*neut(p)] 
= [anti(a)*anti(c)]*(c*b)*neut(p). 


Using Proposition 3 (2), anti(a)*anti(c) € {anti(c*a)}. Thus, there exists anti(c*a) € {anti(c*a)} 
such that: 
anti(c*a)*(c*b)*neut(p) = h*neut(c) € H. 
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(1) 


(2) 


This means that (c*a) © y (c*b). 


Assume a *y b. Then there exists anti(a) € {anti(a)} and p € N such that anti(a)*b*neut(p) € H. 
Applying Definition 5 (2), there exists anti(b) € {anti(b)} and q € N such that a*anti(b)*neut(q) € H. 
Denote h = a*anti(b)*neut(q), then h € H and: 


neut(c)*h 

= neut(c)*[a*anti(b)*neut(q)] 

= [neut(c)*a]*[anti(b)*neut(q)] 

= [a*neut(c)]|*[anti(b)*neut(q)] 

= {a*[c*anti(c)]}*[anti(b)*neut(q)] 

= (a*c)*[anti(c)*anti(b)|*neut(q). 


Using Proposition 3 (2), anti(c)*anti(b) € {anti(b*c)}. Thus, there exists anti(b*c) € {anti(b*c)} 
such that: 
(a*c)*anti(b*c)*neut(q) = neut(c)*h € H. 


Applying Definition 5 (2), there exists anti(a*c) € {anti(a*c)} and r € N such that: 
anti(a*c)*(b*c)*neut(r) € H. 


This means that (a*c) Sy (b*c). 
Using (1)-(3) we can obtain (4). 














Example 6. Let N = (1, 2, 3, 4, 5, 6, 7}. The operation * on N is defined as Table 4. Then, (N, *) is a 
non- commutative neutrosophic triplet group, and: 


neut(1) = 1, anti(1) = 1; neut(2) = 1, anti(2) = 2; 
neut(3) = 1, anti(3) = 3; neut(4) = 1, anti(4) = 4; 
neut(5) = 1, anti(5) = 6; neut(6) = 1, anti(6) = 5; neut(7) = 7, anti(7) = 7. 
Table 4. Weak commutative neutrosophic triplet group and its strong neutrosophic triplet (NT)-subgroup. 


* 





NaogP WN 

FPA TF WNEH] & 
NPWAATRYFNIN 
WN PTR AW] Ww 
BRwWONFAGA] SP 
TrRPAWN BU] UI 
DorPnkrwal|an 
NOP WNFPIN 





It is easy to verify that (N, *) is a weak commutative neutrosophic triplet group. Denote H = {1, 5, 


6, 7}. Then H is a strong NT-subgroups of N. 


(1) 
(2) 
(3) 


(4) 


Thus we can get that (they correspond to the conclusions of Theorem 4): 


The relation ~y is an equivalent relation on N and N/H = {{1,5, 6, 7}, {2, 3, 4}}. 
1p Simplies 2*1 = 2 Sq 4 = 2*5, and so on. 
1% 47 5implies 1*2 = 2 Sq 3 = 5*2, and so on. 
f 
(N/H, *) = {[1 x, [2], (N, )(N/H, *), where f(1) = f(5) = f(6) = f(7) = Hn, and f(2) = f(3) = 
f(A) = [2]n- 
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Remark 4. Applying Proposition 4 we know that Theorem 4 is a generalization of homomorphism basic theorem 
in classical group theory. Moreover, Theorem 4 is also a generalization of related results in [17]. 


6. Conclusions 


This paper studied furtherly neutrosophic triplet group (NTG) and obtained some important 
results. First, some examples are given to show that some results in [18] are not true. Second, some 
new properties of neutrosophic triplet groups are presented, in particular, the fact of unique neutral 
element in every neutrosophic triplet group is proved. Third, the notions of NT-subgroup and strong 
NT-subgroup are proposed, a special kind of NTG (called weak commutative neutrosophic triplet 
group) is studied, and a homomorphism theorem is presented. All these results are interesting for 
exploring the structure characterizations of NTG. As the next research topics, we will explore the 
structures of some special NTG and their relationships with related logic algebras (such as BE-algebras 
and pseudo-BCI algebras [21-—23)). 
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Abstract: It is an interesting direction to study rough sets from a multi-granularity perspective. 
In rough set theory, the multi-particle structure was represented by a binary relation. This paper 
considers a new neutrosophic rough set model, multi-granulation neutrosophic rough set 
(MGNRS). First, the concept of MGNRS on a single domain and dual domains was proposed. 
Then, their properties and operators were considered. We obtained that MGNRS on dual domains 
will degenerate into MGNRS on a single domain when the two domains are the same. Finally, a kind 
of special multi-criteria group decision making (MCGDM) problem was solved based on MGNRS on 
dual domains, and an example was given to show its feasibility. 


Keywords: neutrosophic rough set; MGNRS; dual domains; inclusion relation; decision-making 





1. Introduction 


As we all know, Pawlak first proposed a rough set in 1982, which was a useful tool of granular 
computing. The relation is an equivalent in Pawlak’s rough set. After that, many researchers proposed 
other types of rough set theory (see the work by the following authors [1-8]). 

In 1965, Zadeh presented a new concept of the fuzzy set. After that, a lot of scholars studied it 
and made extensions. For example, Atanassov introduced an intuitionistic fuzzy set, which gives two 
degrees of membership of an element; it is a generalization of the fuzzy set. Smarandache introduced 
a neutrosophic set in 1998 [9,10], which was an extension of the intuitionistic fuzzy set. It gives three 
degrees of membership of an element (T.I.F). Smarandache and Wang [11] proposed the definition of 
a single valued neutrosophic set and studied its operators. Ye [12] proposed the definition of simplified 
neutrosophic sets and studied their operators. Zhang et al. [13] introduced a new inclusion relation 
of the neutrosophic set and told us when it was used by an example, and its lattice structure was 
studied. Garg and Nancy proposed neutrosophic operators and applied them to decision-making 
problems [14-16]. Now, some researchers have combined the fuzzy set and rough set and have 
achieved many running results, such as the fuzzy rough set [17] and rough fuzzy set. Broumi and 
Smarandache [18] proposed the definition of a rough neutrosophic set and studied their operators and 
properties. In 2016, Yang et al. [19] proposed the definition of single valued neutrosophic rough sets 
and studied their operators and properties. 

Under the perspective of granular computing [20], the concept of a rough set is shown by the 
upper and lower approximations of granularity. In other words, the concept is represented by the 
known knowledge, which is defined by a single relationship. In fact, to meet the user’s needs or achieve 
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the goal of solving the problem, it is sometimes necessary to use multiple relational representation 
concepts on the domain, such as illustrated by the authors of [21]. In a grain calculation, an equivalence 
relation in the domain is a granularity, and a partition is considered as a granularity space [22]. 
The approximation that is defined by multiple equivalence relationships is a multi-granularity 
approximation and multiple partitions are considered as multi-granularity spaces; the resulting 
rough set is named a multi-granularity rough set, which has been proposed by Qian and Liang [23]. 
Recently, many scholars [24,25] have studied it and made extensions. Huang et al. [26] proposed the 
notion of intuitionistic fuzzy multi-granulation rough sets and studied their operators. Zhang et al. [27] 
introduced two new multi-granulation rough set models and investigated their operators. Yao et al. [28] 
made a summary about the rough set models on the multi-granulation spaces. 

Although there have been many studies regarding multi-granulation rough set theory, there have 
been fewer studies about the multi-granulation rough set model on dual domains. Moreover, 
a multi-granulation rough set on dual domains is more convenient, for example, medical diagnosis 
in clinics [22,29]. The symptoms are the uncertainty index sets and the diseases are the decision 
sets. They are associated with each other, but they belong to two different domains. Therefore, 
it is necessary to use two different domains when solving the MCGDM problems. Sun et al. [29] 
discussed the multi-granulation rough set models based on dual domains; their properties were 
also obtained. 

Although neutrosophic sets and multi-granulation rough sets are both useful tools to solve 
uncertainty problems, there are few research regarding their combination. In this paper, we proposed 
the definition of MGNRS as a rough set generated by multi-neutrosophic relations. It is useful to solve 
a kind of special group decision-making problem. We studied their properties and operations and then 
built a way to solve MCGDM problems based on the MGNRS theory on dual domains. 

The structure of the article is as follows. In Section 2, some basic notions and operations are 
introduced. In Section 3, the notion of MGNRS is proposed and their properties are studied. In Section 4, 
the model of MGNRS on dual domains is proposed and their properties are obtained. Also, we obtained 
that MGNRS on dual domains will degenerate into MGNRS on a single domain when the two domains 
are same. In Section 5, an application of the MGNRS to solve a MCGDM problem was proposed. 
Finally, Section 6 concludes this paper and provides an outlook. 


2. Preliminary 
In this section, we review several basic concepts and operations of the neutrosophic set and 
multi-granulation rough set. 
Definition 1 ([11]). A single valued neutrosophic set B is denoted by V y € Y, as follows: 
Bly) = (Ta(y), In(y), Fa(y)) 
Tp(y), Ip(y), Ep(y) € [0,1] and satisfies 0 < Tp(y) + Ip(y) + Fp(y) < 3. 


As a matter of convenience, ‘single valued neutrosophic set’ is abbreviated to ‘neutrosophic set’ 
later. In this paper, NS(Y) denotes the set of all single valued neutrosophic sets in Y, and NR(Y x Z) 
denotes the set of all of the neutrosophic relations in Y x Z. 


Definition 2 ([11]). If A and C are two neutrosophic sets, then the inclusion relation, union, intersection, and 
complement operations are defined as follows: 


(1) ACCiff Vye Y, TA(y) < TC(y), IA(y) > IC(y) and FA(y) > FC(y) 
(2) A° =f(y, Faly), 1 — Ia(y), Taly)) lye YI 

(3) ANC={(y, Tay) A Tey), Lay) V Icy), Fay) V Fe(y)) lye Yi 
(4) AUC={(y, Tay V Tey), IAty) A Ic(y), Fay) A Fe(y)) | ye YI 
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Definition 3 ([19]). If (U, R) is a single valued neutrosophic approximation space. Then VY B e SVNS(U), 
the lower approximation N(B) and upper approximation N(B) of B are defined as follows: 


Typ) (y) = min|max(Fr(y,z), Ta(z))], luce) (y) = max[min((1 — Ir(y,2)), IB(z))], 
Fypy(y) = max|min(Tr(y,2), Fa(z))] 


Tray (v) = maxlmin(Ta (yz), Te(2))], hycay(¥) = minimax (Ie (y,2),To(2))] 
Excay(y) = minimax(Fe(y,2), Fe(2))] 


The pair (N(B),N(B)) is called the single valued neutrosophic rough set of B, with respect 
to (U, R). 

According to the operation of neutrosophic number in [16], the sum of two neutrosophic sets in U 
is defined as follows. 


Definition 4. If C and D are two neutrosophic sets in U, then the sum of C and D is defined as follows: 
C+D=f{<y, C(y) & D(y)> | ye U}. 


Definition 5 ([30]). If b = (T;, Ip, Fy) is a neutrosophic number, n* = (Tye, Ipx, Fy*) = (1, 0, 0) is an ideal 
neutrosophic number. Then, the cosine similarity measure is defined as follows: 
Ty + Ty* + Ty - Ige + Fy - Frye 


VTE + Wet Fa yf (Tow)? + (Ine)? + (Foe)? 








S(b,b*) 





3. Multi-Granulation Neutrosophic Rough Sets 


In this part, we propose the concept of MGNRS and study their characterizations. MGNRS is 
a rough set generated by multi-neutrosophic relations, and when all neutrosophic relations are same, 
MGNRS will degenerated to neutrosophic rough set. 


Definition 6. Assume U is a non-empty finite domain, and R; (1 <i < n) is the binary neutrosophic relation 
on U. Then, (U, R;) is called the multi-granulation neutrosophic approximation space (MGNAS). 

Next, we present the multi-granulation rough approximation of a neutrosophic concept in an 
approximation space. 


Definition 7. Let the tuple ordered set (U, Rj) (1 < i < n) be a MGNAS. For any B € NS (U), the three 
memberships of the optimistic lower approximation M® (B)and optimistic upper approximationM. (B) in (U, R;) 
are defined, respectively, as follows: 
no, i ‘ 
Tye) (y) = max min(max(Fr,(y,2),Ta(z))) Tve(a)(y) = min max(min((1— Ir,(y,z)), Ia (2))), 


Fy (py(y) = min max(min(Tr, (y,z),Fe(z))), Ty (py Y) = min max(min (Tr, (y,z),Tp(z))), 


i=1 ze i=1 ze 
n . n 3 
Fea) (y) = max min(max(Ir,(y, 2), Te(2))), Frgea(y) = max min(max(Fr; (y,Z), Fe (z))). 


Then, M°(B), M (B) e NS(U). In addition, B is called a definable neutrosophic set on (U, Ri) when 
M°(B) = M’(B). Otherwise, the pair (°(B), M(B) is called an optimistic MGNRS. 
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Definition 8. Let the tuple ordered set (U, Rj) (1 < i < n) be a MGNAS. For any B e NS(U), the three 
memberships of pessimistic lower approximation MP (B) and pessimistic upper approximation M’ (B) in (U, Rj) 
are defined, respectively, as follows: 


Twp (py (Y) = min min (max(Fr,(y,2), Tp(z))), Lup) (y) = max max(min((1~ Ir,(y,z i 


Fear ay(v) = max ma (min (Ta (42) Fa(z))), Tyae(py(y) = apa ag (ein (Ta y,Z),Tp(z))), 
Tyr (py (Y) = min min (max( a, (y,z), Ip(z))), Fup) (Y) = min min (max( Fr,( y,Z), Fp(z))). 


Similarly, B is called a definable neutrosophic set on (UI, R;) when M?(B) = M?(B). Otherwise, the pair 
(m?(B),™(B)) is called a pessimistic MGNRS. 


Example 1. Define MGNAS (U, R;), where U = {z1, 22, 23} and R; (1 <i < 3) are given in Tables 1-3 


Table 1. Neutrosophic relation Rj. 








Ry 24 20 23 

Z1 (0.4, 0.5, 0.4) (0.5, 0.7, 0.1) (1, 0.8, 0.8) 
2 (0.5, 0.6, 1) (0.2, 0.6, 0.4) (0.9, 0.2, 0.4) 
23 (1, 0.2, 0) (0.8, 0.9, 1) (0.6, 1, 0) 


Table 2. Neutrosophic relation Rp. 








Ry 24 22 23 

2 (0.9, 0.2, 0.4) (0.3, 0.9, 0.1) (0.1, 0.7, 0) 
Z2 (0.4, 0.5, 0.1) (0, 0.1, 0.7) (1, 0.8, 0.8) 
23 (1, 0.5, 0) (0.4, 0.4, 0.2) (0.1, 0.5, 0.4) 


Table 3. Neutrosophic relation R3. 








R3 Za Zz 23 

zy (0.7,.0.7,.0) (0.4, 0.8, 0.9) (1, 0.4, 0.5) 
2 (0.8, 0.2, 0.1) (1, 0.1, 0.8) (0.1, 0.3, 0.5) 
23 (0, 0.8, 1) (1,0, 1) (1, 1, 0) 


Suppose a neutrosophic set on U is as follows: C(z1) = (0.2, 0.6, 0.4), C(z2) = (0.5, 0.4, 1), 
C(z3) = (0.7, 0.1, 0.5); by Definitions 7 and 8, we can get the following: 


M?°(C)(z1) = (0.4,0.3,0.4), M°(C)(z2) = (0.5, 0.4, 0.5), M?(C)(z3) = (0.7,0.4, 0.4) 
M (C)(z1) = (0.3,0.6,0.4), M’ (C)(z2) = (0.5,0.4,0.5), M’(C)(z3) = (0.4, 0.6,0.5) 
MP(C)(z1) = (0.2,0.6,0.5), MP(C)(z2) = (0.2,0.6,0.1), MP(C)(z3) = (0.2, 0.6, 0.1) 
M? (C)(z1) = (0.7,0.4,0.4), M?(C)(z2) = (0.7,0.2,0.4), M?(C)(z3) = (0.7, 0.4, 0.4) 


Proposition 1. Assume (U, R;) is MGNAS, R; (1 < i < n) is the neutrosophic relations. ’ C e NS(U), M°(C) 
and M°(C) are the optimistic lower and upper approximation of C. Then, 


M?(C) = UN(C)M(C) = AN(C) 


i=1 i=1 


where 


N(C)(y) = 0, (RF(y,2) UC))N(C)Y) =U (Rily,2) NC(2)) 


ze ze 
Proof. They can be proved by Definitions 7. 
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Proposition 2. Assume (U, R;) be MGNAS, R; (1 < i < n) be neutrosophic relations. Y C e NS(U), M?(C) 
and M?(C) are the pessimistic lower and upper approximation of C. Then 


MP(C) = A.N(C)MP(C) = 


1 


UN(C) 


1 


where 


N(C)(y) = 0 (RX(y,2) UCL), N(C)(y) = UY (Ril, 2) NC(z)) 


ZzE Z' 


Proof. Proposition 2 can be proven by Definition 8. 


Proposition 3. Assume (U, R;) is MGNAS, R; (1 <i < n) is the neutrosophic relations. V C, D e NS(U), 
we have the following: 


(1) M?(C) =~ M’(~ C) 
(2) M°(C) =~ M’(~ C), 
(3) M°(CND) = M*(C) 
(4) M’(CUD) =M’(C) 
6) CCD=+M(C)C 
() CCDSM(C)C 
(7) M°(CUD) > M°(C 
(83) M(CND)CM 

















Proof. (1), (2), (5), and (6) can be taken directly from Definitions 7 and 8. We only show (3), (4), (7), 
and (8). 
(3) From Proposition 1, we have the following: 


me(cn yy) = 8 (.9,(RW.2)U (Cn D)@)) 
=! 


zeu 
&.(.9,(R#u.2) UC) 9 (RE.2) UD) 
U 


=(E(a/eewavee))o (8 (gieewavren)) 


= M°C(y) MD : 


Similarly, from Proposition 2, we can get the following: 
MP(CND)(y) = MPC(y) N MPD\y). 


(4) According to Propositions 1 and 2, in the same way as (3), we can get the proof. 
(7) From Definition 7, we have the following: 


Tye(cuv)(¥) = min{ max | Fp,(y,z), (max(Tc(z), Tp (z)))]} 


a =maxn min{ max[(max(Fr, (y,z), Tc(z))), (max(Fr,(y,z), Tp(z)))| } 


> cna Im min (max(Fr, (y,Z), a ; max min (max (Fe, (¥-2),To(2))) \ 


= max ( Tie(c) (y), Tyo(D)(¥)): 
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n 


Tye(cup)(y) = min max{min{(1 — Ir,(y,z)), (min(Ic(z), Ip(z)))] } 


il zeu 


= min m max {min |(min((1 — Ir,(y,z)),Ic(z))), (min((1 — Ir,(y,z)), Ip(z)))] } 


< in [ain gain — eg) (2) Le(2))], mip may (min( (1 — 1 (y-2)) to) |} 
iy). 


= min (Iyocc )(y), Lue (pb 
Fye(cup)(y) = min max {min|Tr,(y, 2), (min(Fc(z), Fp(z)))] } 


n 
i=1 ze 


= min max{min[min(Tr,(y,2), Fce(z))], [min(Tr,(y,2), Fp(z))] } 


< min{ [min max(min Ty, (yz 2),Fe(a)))|, min max (min Tr, (y,2), Fo(z)))] } 


i= i=1 zeu 
= min (Fy(c) (y ), Fie (D) (y)) ‘ 
Hence, M°(C U D) > M°(C)UM?(D). 
Also, according to Definition 8, we can get M?(C UD) > M?P(C)U MP (D). 
(8) From Definition 7, we have the following: 





n 


Ty (cnp) Y) = min max{min|T ,(y,Z), (min(T¢(z), Tp(z))) 


oo 


} 


it zeu 
= min max{ min (min (Ta, (y,z), Te(z))), (min(Tr, (yz), To(z)))]} 
< min [bp maint) Te) ] ip main (T=) To] f 





a min( Treo) (V y), Typ) (y)). 
Tye(cnp) (Y) = max min{ max[Ig ,(y,Z), (max(Ic es y)}} 


= max min{max[(max(Ir, ( y,Z),Ic(z))), (max(Ir,(y,z), Ip(z)))] } 


< min int alts (y,z),Ic(z ee) [a min(max(Ta; (v.2),to(2)))] \ 
= min (Frp(cy( oned oi). 
Fr(cnpy Y) = max ete y,Z) V (Fe(z) V Fp(z ))] 
( 


= nx in (Fa yz) V Fe(z)) V (Fr,(y,2) V Fo(z)) | 





IV 


i=1 zeu 


max min(Fr, (y,Z) )V Fe(z »]v ax mn min (Er, (y,z 2) Fo(2))| 
i= 





= max (Faro) (y), Frc) (y)). 


Hence, M’(CND) C M’(C) NM’ (D). 
Similarly, according Definition 8, we can get M’(C MD) C M?(C) MM? (D). 
Next, we will give an example to show that maybe M°(CU D) 4 M°(C) UM°(D). 


Example 2. Define MGNAS (U, R;), where U = {Z1, Zz, z3} and R; (1 <i < 3) are given in Example 1. 
Suppose there are two neutrosophic sets on universe U, as follows: C(z1) = (0.5, 0.1, 0.2), C(z2) = (0.5, 

0.3, 0.2), C(z3) = (0.6, 0.2, 0.1), D(z) = (0.7, 0.2, 0.1), D(z2) = (0.4, 0.2, 0.1), D(z3) = (0.2, 0.2, 0.5), we have 

(C U D)(z1) = (0.7, 0.1, 0.1), (C U D)(Z2) = (0.5, 0.2, 0.1), (C U D)(z3) = (0.6, 0.2, 0.1), (C A D)(z1) = (0.5, 0.1, 
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0.2), (CM D\X(z2) = (0.4, 0.2, 0.2), (CN D)(z3) = (0.2, 0.2, 0.5). Then, from Definitions 7 and 8, we can get 
the following: 


M?(C)(z1) = (0.5,0,0.2), M?(C)(z2) = (0.5, 0.1,0.2), M?(C) (zg) = (0.5,0.1, 0.2); 
M®(D)(z1) = (0.4,0,0.1), M®(D)(z2) = (0.2, 0.1,0.2), M°(D)(z3) = (0.4, 0.1, 0.2); 
M°(CUD)(z1) = (0.5,0,0.1),M?(CU Ble Z2) = (0.5,0.1,0.1), M°(C U D)(zg) = (0.5,0.1,0.1) 
(M?(C) UM?(D)) (21) = (0.5,0,0.1),(M?(C) U M?(D))(z2) = (0.5,0.1,0.2), 
(M?(C) U MD ))(z3) = (0.5, 0.1, 0.2) 


So, M°(CUD) # M°(C) UM?(D). 
Also, there are examples to show that maybe MP(CUD) 4 MP(C) UMP(D), 
M (CAD) 4 M*(C) NM’ (D), M?(CND) 4 M?(C) NM? (D). We do not say anymore here. 


D)) 


= 


4, Multi-Granulation Neutrosophic Rough Sets on Dual Domains 


In this section, we propose the concept of MGNRS on dual domains and study their 
characterizations. Also, we obtain that the MGNRS on dual domains will degenerate into MGNRS, 
defined in Section 3, when the two domains are same. 


Definition 9. Assume that U and V are two domains, and R; e NS(U x V) (1 <i < n) is the binary 
neutrosophic relations. The triple ordered set (U, V, R;) is called the (two-domain) MGNAS. 


Next, we present the multi-granulation rough approximation of a neutrosophic concept in 
an approximation space on dual domains. 


Definition 10. Let (U, V, Rj) (1 < i < n) be (two-domain) MGNAS. V B e NS(V) and y € U, the three 
memberships of the optimistic lower and upper approximation M°(B), M°(B) in (U, V, R;) are defined, 
respectively, as follows: 


n 


Tye (py (y) = max min[max (Fr (y,Z), Tp(z)) | fee) (y) = min max[min((1— Ir,(y,2)), 16(z))] 


Fyn) (y) = min max[min(TR, (y,2), Fa(z))| Tage ay) = min max(min (Tr, (y, 2), Ta(z)) 





i=L i=1 ze 
lL (y) = max min{max(Ip,(y,z ), Ip(z ))) Fra ce \Y) = max min [max (Fe, (y, 2), Fa (2)) 


Then M°(B), M(B) e NS(U). In addition, B is called a definable neutrosophic set on (U, V, Rj) 
==) 


on dual domains when M°(B) = M’(B). Otherwise, the pair (°(B ), M(B )) is called an optimistic 
MGNRS on dual domains. 


Definition 11. Assume (U, V, Rj) (1 <i < n) is (two-domain) MGNAS. V B e NS(V) and y € U, the three 
memberships of the pessimistic lower and upper approximation M(B), M?(B) in (U, V, Rj) are defined, 
respectively, as follows: 


Tur (B) (Y) = mint min [max (Fr, (y,z),Tp(z)) |, Imp) (y) = max max [min((1 — Ik, (y,z)),In(z))], 


i=1 ze _ i=1 ze 


Frarp)(y) = apex ay [min (Ts, (y,2),Fa(2))], Tara (y) = max max [min (Tr, (y,z), Ta(z))], 
Tyr (py (Y) = min min [max(Ir, (y,2), Ia(2))]- Fg ay (¥) = min min [max (Fr, (y,z), Fp(z))]. 


i=1 z i=1 
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Then, B is called a definable neutrosophic set on (U, V, R;) when M?(B) = M?(B). Otherwise, 
the pair (ur (B), M(B) is called a pessimistic MGNRS on dual domains. 


Remark 1. Note that if U = V, then the optimistic and pessimistic MGNRS on the dual domains will be the 
same with the optimistic and pessimistic MGNRS on a single domain, which is defined in Section 3 


Proposition 4. Assume (U, V, R;) (1 <i < n) is (two-domain) MGNAS, R; (1 <i < n) is the neutrosophic 
relations. V C, D e NS(U), we have the following: 














(1) M°(C) =~ M'(~ C), MP(C) =~ M?(~ C); 

(2) M°(C) =~ M?(~ C), M?(C) =~ MP(~ C); 

(3) M°(CND) = M°(C)N M*(D), MP(CND) = MP(C) NMP (D); 
(4) M°(CUD) =M’(C)UM(D), M’(CUD) = M?(C) UM? (D); 
(5) CC D= MC) C M°(D),M?(C) C MP(D); 

(6) CCD=+M(C) CM (D),M’"(C) CMD); 

(7) M°(CUD) > M?(C)UM®(D), M?(CUD) > MP(C) UMP (D); 
(8) M°(CAD) C M*(C)NM*(D), M’(CND) C M?(C) NM? (D) 


Proof. These propositions can be directly proven from Definitions 10 and 11. 


5. An Application of Multi-Granulation Neutrosophic Rough Set on Dual Domains 


Group decision making [31] is a useful way to solve uncertainty problems. It has developed 
rapidly since it was first proposed. Its essence is that in the decision-making process, multiple 
decision makers (experts) are required to participate and negotiate in order to settle the corresponding 
decision-making problems. However, with the complexity of the group decision-making problems, 
what we need to deal with is the multi-criteria problems, that is, multi-criteria group decision making 
(MCGDM). The MCGDM problem is to select or rank all of the feasible alternatives in multiple, 
interactive, and conflicting standards. 

In this section, we build a neo-way to solve a kind of special MCGDM problem using the MGNRS 
theory. We generated the rough set according the multi-neutrosophic relations and then used it to 
solve the decision-making problems. We show the course and methodology of it. 


5.1. Problem Description 


Firstly, we describe the considered problem and we show it using a MCGDM example of 
houses selecting. 

Let U = {x1, X2,... , Xm} be the decision set, where x; represents very good, x2 represents good, 
x3 represents less good, ... , and x represents not good. Let V = {y, y2, ... , Yn} be the criteria set to 
describe the given house, where y; represents texture, 2 represents geographic location, y3 represents 
price, ... , and y, represents solidity. Suppose there are k evaluation experts and all of the experts give 
their own evaluation for criteria set Yj (yj eV) (G=1,2,...,n), regarding the decision set elements 
x; (x; e U) (i= 1,2,..., m). In this paper, let the evaluation relation Rj, Rz,... , Ry between V and U 
given by the experts, be the neutrosophic relation, Rj, Ry, ... , Ry ¢ SNS (U x V). That is, Rj (xj, yj) 
(l= 1,2,...,k) represents the relation of the criteria set Yj and the decision set element x;, which is 
given by expert J, based on their own specialized knowledge and experience. For a given customer, the 
criterion of the customer is shown using a neutrosophic set, C, in V, according to an expert’s opinion. 
Then, the result of this problem is to get the opinion of the given house for the customer. 

Then, we show the method to solve the above problem according to the theory of optimistic and 
pessimistic MGNRS on dual domains. 
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5.2. New Method 


In the first step, we propose the multi-granulation neutrosophic decision information system 
based on dual domains for the above problem. 

According to Section 5.1's description, we can get the evaluation of each expert as a neutrosophic 
relation. Then, all of the binary neutrosophic relations R; given by all of the experts construct a relation 
set R (ie., R; e R). Then, we get the multi-granulation neutrosophic decision information systems 
based on dual domains, denoted by (U, V, 7). 

Secondly, we compute M°(C), M°(C), MP(C), M?(C) for the given customer, regarding (U, V, R). 

Thirdly, according to Definition 4, we computed the sum of the optimistic and pessimistic 
multi-granulation neutrosophic lower and upper approximation. 

Next, according Definition 5, we computed the cosine similarity measure. Define the choice xx 
with the idea characteristics value a * = (1, 0, 0) as the ideal choice. The bigger the value of S(a;,0*) 
is, the closer the choice x; with the ideal alternative x «, so the better choice x; is. 

Finally, we compared S(ax;, «*) and ranked all of the choices that the given customer can choose 
from and we obtained the optimal choice. 


5.3. Algorithm and Pseudo-Code 


In this section, we provide the algorithm and pseudo-code given in table Algorithm 1. 


Algorithm 1. Multi-granulation neutrosophic decision algorithm. 





Input Multi-granulation neutrosophic decision information systems (U, V, R). 

Output The optimal choice for the client. 

Step 1 Computing M°(C), M°(C), M?(C), M?(C) of neutrosophic set C about (U, V, R); 

Step 2 From Definition 4., we get M°(C) + M’(C) and MP(A) + M?(A); 

Step 3 From Definition 5., we computer S°(ax,,a*) and SP(x,,a*) (i=1,2,...,m); 

Step 4 The optimal decision-making is to choose x}, if 
S (xy, 0°) = MaXxjes1,2,...,m}(S(Mx/ 4"). 

pseudo-code 

Begin 

Input (U, V, R), where U is the decision set, V is the criteria set, and R denotes the binary neutrosophic 
relation between criteria set and decision set. 

Calculate M°(C), M’(C), M?(C), M?(C). Where M°?(C), M’(C), MP(C), M?(C) , which represents the 
optimistic and pessimistic multi-granulation lower and upper approximation of C, which is defined in 
Section 4. 

Calculate M°(C) + M’(C) and M?(C) + M?(C), which is defined in Definition 4. 

Calculate S° (we (C)+M°(C), a*) and SP (mP(c) +M?(C), a*), which is defined in Definition 5. 

Fort =). 2 pin. pF Hy 2p cre MELE, 2) cp KG 

If S°(ax,,a*) < S° (ax, a*), then S° (ax;,2*) — Max, 

else S°(ax,,a*) > Max, 
If S°(ax,,a*) > Max, then S°(ax,,a*) + Max; 

Print Max; 

End 


5.4, An Example 


In this section, we used Section 5.2’s way of solving a MCGDM problem, using the example of 
buying houses. 

Let V = {y1, 2, ¥3, ya} be the criteria set, where y; represents the texture, y2 represents the 
geographic location, y3 represents the price, and y4 represents the solidity. Let U = {z1, z2, Z3, Za} be 
a decision set, where z; represents very good, Zz) represents good, z3 represents less good, and z4 
represents not good. 
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Assume that there are three experts. They provide their opinions about all of the criteria sets y; 
(yj € V) G =1, 2, 3, 4) regarding the decision set elements z; (x; € U) (i= 1, 2, 3, 4). Like the discussion 
in Section 5.1, the experts give three evaluation relations, R;, R2, and R3, which are neutrosophic 
relations between V and U, that is, Ri, Ro, R3 e NR(U x V). Trx(zi, y;) shows the expert, k, give the 
truth membership of y; to 2;; Irx(Zi, yj) shows the expert, k, give the indeterminacy membership of y; to 
Zi; Fre(Zi, yj) shows the expert, k, give the falsity membership of y; to z;. For example, the first value 
(0.2, 0.3, 0.4) in Table 4, of 0.2 shows that the truth membership of the texture for the given house is 
very good, 0.3 shows that the indeterminacy membership of the texture for the given house is very 
good, and 0.4 shows that the falsity membership of the texture for the given house is very good. 


Table 4. Neutrosophic relation Rj. 








Ry y1 y2 Yy3 ya 

24 (0.2, 0.3, 0.4) (0.3, 0.5, 0.4) (0.4, 0.6, 0.2) (0.1, 0.3, 0.5) 
22 (0.8, 0.7, 0.1) (0.2, 0.5, 0.6) (0.6, 0.6, 0.7) (0.4, 0.6, 0.3) 
23 (0.5, 0.7, 0.2) (0.6, 0.2, 0.1) (1, 0.9, 0.4) (0.5, 0.4, 0.3) 
Z4 (0.4, 0.6, 0.3) (0.5, 0.5, 0.4) (0.3, 0.8, 0.4) (0.2, 0.9, 0.8) 


So, we build the multi-granulation neutrosophic decision information system (U, V, R) for 
the example. 


Assume that the three experts give three evaluation relations, the results are given in Tables 4—6. 


Table 5. Neutrosophic relation Rp. 





R2 y1 y2 y3 ya 

24 (0.3, 0.4, 0.5) (0.6, 0.7, 0.2) (0.1, 0.8, 0.3) (0.5, 0.3, 0.4) 
Zo (0.5, 0.5, 0.4) (1,0; 1) (0.8, 0.1, 0.8) (0.7, 0.8, 0.5) 
Z3 (0.7, 0.2, 0.1) (0.3, 0.5, 0.4) (0.6, 0.1, 0.4) (1, 0, 0) 

z4 (1, 0.2, 0) (0.8, 0.1, 0.5) (0.1, 0.2, 0.7) (0.2, 0.2, 0.8) 


Table 6. Neutrosophic relation R3. 





Rs y1 y2 y3 ya 

Zy (0.6, 0.2, 0.2) (0.3, 0.1, 0.7) (0, 0.2, 0.9) (0.8, 0.3, 0.2) 
Za (0.1,0.1, 0.7) (0.2, 0.3, 0.8) (0.7, 0.1, 0.2) (0, 0, 1) 

Z3 (0.8, 0.4, 0.1) (0.9, 0.5, 0.3) (0.2, 0.1, 0.6) (0.7, 0.2, 0.3) 
z4 (0.6, 0.2, 0.2) (0.2, 0.2, 0.8) (1, 1, 0) (0.5, 0.3, 0.1) 


Assume C is the customer’s evaluation for each criterion in V, and is given by the following: 


C(y1) = (0.6, 0.5, 0.5), C(y2) = (0.7, 0.3, 0.2), C(y3) = (0.4, 0.5, 0.9), C(y4) = (0.3, 0.2, 0.6). 
From Definitions 10 and 11, we can compute the following: 


M?(C)(z1) = (0.4,0.5,0.4), M°(C) (z2) = (0.5,0.4,0.6), M°(C)(z3) = (0.3, 0.3, 0.6), 
M?(C)(z4) = (0.6,0.4,0.4 


M(C)(z1) = (0.4, 0.3, 0.5), M°(C) (zz) = (0.4, 0.5, 0.7), M’(C)(z3) = (0.6, 0.3, 0.4), 

M’ (C)(zq) = (0.5,0.5,0.5 

MP (C)(z1) = (0.3,0.5,0.6), MP(C)(z) = (0.3, 0.5,0.8), MP(C)(z3) = (0.3, 0.5,0.9), 
MP(C)(z4) = (0.3,0.5, 0.9 

M’(C)(z1) = (0.6, 0.3, 0.2), M°(C) (zz) = (0.7, 0.2, 0.5), M’(C)(z3) = (0.7, 0.2, 0.2), 

°(C)(z4) = (0.7, 0.2, 0.4 









































M 
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According Definition 4, we have the following: 


(m(c) +M°(c)) (z1) = (0.64, 0.15, 0.2), (m(c) +M’(C)) (z2) = (0.7, 0.2, 0.42), 
(m(c) +™'(c)) (z3) = (0.72, 0.09, 0.24), (m(c) a M(C)) (z4) = (0.8, 0.2, 0.2) 


(MP (C) +M? (C)) (21) = (0.72, 0.15,0.12), (MP(C) + M?(C)) (22) = (0.79,0.1,04), 
(r(C) +M?(c)) (z3) = (0.79, 0.1, 0.18), (m?(C) + M?(C)) (za) = (0.79, 0.1, 0.36) 


Then, according Definition 5, we have the following: 
S°(az,,0*) = 0.9315, S°(az,,0*) = 0.8329, S°(a2,,0*) = 0.8588, S°(az,,0*) = 0.9428. (1) 


S? (az,,0*) = 0.9662, S? (az,,0*) = 0.8865, S? (az, a*) = 9677, S? (az4,0*) = 0.9040. (2) 


Then, we have the following: 
S? (O24, *) > S°(tz,,0*) > S°(tz5,0*) > S° (zy, 0"). (3) 


SP (az,,0*) > SP(az,,a*) > SP(az,,0*) = SP (zy, 0"). (4) 


So, the optimistic optimal choice is to choose x4, that is, this given house is “not good” for the 
customer; the pessimistic optimal choice is to choose x3, that is, this given house is “less good” for 
the customer. 


6. Conclusions 


In this paper, we propose the concept of MGNRS on a single domain and dual domains, and 
obtain their properties. I addition, we obtain that MGNRS on dual domains will be the same as the 
MGNRS on a single domain when the two domains are same. Then, we solve a kind of special group 
decision-making problem (based on neutrosophic relation) using MGNRS on dual domains, and we 
show the algorithm and give an example to show its feasibility. 

In terms of the future direction, we will study other types of combinations of multi-granulation 
rough sets and neutrosophic sets and obtain their properties. At the same time, exploring the 
application of MGNRS in totally dependent-neutrosophic sets (see [32]) and related algebraic systems 
(see [33-35]), and a new aggregation operator, similarity measure, and distance measure (see [36-39]), 
are also meaningful research directions for the future. 
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Abstract: In classical group theory, homomorphism and isomorphism are significant to study the 
relation between two algebraic systems. Through this article, we propose neutro-homomorphism and 
neutro-isomorphism for the neutrosophic extended triplet group (NETG) which plays a significant 
role in the theory of neutrosophic triplet algebraic structures. Then, we define neutro-monomorphism, 
neutro-epimorphism, and neutro-automorphism. We give and prove some theorems related to these 
structures. Furthermore, the Fundamental homomorphism theorem for the NETG is given and 
some special cases are discussed. First and second neutro-isomorphism theorems are stated. Finally, 
by applying homomorphism theorems to neutrosophic extended triplet algebraic structures, we have 
examined how closely different systems are related. 


Keywords: neutro-monomorphism; neutro-epimorphism; neutro-automorphism; fundamental 
neutro-homomorphism theorem; first neutro-isomorphism theorem; and second neutro-isomorphism 
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1. Introduction 


Groups are finite or infinite set of elements which are vital to modern algebra equipped with 
an operation (such as multiplication, addition, or composition) that satisfies the four basic axioms of 
closure, associativity, the identity property, and the inverse property. Groups can be found in geometry 
studied by “Felix klein in 1872” [1], characterizing phenomenality like symmetry and certain types 
of transformations. Group theory, firstly introduced by “Galois” [2], with the study of polynomials 
has applications in physics, chemistry, and computer science, and also puzzles like the Rubik’s cube 
as it may be expressed utilizing group theory. Homomorphism is both a monomorphism and an 
epimorphism maintaining a map between two algebraic structures of the same type (such as two 
groups, two rings, two fields, two vector spaces) and isomorphism is a bijective homomorphism 
defined as a morphism, which has an inverse that is also morphism. Accordingly, homomorphisms 
are effective in analyzing and calculating algebraic systems as they enable one to recognize how 
intently distinct systems are associated. Similar to the classical one, neuro-homomorphism is the 
transform between two neutrosophic triplet algebraic objects N and H. That is, if elements in N satisfy 
some algebraic equation involving binary operation “*”, their images in H satisfy the same algebraic 
equation. A neutro-isomorphism identifies two algebraic objects with one another. The most common 
use of neutro-homomorphisms and neutro-isomorphisms in this study is to deal with homomorphism 
theorems which allow for the identification of some neutrosophic triplet quotient objects with certain 
other neutrosophic triplet subgroups, and so on. 

The neutrosophic logic and a neutrosophic set, firstly made known by Florentin Smarandache [3] 
in 1995, has been widely applied to several scientific fields. This study leads to a new 
direction, exploration, path of thinking to mathematicians, engineers, computer scientists, and 
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many other researchers, so the area of study grew extremely and applications were found 
in many areas of neutrosophic logic and sets such as computational modelling [4], artificial 
intelligence [5], data mining [6], decision making problems [7], practical achievements [8], and so forth. 
Florentin Smarandache and Mumtazi Ali investigated the neutrosophic triplet group and neutrosophic 
triplet as expansion of matter plasma, nonmatter plasma, and antimatter plasma [9,10]. By using 
the concept of neutrosophic theory Vasantha and Smarandache introduced neutrosophic algebraic 
systems and N-algebraic structures [11] and this was the first neutrosofication of algerbraic structures. 
The characterization of cancellable weak neutrosophic duplet semi-groups and cancellable NTG are 
investigated [12] in 2017. Florentin Smarandache and Mumtaz Ali examined the applications of the 
neutrosophic triplet field and neutrosophic triplet ring [13,14] in 2017. Sahin Mehmet and Abdullah 
Kargin developed the neutrosophic triplet normed space and neutrosophic triplet inner product [15,16]. 
The neutrosophic triplet G-module and fixed point theorem for NT partial metric space are given 
in literature [17,18]. Similarity measures of bipolar neutrosophic sets and single valued triangular 
neutrosophic numbers and their appliance to multi-attribute group decision making investigated 
in [19,20]. By utilizing distance-based similarity measures, refined neutrosophic hierchical clustering 
methods are achieved in [21]. Single valued neutrosophic sets to deal with pattern recognition problems 
are given with their application in [22]. Neutrosophic soft lattices and neutrosophic soft expert sets are 
analyzed in [23,24]. Centroid single valued neutrosophic numbers and their applications in MCDM 
is considered in [25]. Bal Mikail, Moges Mekonnen Shalla, and Necati Olgun reviewed neutrosophic 
triplet cosets and quotient groups [26] by using the concept of NET in 2018. The concepts concerning 
neutrosophic sets and neutrosophic modules are described in [27,28], respectively. A method to handle 
MCDM problems under the SVNSs are introduced in [29]. Bipolar neutrosophic soft expert set theory 
and its basic operations are defined in [30]. 

The other parts of a paper is coordinated thusly. Subsequently, through the literature analysis 
in the first section and preliminaries in the second section, we investigated neutro-monomorphism, 
neutro-epimorphism, neutro-isomorphism, and neutro-automorphism in Section 3 and a fundamental 
homomorphism theorem for NETG in Section 4. We give and prove the first neutro-isomorphism 
theorem for NETG in Section 5, and then the second neutro-isomorphism theorem for NETG is given 
in Section 6. Finally, results are given in Section 7. 


2. Preliminaries 


In this section, we provide basic definitions, notations and facts which are significant to develop 
the paper. 


2.1. Neutrosophic Extended Triplet 


Let U be a universe of discourse, and (N, *) a set included in it, endowed with a well-defined 
binary law +*. 


Definition 1 ([3]). The set N is called a neutrosophic extended triplet set if for any x € N there exist ev" 
€ Nand e™™ €N. Thus, a neutrosophic extended triplet is an object of the form (x, ce", et) where 
ereut(X) is extended neutral of x, which can be equal or different from the classical algebraic unitary element if 
any, such that 


neut(x) __ elteut(x) 


x *e *#X=X 
and et") € N is the extended opposite of x such that 
x % enti(x) _ einti(x) eo = eiteut(x) 


In general, for each x € N there are many existing ereut(x)'s and eanti(x)'s, 


Theorem 1 ({11]). Let (N, *) be a commutative NET with respect to * and a, b € N; 
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(i) neut(a) * neut(b) = neut(a x b); 
(ii) anti(a) * anti(b) = anti(a * b); 


Theorem 2 ([11]). Let (N, *) be a commutative NET with respect to x anda € N; 


(i) neut(a) * neut(a) = neut(a); 
(ii) anti(a) * neut(a) = neut(a) * anti(a) = anti(a) 


2.2. NETG 


Definition 2 ([3]). Let (N, *) be a neutrosophic extended triplet set. Then (N, *) is called a NETG, if the 
following classical axioms are satisfied. 


(a) (N, *) is well defined, i.e., for any x,y € N one has x *y € N. 
(b) (N, *) is associative, i.e., for any x,y,z € N one has x * (y*Z) = (x*y) ¥z. 


We consider, that the extended neutral elements replace the classical unitary element as well the extended 
opposite elements replace the inverse element of classical group. Therefore, NETGs are not a group in classical 
way. In the case when NETG enriches the structure of a classical group, since there may be elements with more 
extended opposites. 


2.3. Neutrosophic Extended Triplet Subgroup 
Definition 3 ([26]). Given a NETG (N, *), a neutrosophic triplet subset H is called a neutrosophic extended 
triplet subgroup of N if it itself forms a neutrosophic extended triplet group under *. Explicity this means 


(1) The extended neutral element e"@"t() lies in H. 
(2) Forany x,y € H,x*y € H. 
(3) Ifx € Hthene™™ € H. 


In general, we can show H < Nas x € Hand then efmti(x) © Hie x * emti(x) — eneut(x) © 


Definition 4. Suppose that N is NETG and Hy, Hy < N.H, and Hy are called neutrosophic triplet conjugates 
of N ifn € N thereby Hy = nHp(anti(n)). 


2.4. Neutro-Homomorphism 
Definition 5 ([26]). Let (Ni, *) and (N2, 0) be two NETGs. A mapping f : Ny — No is called a 
neutro-homomorphism if 
(a) Forany x,y € N, we have 
f(x¥y) = f(x) 0 fy) 
(b) If (x,neut(x),anti(x) is a neutrosophic extended triplet from Nz, then 


f(neut(x)) = neut(f(x)) 


and 


f(anti(x)) = anti(f(x)). 
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Definition 6 ([26]). Let f: N3—+Np be a neutro-homomorphism from a NETG (Ny, *) to a NETG (Np, ©). 
The neutrosophic triplet image of f is 


Im(f) = {f(g) 8 © Ni *}. 


Definition 7 ([26]). Let f: Nj—+No be a neutro-homomorphism from a NETG (Ny, *) to a NETG (No, 0) and B 
C Np». Then 


f-7(B) = {x € Ni: f(x) € B} 
is the neutrosophic triplet inverse image of B under f. 


Definition 8 ([26]). Let f : Ny — Np be a neutro-homomorphism from a NETG (Ny, *) toa NETG (No, ©). 
The neutrosophic triplet kernel of f is a subset 


Ker(f) = {x € Ny: f(x) = neut(x)} of Ny, 
where neut(x) denotes the neutral element of N2. 


Definition 9. The neutrosophic triplet kernel of @ is called the neutrosophic triplet center of NETG N and it is 
denoted by Z(N). Explicitly, 


Z(N) ={aEN: gq =neutn} 
= {ae N: ab(anti(a)) =b,Vb € N} 
={aeN:ab=ba,Vbe N}. 


Hence Z(N) is the neutrosophic triplet set of elements in N that commute with all elements in N. Note that 
obviously Z(N) is a neutrosophic triplet. We have Z(N) = N in the case that N is abelian. 


Definition 10 ([26]). Let N bea NETGand H C NN x € N, the set xh/h € H is called neutrosophic triplet 
coset denoted by xH. Analogously, 
Hx =hx/h € H 


and 
(xH)anti(x) = (xh)anti(x)/h € H. 


When h < N,xH is called the left neutrosophic triplet coset of H in N containing x, and Hx is called the 
right neutrosophic triplet coset of H in N containing x. | xH | and | Hx | are used to denote the number of 
elements in xH and Hx, respectively. 


2.5. Neutrosophic Triplet Normal Subgroup and Quotient Group 


Definition 11 ([26]). A neutrosophic extended triplet subgroup H of a NETG of N is called a neutrosophic 
triplet normal subgroup of N if aH(anti(a)) C H,Vx € N and we denote itas HI NandHANif HAN. 


Example 1. Let N be NETG. {neut} < Nand NN. 
Definition 12 ([26]). If N is a NETG and H <i N is a neutrosophic triplet normal subgroup, then the 


neutrosophic triplet quotient group N/H has elements xH : x € N, the neutrosophic triplet cosets of H in N, 
and operation (xH)(yH) = (xy)H. 
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3. Neutro-Monomorphism, Neutro-Epimorphism, Neutro-Isomorphism, Neutro-Automorphism 


In this section, we define neutro-monomorphism, neutro-epimorphism, neutro-isomorphism, and 
neutro-automorphism. Then, we give and some important theorems related to them. 


3.1. Neutro-Monomorphism 


Definition 13. Assume that (Nz, *) and (Nz, 0) be two NETG’s. Ifa mapping f : Ny - No of NETG is only 
one to one (injective) f is called neutro-monomorphism. 


Theorem 3. Let (Nz, *) and (Nz, 0) be two NETG’s. p : Ny — Np? is a neutro-monomorphism of NETG if 
and only if kerp = {neutn}. 
Proof. Assume @ is injective. If a € kerg, then 

g(a) = neutnjo = p(neutny),Va € Ny 


and hence by injectivity a = neuty,. Conversely, assume kere = p(neuty ). Let a,b € Nj such that e(a) = 
g(b). We need to show that a = b. 


neuty = ~(b)anti(¢g(a)) 
p(b) p(anti(a)) 
y(b(anti(a))). 


Thus b(anti(a))) € kerg, and hence, by assumption kerp = p(neutni). We conclude that 
b(anti(a))) = neutyy,ie., a = b. 














Definition 14. Let (N71, *) and (N2, 0) be two NETG’s. If a mapping f : Ny + N is only onto (surjective) f is 
called neutro-epimorphism. 


Theorem 4. Let N and H be two NETG's. If p : N — H isa neutro-homomorphism of NETG, then so is p—1 
HN. 


Proof. Let x = y(a),y = 9(b),Va,b € Nand Vx,y € H.Soa = anti(g(x)),b = anti(g(y)). Now 


anti(xy) = 9(p(a)p(b) 
= anti(g(ab) = 
= anti(@ ee (y)). 














Theorem 5. Let N be NETG and a,b € N. The map @:n- AutN. Then,a 7 Po, 
neutro-homomorphism. 
Proof. For any fixed n € N, we have 


Pap(N) = abn(anti(ab)) = abn(anti(a))anti(b) 
= a(bn(anti(b)) = papo(n), 
So Pav = PaPo,t-c.,p(ab) = pa) (0). 
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It is in fact has anti-neutral element i.e., p(anti(n)) = anti(@n). Since gyanti(gn(a)) = 
n(anti(n)an)anti(n) = a, and so gy is injective. 














Theorem 6. Let f : N— H be a neutro-homomorphism of NETG N and H. Forh € Hand x € 
f'n), f-1(h) = x € kerf. 


Proof. (1) Let’s show that f-!(h) C x kerf. If x € f—!(h), then f(x) = hand b € f—1(h), then 

f(b) =h. If f(x) = f(y), then: 

anti(f (x)) f(x) = anti(f (x)) f(b) (by theorem 1) 
neuty = f(anti(x)) f(b) (by definition 1) 
=> anti(x)b € kerf. 
For at least k € kerf, anti(x)b =k. If b = xk, then, 
b € xkerf = f-1(h) C xkerf (1) 

(2) Let’s show that xkerf C f—1(h). Let b € xkerf. For at least k € kerf, b = xk 


=> f(b) = f(xk) = f(x) f(k) =hneuty =h 


If f-!(h) = band be f—(h), then 
xkerf C f\(h) (2) 


by (1) and (2), we obtain xkerf = f—!(h). 














Theorem 7. Let g : Ny — No be a neutro-homomorphism of NETG N and N>. 


(1) Lf Hy < Ny, then g1(Hz) SN. 
(2) IfH, 2 Nj, and 9 is a neutro — epimorhism then p(H;) < No. 


Proof. (1) If x E gy '(Hz) and a E Ny, then g(x) € Hp and so 
y((ax)(anti(a)) = p(a)p(x)anti(p(a)) € Hz. Since Hz is neutrosophic triplet normal subgroup. 
We conclude ax(anti(a)) € p1(Hp). 

(2) Since H, is neutrosophic triplet normal subgroup, we have ¢(a)g(Hj)anti(g(a)) C p(H1). 
Since we assume @¢ is surjective, every b € Nz can be written as b = ¢(a),a € Nj. Therefore, 
be(Hy)anti(b) € p(y). 














Theorem 8 ([26]). Let f : N — H bea neutro-homomorphism from a NETG N toa NETG H. Kerf <N. 


Theorem 9. Let N be NETG and H SN. The map p: N > N/H, n— nH, is a neutro-homomorphism 
with neutrosophic triplet kernel kerp = H. 
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Proof. We have g(ab) = (ab)H = (aH)(bH) = 9(a)(a), so @ is a neutro-homomorphism. As to 
the neutrosophic triplet kernel, a € kerp © (a) = H (since H is neutral in N/H) + aH = H (by 
definition of ¢) + a € H. 














Theorem 10. Let N be NETG and H C N be a non-empty neutrosophic extended triplet subset. Then H <1 N, 
if and only if there exists a neutro-homomorphism @ : N, + N2 with H = ker@. 














Proof. Its straight forward. 


3.2. Neutro-Isomorphism 


Definition 15. Let (Nz, *) and (Np, 0) be two NETGs. If a mapping f : Ny — N2 neutro-homomorphism is 
one to one and onto f is called neutro-isomorphism. Here, N, and Np are called neutro-isomorphic and denoted 
as Ny = Np. 


Theorem 11. Let (Nj, *) and (N2, 0) be two NETG’s. If f : Ny —> No is a neutro-isomorphism of NETG’s, 
then so is fo >No > Nj. 


Proof. It is obvious to show that f is one to one and onto. Now let’s show that f is 
neutro-homomorphism. Let x = ¢(a),y = ¢(b),Va,b € Ny,Vx,y € No and so, a = anti(g(x)),b = 
anti(p(y)). Now anti(xy) = anti(p(p(a)9(b))) = anti(g((ab))) = ab = anti(g(x))anti(p(y)). 














3.3. Neutro-Automorphism. 


Definition 16. Let (Nz, *) and (No, 0) be two NETG’S. If a mapping f : Ny — Np is one to one and onto f is 
called neutro-automorphism. 


Definition 17. Let N be NETG. p € AutN is called a neutro-inner automorphism if there isan € N such 
that 9 = Qn. 


Proposition 1. Let N be a NETG. For a€N,fa:N-—->N = such that x — ax(anti(a) is a 
neutro-automorphism (AutN). 


Proof. (1) Vx,y € N, we have to show that 


f(x) = f(y) > x = y.ax(anti(a)) = ay(anti(a)) => ax(anti(a))a = ay(anti(a))a => ax(neut(a)) = ay(neut(a)) > 


Therefore, f is one to one. 
(2) Vx,y € N, we have to show that 


f(x) = ax(anti(a)) = y.ax(anti(a))a = ya=> ax(neut(a)) = ya > ax = ya = anti(a)ax = anti(a)ya => neut(a)x = 


So, f is onto. Therefore, f; is a neutro-automorphism. 
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Lemma 1. Let a be an element of NETG N such that a2 = a. Then a = neut(a). 


Proof. We have 
= (anti(a) * a) * a for anti(a) € N (anti axiom) 
= anti(a) * a* (associativity axiom) 
= anti(a) * a (by assumption) 
= neut(a) (by definition of anti) 


O 


Theorem 12. Let N be NETG and H,,H2 < N. Then the neutrosophic extended triplet set HjH2 = 
{ab : a € Hy,b € Hp} is a neutrosophic extended triplet subgroup in the case that Hy Hy = HH. 


Proof. Suppose H;H) is a neutrosophic extended triplet subgroup. Then, for all a € Hy,b € Hz, we 
have anti(a)anti(b) € Hy Hb, i.e., HyH, C Hj, Hp. But also for h € Hy; Hp we find a € Hj,b € Hp thereby 
anti(h) = ab, and then h = anti(b)anti(a) € H2H,. So H,H2 C H2Hhj, that’s, H; Hz = H2Hj. On the 
other hand, assume that H,H2 = H2Hj. Then Va,a’ € Hy,b,b' € Hz we have aba'b! € aHpHyb! = 
aHHb' = H,Hp. Furthermore, Va € Hy,b € Hp we have anti(ab) = anti(b)anti(a) € H2H, = 
Hy Hb. 














4. Fundamental Theorem of Neutro-Homomorphism 


The fundamental theorem of neutro-homomorphism relates the structure of two objects between 
which a neutrosophic kernel and image of the neutro-homomorphism is given. It is also significant 
to prove neutro-isomorphism theorems. In this section, we give and prove the fundamental theorem 
of neutro-homomorphism. Then, we discuss a few special cases. Finally, we give examples by 
using NETG. 


Theorem 13. Let Nz, Nz be NETG’s and  : Ny — Np be a neutro-homomorphism. Then, N,/ker(~) = 
im(). Furthermore if p is neutro-epimorphism, then 


Ny/kerp — No. 


1 > im(p) 
Q i 
Ni/ker(¢) 


Proof. We will construct an explicit map i: N,/ker(~) > im(p~) and prove that it is a 
neutro-isomorphism and well defined. Since ker(g) is neutrosophic triplet normal subgroup of Nj. 
Let K = ker(#), and recall that N;/K = {aK : a € Nj}. Define i: Nj/K — im(@),i:nK > (n),n € Nj. 
Thus, we need to check the following conditions. 


(1) iis well defined 

(2) iis injective 

(3) iis surjective 

(4) iis aneutro-homomorphism 
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(1) We must show that if aK = bK, then i(aK) = (bK). Suppose aK = bK. We have 
aK = bK = anti(b)aK = K = anti(b)a € K. Here, neut(,9) = (anti(b)a) = ¢(anti(b) (a) 
= anti(p(b))p(a) > (a) = (b). Hence, i(aK) f(a) p(b) i(bK). Therefore, it is 
well defined. 

(2) We must show that i(aK) = i(bK) = aK = bK. Suppose that i(aK) = i(bK). Then 








i(aK) = i(bK)= aK = BK. 
=> o(anti(b)) o(a) = neut,,» => (anti(b)a) = neut,,», => anti(b)ae K 
=> anti(b)aK = K (aN, = N, @ ae N,). 


Thus, 7 is injective. 

(3) We must show that for any element in the domain (N;/K) gets mapped to it by 7. let’s pick any 
element #(a) € im(). By definition, i(aK) = #(a), hence i is surjective. 

(4) We must show that i(aK bK) = i(aK)i(bK).i(aK bK) = i(abK)(aK bK = abK) (ab) 
$(a)p(b) = i(aK bR) = i(aK)i(bK). Thus, i is a neutro-homomorphism. 








In summary, since i: Ny /K — im(@) is a well-defined neutro-homomorphism that is injective 
and surjective. Therefore, it is a neutro-isomorphism. i.e.,Nj/K = im(@), and the fundamental 
theorem of neutro-homomorphism is proven. 














Corollary 1 (A Few Special Cases of Fundamental Theorem of Neutro-homomorphism). 


e = Let N=(1, 1, 1) bea trivial neutrosophic extended triplet. If p: N3—+N2 is an embedding, then neutrosophic 
ker(p) = {neut(1) = 1N7}. The Theorem 12 says that im(p) = {N1/1N1} = Ny. 

e = If gp: Nj-N2 is a map p(n) = neut(1) = 1N> for all nz € Ny, then neutrosophic ker(p) = Ni, so Theorem 
13 says that 1N2 = im(p) = N1/N}. 


Example 2. The neutrosophic extended triplet alternating group An (the neutrosophic extended triplet subgroup 
of even permutation in NETG S,) has index 2 in Sy. 


Solution. To prove that [Sy:Ay] = 2. We will construct a surjective neutro-homomorphism : Sy—+Zz with 
neutrosophic triplet kerp = Ay. Here the neutrosophic extended triplets of Z2 are (0, 0, 0) and (1, 1, 1). If this 
is achieved, it would follow that Sy/An = Zz,s0 |Sp/An| = |Z2| = 2, and therefore [Sy:An] = |Sy/An| = 2, 
; : O] if f is even 
as desired. Define fp: Sn—>Zp by P(f) = i ee ds pad 
By construction ¢ is surjective. To prove that ¢ is a neutro-homomorphism we need to show that 
(x) + &(y) = &(xy), Vx, y € Sp. Here if x and y are both even or both odd, then xy is even. If x is even 
and y is odd, or if x is odd and y is even, then xy is odd. Let us see these four different cases as follows: 


(1) x and y are both even. Then xy is also even. So, (x) = &(y) = (xy) = [0]. Since [0] + [0] = 
[0] holds. 

(2) xis even, and y is odd. Then xy is odd. So, h(x) + (y) = [0] + [1] = [1] = b(xy). 

(3) xis odd, and y is even. This case is analogous to case 2. 

(4) xandy are both odd. Then xy is even, so (x) + (y) = [1] + [1] = [0] = b(xy). Thus, we verified 
that ¢ is a neutro-homomorphism. Finally, neutrosophic trplet ker = {x € Sp: (x) = [0]2} is the 
neutrosophic extended triplet set of all even permutations, so neutrosophic triet kerg = Aj. 
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5. First Neutro-Isomorphism Theorem 


The first neutro-isomorphism theorem relates two neutrosophic triplet quotient groups involving 
products and intersections of neutrosophic extended triplet subgroups. In this section, we give and 
prove the first neutro-isomorphism theorem. Finally, we give an example by using NETG. 


Theorem 14. Let N be NETG and H, K be two neutrosophic extended triplet subgroup of N and H is a 
neutrosophic triplet normal in K. Then 


(a) HK is neutrosophic triplet subgroup of N. 


(b) H{)K is neutrosophic triplet normal subgroup in K. 
(c) HK~_K 
H — HNK 


Proof. (a) Let xy € HK. If x = Wyk, and y = hgkg,hyhy € H and ky,k2 € K. Consider 


x(anti(y)) = (hyky) anti(hgk2) 
= (hyky)anti(kz)anti(hz) 
= hy (ky (anti(kp)))anti(hz), (kg =k (anti(k2)) kg EK 
= hyk3(anti(hz)) 

= hyks(anti(hz) )anti(k)ks 

= hyk3(anti(hz) )anti(k3)k3 
= Iyhyks because H < kso hz = k3(anti(h))anti(k3) € H 

> x(anti(y) = hgk3 € HK, (hg = hyhz) 
= HK is NETGof N. 


(b) We have to prove HK is neutrosophic triplet normal subgroup in k or HN K <a k. Letx € HK 
and x € K.Ifx € Hand x € K, then kx(anti(k)) € H because H < k and kx(anti(k)) € K because 
xk € K. Thus, kx(anti(k)) € HO K. Since HN K <k. 


(c) aK = HK: Let H() K=D,so ‘ = HK: Now let’s define a mapping @: HK>* by (hk) = KD. 





1. @ is well defined 
hyky = hok2,hyhy € H and kykp € K 
kh), = koh, 
> anti(ky )kyh}, = hi 
=> anti(kz)ky = h4(anti(h,)),h}(anti(hy)) € H 
=> anti(ky)k, € H, but anti(ky)ky € K 
=> anti(ky)ky € HAK=D 
= anti(k2) 
= anti(kz)kyD = D 
=> kD =k,D 
= (hiky) = p(hzk.). 
2. gis neutro-homomorphism. 
(hy ky.hokz) = (hy (kyh2)k2 
= p(hyh2'ky ko) 
= Kik)D 
= k,Dk2D 
= (Iyk1).~(h2k2) 


3.  @ is onto. 


62 


Symmetry 2018, 10, 321 


Since for every KD € K/D,> neut.k € HK under ¢ such that $(neut.k) = KD. Hence, ¢ is onto. 
Now by Theorem 13, 
HK/Kerg = K/D 


Now it is enough to prove that kerp = H. Leth € H,h(neut) € HK. Thus 


p(h) = (h.neut) = neut.D = D 
=> ¢(h) =D 
=> h € kerp.i.eH C ker 
Conversly, hk € ker, where h € H andk € K. If p(hk) = D, then 


KD=D =>keD=HnNK 
=>heHandkeK 
=>hk CH 
=> ker C H. Thus H = kerp 














by (1) 48 = aftr: 


Example 3. Let N be NETG. Neutro-isomorphism theorems are for instance useful in the calculation of NETG 
orders, since neutro-isomorphic groups have the same order. If H < N and K SN so that HK is finite, then 
Lagrange’s theorem [26] in neutrosophic triplet with theorem 13 yield 


|HK|/|K| =|1HK:K\l 
= |HK/K\| 
IH/HQ Kl 
=|H:Hf)Kl 
= |H|/|H()K\1, that is 
|HK| = |H|IIKI/|H()Kl 


6. Second Neutro-Isomorphism Theorem 


The second neutro- isomorphism theorem is extremely useful in analyzing the neutrosophic 
extended normal subgroups of a neutrosophic triplet quotient group. In this section, we give and 
prove the second neutro-homomorphism theorem for NETG. 


Theorem 15. Let N be a NETG. Let H and K be neutrosophic triplet normal subgroup of N with K C H. Then 
H/K<N/Kand N/KH/K=N/H 


Proof. Consider the natural map ¥:N—+N/H. The neutrosophic triplet kernel, H contains K. Thus, by 
the universal property of N/K, it follows that there is a neutro-homomorphism N/K — N/H. This 
map is clearly surjective. In fact, it sends the neutrosophic triplet left coset nK to the neutrosophic 
triplet left coset nH. Now suppose that nK is in the neutrosophic triplet kernel. Then the neutrosophic 
triplet left coset nH is the neutral neutrosophic triplet coset, that is, nH = H, so that n € H. Thus the 
neutrosophic triplet kernel consists of those neutrosophic triplet left cosets of the form nK, for n € H, 
that is, H/K. 
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1. YW is well defined. Let ak = bk. 


anti(b)ak =k 
anti(b)a € k 
=>K<H 
anti(b)a © H 
aH = bH(anti(b)aH = H) 
¥ (ak) = ¥(bk) 


2. ¥ is neutro-homomorphism 


ag, bh © N/K 
Y (aby) =¥ (abk) = abH = aHbH =¥ (ak) ¥ (bk). 








3. Yis onto 

For all y= aH € N/H,x =ak € N/K>¥(x) =y. 
4. ker¥ =H/K 

The neutral element of N/H is H. Therefore 














ker ¥: {xk € N/K: ¥ (xk) = H} 
= {xk € N/K: ¥(xk) =xH = H} 
= {xk e N/K: x € H} 

= {xk € H/K} 

= H/K. 


By Theorem 13 N/KH/K = N/H. 














7. Conclusions 


This paper is mainly focused on fundamental homomorphism theorems for neutrosophic extended 
triplet groups. We gave and proved the fundamental theorem of neutro-homomorphism, as well 
as first and second neutro-isomorphism theorems explained for NETG. Furthermore, we define 
neutro-monomorphism, neutro-epimorphism, neutro-automorphism, inner neutro-automorphism, 
and center for neutrosophic extended triplets. Finally, by applying them to neutrosophic algebraic 
structures, we have examined how closely different systems are related. By using the concept of a 
fundamental theorem of neutro-homomorphism and neutro-isomorphism theorems, the relation 
between neutrosophic algebraic structures (neutrosophic triplet ring, neutrosophic triplet field, 
neutrosophic triplet vector space, neutrosophic triplet normed space, neutrosophic modules, etc.) can 
be studied and the field of study in neutrosophic algebraic structures will be extended. 
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Abstract: In this paper, we introduce the concept of neutrosophic number from different viewpoints. 
We define different types of linear and non-linear generalized triangular neutrosophic numbers 
which are very important for uncertainty theory. We introduced the de-neutrosophication concept 
for neutrosophic number for triangular neutrosophic numbers. This concept helps us to convert a 
neutrosophic number into a crisp number. The concepts are followed by two application, namely in 
imprecise project evaluation review technique and route selection problem. 


Keywords: linear and non-linear neutrosophic number; de-neutrosophication methods 





1. Introduction 


1.1. Theory of Uncertainty and Uncertainty Quantification 


Uncertainty theory playsanimportant role in modeling sciences and engineering problems. 
However, there is a basic question regarding how we can define or use the uncertainty concept 
in our mathematical modeling. Researchers around the globe defined many approaches to defining 
them, and give their various recommendations to using uncertainty theory. There are several 
literaturestudiesthatclassify some basic uncertain parameters. It should be noted that there is no 
unique reorientation of the uncertain parameter. For the problem’s purpose or decision makers’ choice, 
it can be varied and presented as a different application. We now, here, give some info about uncertain 
parameters, and show how they differ from eachother using the concept of uncertainty using some 
definition, flowcharts, and diagrams. In this paper, we recommend the researcher to take the uncertain 
parameter as a parametric interval valued neutrosophic number. 

Some basic differences between some uncertain parameters: 

If we take Interval number [1] then we can see, 


1. The information belongs to a certain interval 
2. There is no concept of membership function 
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If we take Fuzzy number [2,3], then we can see, 


1. The concept of belongingness of the elements comes 
2. The use of membership function is present 


If we take Intuitionistic fuzzy number [4], then we can see, 


1. The concept of belongingness and non-belongingness of the elementscomes 
2. The use of membership and non-membership function is present 


If we take Neutrosophic fuzzy number [5], then we can see, 


1. The concept of truthiness, falsity, and indeterminacy of the elements comes 
2. The use of membership function for truthiness, falsity, and indeterminacy is present 


Please follow the idea given in the flowchart below, as shown in Figure 1: 
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Other type 
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Interval number Fuzzy number Intuitionistic 
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| 

! 4 4 
Single and mult Generalization of the Linear and non linear concept of 
valued concept the corresponding functions 


maxumum gradation 
Figure 1. Flowchart for different uncertain parameter. 










1.2. Neutrosophic Number 


Fuzzy systems (FSs) and Intuitionistic fuzzy systems (IFSs) cannot successfully deal with 
a situation where the conclusion is adequate, unacceptable, and decision-maker declaration is 
uncertain. Therefore, some novel theories are mandatory for solving the problem with uncertainty. 
The neutrosophic sets (NSs) [5] reflect on the truth membership, indeterminacy membership, and falsity 
membership concurrently, which is more practical and adequate than FSs and IFSs in commerce, 
which areuncertain, incomplete, and inconsistent in sequence. Single-valued neutrosophic sets are an 
extension of NSs which were introduced by Wang et al. [6]. Ye [7] introduced simplify neutrosophic 
sets, and Peng et al. [8,9] definite their novel operations and aggregation operators. Finally, there 
are different extensions of NSs, such as interval neutrosophic set [10], bipolar neutrosophic sets [11], 
and multi-valued neutrosophic sets [12,13]. The decision-making problem [14-38] is very important in 
study, when it is with uncertainty. 

Although many researchers and scientists have worked in the recently developed neutrosophic 
method, and applied it in the field of decision making, there is, however, still some viewpoints 
regarding defining neutrosophic numbers in different forms, and their corresponding de-impreciseness 
is very important. 


1.3. Ranking and De-Impreciseness 


The ranking and de-impreciseness of the imprecise numbers are not a new concept.However, 
what is the basic concept of the above-said important results and what is the relation. Figure 2 shows 
the flowchart for de-impreciseness and ranking. 
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Ranking De-impreciseness 


The method to convert imprecise 


The method for comparison between two 
number to crisp number 


imprecise number 





De-impreciseness methods 
Other methods 


Figure 2. Flowchart for de-impreciseness and ranking. 










Ranking methods 


Ranking is a concept where we can compare two imprecise numbers, and de-impreciseness is 
a technique where the imprecise number is converted to a crisp number. Somewhere, the decision 
maker takes the two concepts as the same. In this case, they convert the imprecise number into crisp 
number, and compares them on the basis of crisp value. 


1.4. Structure of the Paper 


The paper is organized as follows. In Section 1, the basic concept on imprecise set theory and 
neutrosophic set theory are discussed. Section 2 contains the preliminaries section. Section 3 goes for 
the known definition of neutrosophic sets and numbers. Single valued linear neutrosophic number 
and its variation are showing in Section 3. In Section 4, we address the basic concept of neutrosophic 
non-linear number and generalized neutrosophic number. In Section 5, the de-neutrosophication 
of linear neutrosophic triangular fuzzy number is performed. The PERT problem is considered 
in Section 6. The application in assignment problem, considering aproblem, is taken in Section 7. 
The conclusions are written in Section 8. 


2. Neutrosophic Number 


Definition 1. (Neutrosophic Set) A set Seu in the universal discourse X, which is denoted generically 


by x, is said to be a neutrosophic set if Sneu = {(x; [te (ate (eX), Og ee € X}, where 
mg— (x) : X — [0,1] is called the truth membership function which represents the degree of confidence, 
Hg— (x): X — [0,1] is called the indeterminacy membership function which represents the degree of 
uncertainty, and 0—— (x) : X — [0,1] is called the falsity membership function which represents the degree of 


scepticism on the decision given the decision maker. 


Te (x), Sn (x) &05— (x) exhibits the following relation: 


0 < me (x) + Hg— (x) + 05 (x) <3 


— “"Sneu Sneu 


Definition 2. (Single Valued Neutrosophic Set) Neutrosophic set Syey in the definition 2.3, is 
called a Single Valued Neutrosophic Set (Sneu) if x is a single valued independent variable. Thus 


Sneu = { (x; [7 5~ (x), Ug~ (x), O— (x)])ix € X}, where Te (x), Wg—~ (x) &O—— (x) represents the truth, 
indeterminacy, and falsity membership function, respectively, as stated in definition 2.3, and also exhibits the 
same relationship as stated earlier. 
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If there exists three points, ag, by&cg, for which 77=— (a9) =1, Ue (bo) =1 &d— (co) = 1, then 
the Suen is called neut-normal. 
A Sneu is said to be neut-convex, which implies that it is a subset of a real line, by satisfying the 


following conditions: 


1. 15 (pay + (1 — p)a2) 
Us— (pay + ( 
3: oe (pa1 + ( 





1 
t= 
where, a;&a € Rando € [0,1]. 

Definition 3. (Single Valued Neutrosophic Number)Single Valued Neutrosophic Number (Z) is defined as 
z= ([(piqr',s!); a], [(p2, 47, 17,87); Bl, [(p?, q°, 13, 8°); y]) where w, B,y € [0,1], the truth membership 
function (7tz):IR— [0,a], the indeterminacy membership function (uz) :R—> [6,1], and the falsity 


membership function (Oz) : R + [y,1] is given as: 


mz(x) pisx<q' 


zl 
1 1 
7 a q <x<r 
Ta Ta(x) r<x<st ’ 
0 otherwise 
Hy(x) PP Sxse? 
ee p gexsr 
i) = Mai(x) r<ex<s? 
1 otherwise 
bie) Ses” 
3 ss 3 
y @SxSr 
8=(x) = 
2(*) 0x, (x) P<x<s3 
1 otherwise 


3. Single Valued Linear Neutrosophic Number 


1. Triangular Single Valued Neutrosophic number of Type 1: The quantity of the truth, indeterminacy 
and falsity are not dependent: A Triangular Single Valued Neutrosophic number of Type 1 is 
defined as Aneu — (Py, Po P3 7 Qy, Gar 43/8112, r3) whose truth membership, indeterminacy and 
falsity membership is defined as follows: 





= PA 
Evi when py < x < po 
T _ 1 when x = p2 
Aen *) = P3~* when p2 < x < p3 
P3—p2 = 





0 otherwise 











and 
xP: 
ah when p, <x < po 
1 when x = p2 
Taye *) ~ Pa" * when po <x < 
P3—P2 p2 = P3 
0 otherwise 
92—x 
=a when qi < x < q2 
0 when x = q2 
Tass (x) = a9 





es when qz < x < 43 


1 otherwise 
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and 
<—P1 
P2-P1 
1 when x = po 





when p, < x < p2 


Le (x) a pa—* 
P3—Pp2 





when pz < x < p3 
0 otherwise 


where, 0 < Trine (*) + Ti eu (*) + Fave (*) <3,x € Aneu- 2 
The parametric form of the above type number is (Anew) «By = 
[Tneu1(&), TNeu2(«); Ineu1(B), Tneu2(B); FNeu1 (y), Freu2(7)|, 


where, 
Tnewi(&) = pi + &(p2 — pr) 
Tneu2(&) = p3 — &(p3 — p2) 
Tneui (B) = 92 — B(42 — 91) 
Tneu2(B) = q2 + B(qs — 92) 
Frew (¥) = 12 — ¥(12 — 11) 
Fryeu2(¥) = 12 + (13 — 12) 


here,0<a<1,0<B<1,0<y<land0<a+$6+7<3 
Example 1. Take Ane = (10,15, 20; 14, 16,22; 12, 15, 19). 


The parametric representation is 


Tnei (a) = 10 + 5a 
Treo (x) = 20 — 5a 
Tnei(B) = 16 — 28 
Tnei(B) = 16 + 6B 
Frye (7) = 15-37 
Fyaly) = 15 +47 


Table 1 and Figure 3 show the value of Tye1(«), Tne2(a), INe1(B), Ine1(B), Ener (7), and Freo(y) 
and graphical representation of triangular single valued neutrosophic numbers (IrSVNNs) respectively. 


Table 1. Value of Tye1(«), Trve2(#), Inet (B), Inver (B), Fei (7), and Frea(7)- 





0, B,Y TNe1(a) TNe2(a) Ine (B) Ine1(B) Fyeily) — Fre2(y) 











0 0 20 16 16 15 ils) 
0.1 0 19.5 15.8 16.6 4.7 15.4 
0.2 1 19 15.6 72 44 15.8 
0.3 ILS 18.5 15.4 17.8 41 16.2 
0.4 2 18 15.2 18.4 3.8 16.6 
0.5 125 Ws 15 19 3.5: 17 
0.6 3 17 14.8 19.6 3.2 17.4 
0.7 13.5 16.5 14.6 20.2 2.9 17.8 
0.8 4 16 14.4 20.8 2.6 18.2 
0.9 14.5 15.5 14.2 21.4 2.3, 18.6 

1 5 15 14 22 12 19 


2. Triangular Single Valued Neutrosophic Number of Type 2: The quantity of indeterminacy and 
falsity are dependent: A triangular single valued neutrosophic number (IrSVNN) of Type 2 
is defined as Aneu = (P1, P2, P3; 91/92/93; UNeu, YNeu) Whose truth membership, indeterminacy, 
and falsity membership are defined as follows: 
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xX>P1 < 
=a when pj < x < po 
_ 1 when x = p2 
ANeu (x) — p37* 


P3—p2 





when pz < x < p3 
0 otherwise 


+Uneu(X—q1) < 
nary = aan when qi <x < q2 
UNew When x = qo 
+Uneu (q3—X) < 
gga when qz < x < q3 


rYNeu (x=) 





tYNew(93—x) 


1 otherwise 


i-th when qi < x < q2 


YNeuw When x = qo 


7346 when qz < x < 43 


1 otherwise 





and 
qx 
ae (x) = x~4q24 
and 
92—X4 
has (x) =~ x~4G24 
where, 0 < Tj, (x) + oe (x) + Fa (x 
The parametric form of the 
[TNeut (w), Teu2 (4); TNeut (B), TNeu2(B); FNeut (7) 
Tneu (@) 
TNeu2(@) 
INeut (B) = 
INeu2 (B) — 
FNeut1 (y) 
FNeu2 (Y) — 


Il 


<2,.x€ ANeu- 


above type number is 


, Freu2()], where 


(Anew)a,p,7 


= pi t+ «(po — pi) 


= p3— 4(p3 — p2) 
92—UNeug1 —B(42—-41) 
1—uNeu 
92—UNeug3+B(93—42) 
1—uNeu 
q2—YNew91 —¥ (42-91) 
1-yNeu 
92—YNew93t+7(93—42) 
I—YNeu 7 


Here,0 <a <1,uUneuw <B<1,YnNeu <y<land0<B+y<land0<a+fB+y7<2. 


T 


TO 70 €0 #0 SO 90 40 80 60 
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Tne2 (a) 
Inei (PB) 
Ine2(P) 
Fyei™ 
— Fyue2z 
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{ 

Nn 

wo 


02 + 


Figure 3. Graphical representation of TrSVNNs. 
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Example 2. Take ANe = (10, 15, 20; 14, 16, 22; 0.4, 0.5) 


The parametric representation is, 


Tne1(a) = 10+ 5a 
Tyer(w) = 20 — 5a 
Ines (B) = 3 (52 — 108) 
Ine(B) = 12 + 108 


Fryei(y) = 18-47 
Fre2(7) =10 + 129% 


Table 2 and Figure 4 show the value of Tye1(«), Tne2(&), INe1(B), Ine1(B), Ener (¥), and Freo (7) 
and graphical representation of type-2 TrYSVNNs. 


Table 2. Value of Tye1(«), Te2(#), Inet (B), Ine1(B), Fei (7), and Freo(7)- 


«By — Tnei(a) TNe2(«) Ines (B) Tne1(B) Fnei(y) Frne2(y) 






































0 10 20 - - - - 
0.1 10.5 19.5 - - - - 
0.2 11 19 - - - - 
0.3 11.5 18.5 - - - - 
0.4 12 18 16 16 - - 
0.5 125 75 15.6667 17 16 16 
0.6 13 17 15.3333 18 15.6 17.2 
0.7 13.5 16.5 15. 19 15.2 18.4 
0.8 14 16 14.6667 20 14.8 19.6 
0.9 14.5 155 14.3333 21 14.4 20.8 

1 15 15 14 22 14 22 

°o 

ai — Tye1(@) 

a | — Tye2 (a) 
@BY & — Inex(B) 

nd | - ~~ Iue2(B) 

co | — Fne1 WY 

: 4 — Fez 162) 

= | 

o w lol nN 


nN 
So wn S a 


Figure 4. Graphical representation of type-2 TrSVNNs. 


3. Triangular Single Valued Neutrosophic number of Type 3: The quantity of the truth, 
indeterminacy, and falsity are dependent: A TrSVNN of Type 3 is defined as Anen = 
(P1, P2, P3; WNe, UNeu, YNeu), Whose truth membership, indeterminacy, and falsity membership are 
defined as follows: 
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idcae 2 
WNeu F—py when py < x < po 
WNeu When x = p2 








TAinen (x) > WNeu f= 
P3~P2 when po <x < p3 
0 otherwise 
and ( 
P2—X+UNeu\X—P1 
=p when p, <x < p2 
u when x = 
Te (x) = ee New " p2 
Aneu xX~p2 UNeu(P3 x) 
P3—P2 when p2 < x < p3 
1 otherwise 
and ( 
p2—XTUNeu\X—P1 
ae when p, < x < p2 
u when x = 
Te (x) = oa New.’ p2 
ANeu X~p2 UNeu(P3 x) 
P3—P2 when po < x < p3 


1 otherwise 
where,O< Tz. (x) +Iq. (x) + Fy. (x) <1,% © Anen- 
Aneu ANneu Aneu 


The parametric form of the above type number is (Anew)a,B,7 
[Tneu1(&), Tneu2(); INeu1(B), INeu2(B); Eneut (7), FNeu2(7)], where 























Trew (#) = Pi + Th Dyas P2 — Pa) 
Teu2(%) = P3 — aya, (P3 — P2) 
Tyew (B) = B= nea Plpe— pi) 
Tneu2 B) = p2- Hueyblat Bip p2) 
Fxeui(¥) = Be ee Pi) 
Fxew2(Y) = Po seg Pa 71 P3— Po) 


Here, 0 < « < Wnew, UNeuw < B<1,YNeu <¥ <1and0<a+6+y7<1. 
Example 3. Take Ane = (14, 16, 22; 0.5, 0.8, 0.7) 


The parametric representation is, 


Tne (a) = 14+ 4a 


Tne2(a) = 22 — 120 
Ine (B) = 16 — 38 
Ivei(B) = 16 + BB 
Frei (7) = 16 — a 
Fyea(y) = 16+ 9 


Table 3 and Figure 5 show the value of Tyye1(), Tne2(), Ine1(B), INe1(B), Fner(¥) and Fre2(7)- 


and Graphical representation of type-3 TrSVNNs 
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Table 3. Value of Tye1(«), Te2(&), INe1(B), Ener (B), Fer (7) and Freo(7)- 


























«,B,y — Tnei(a) TNe2(«) Tne (B) Tne1(B) Fneily) Fne2(y) 
0 14 22 
0.1 14.4 20.8 
0.2 14.8 19.6 
0.3 15.2 18.4 
0.4 15.6 17.2 
0.5 16 16 
0.6 
0.7 16 16 
0.8 16 16 16.2857 15.1429 
0.9 15.75 16.75 16.5714 14.2857 
1 15.5 17.5 16.8571 13.4286 
i 
ied 
wo 
S 
o 
o 
N — Tye1 (a) 
= al Tne2 (a) 
a, B,y & Ives (B) 
° I Ne2 (Bp ) 
: Fyei(Y) 
w Fez (vy) 
° 
N 
° 
he 
° 
w _ | od N N 
o wi oO uw 


Figure 5. Graphical representation of type-3 TrSVNNs. 


Different Operational Laws of Two Triangular Neutrosophic Numbers: If A Nen and B. New are two 


single valued neutrosophic numbers with nine components having truthmembership Tin, &T, 


Bur’ 
jeu BNeu 


indeterminacymembership | Ay &l Brew” and falsitymembership F ‘Ay SFR! respectively, such as: 


Aneu = (41,42, 43; by, b2, b3;¢1,€2,€3) and Byeu = (44,45, 6; ba, bs, be; Ca, C5, C6) 


where a, band c are the scores given by the decision maker in the scale, ranging from lower limit L; to 


upper limit U). 


e §=©Addition 


Cneu = Aneu 
{min 


7 {min(b, 4 


“ie Bnew 
(a1 + a4, U;), min(az + a5, U}), min(a3 + raphical representation of type 3 TrSVNNsag, U;)}; 
+ bg, Uj), min(by + bs, U;), min(b3 + be, Uy) }; {min(cy + cq, U}), min(co + cs, U;), min(cz + cg, Uy) } 
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Negative of SVNNs 


Subtraction 


DNeu = ANneu — 
= Aneu 


Multiplications 








ie BNeu 
a (—BNeu) 
{max (a1 — a6, L}), max(az — a5, Ly), max(a3 — a4, L;)}; 
= ( {max(by = be, L1), max(b2 ae bs, L 1), max(b3 =a b4, L1)}; ) 
{max(c, — c6, L}), max(cp — cs, Ly), max(c3 — c4, L;)} 


Dyew = Aneu = BNeu 
= ANeu + (—Bneu) 
{max(a1 — a6, L,), max(az — a5, L}), max(a3 — ag, L1)}; 


= ( {max(b, — be, L}), max(bz — bs, L;), max(b3 — b4,L})}; ) 


{max(cy — cg, Ly), max(c2 — cs, L1), max(c3 — cg, L;)} 


Multiplication by a constant 


ENeu a k]Aneu| 
=k x (a1, 42,43; by, bo, bs; cy, C2, C3) 
= (kay, kag, ka3; kby, kbp, kb3; key, kcp, keg) 











Inverse of SVNNs 
E = 1 
Feu = ANeu (ay agyagiba ba,bsici,c2,ca) 
a7 t 1s DE Leds 
(a5? a2’ 0" b3’ by’ by’ c3’ 11a) For (a,b,c) > >0 
afl AL 1st Fo I.i 
Gata hin Ri giera ll? Gee) < <0 
Divisions 
GneuAnen + Byeu 
= = Aneu + + BNeu 


= (Ay, 42,43; by, bz, b3; Cy, C2, C3) X 





xq Ltt A he LL) 
rake eA Da ice 6” 45’ ag” be’ bs” ba’ C6” C5” Ca 
; 1 a 1 2. 2 2 iO, 3 3 co 
min(a, ig! Wg’ aq! as’ ag — VISION of SVNNs, ay ast ae ), 


Mm a My ay fy Wy _ igi dg 3 
mean (at, aa’ ae? ae’ ae’ ae = Vision of SVNNS, 3, 2, Ge): 
ay M1 Ay Oo 2 = visi 
aa % ee , ooh 
min (A 1 fo ta to ts bs a) 


hob bbb bbb) , ) 
mise by by by bo by bs by by), 
bg! Ds’ Be’ Ba’ 05’ De’ Ba’ bs’ De 
1 C1 C1 C2 C2 CQ C3 C3 C3 
Mit Oy Ser ce? eat ae? et get ant ey 
cy Cy Cy CQ C2 CQ CZ CB CB 
mean hy cer cg! Ca! ce! co! ca! Cl ca! 
f 1 C1 C2 C2 C2 63 C3 63 
TAX (Ths or cg! cn! Co! On! Ga! ce! Gay? 


a3 43 43 ) 


1 a4’ a5! a6 





mean( 
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Example 4. If Anew = (5,10,15;2.5,5,7-5; 10, 17.5,25) and BNey = (4,6,8;3,6,9;1,1.75,2.5) are two 
single valued neutrosophic numbers with independent truth, indeterminate, and false values in the scale of 0 to 


25, then find the Aneu + Byes; Anew — BeuvAnen X Buen gue and kByey where k = 3. 
‘Neu 





e Addition 
Aneu + Bey = (9,16, 23; 5.5, 11, 16.5; 11, 19.25, 25), 
e Subtraction 
Aneu = BNeu = (0, 4,11;0,0,4.5; 7.5, 15.75, 24) 

e = =©Multiplication 

Aneu X BNeu = (20, 60, 120; 7.5, 30, 67.5; 10, 30.625, 62.5) 
e = Division 

A 

ad = (0.625, 1.806, 3.75; 0.278, 1.0185, 2.5; 4, 11.5, 25), 

Neu 


e =©Multiplication by a constant 


kBNey = (12, 18,24; 9, 18, 27;3,5.25,7.5) 


4, Neutrosophic Non-Linear Number and Generalized Neutrosophic Number 


4.1. Single Valued Non-Linear Triangular Neutrosophic Number with Nine Components 


A single valued non-linear triangular neutrosophic number with nine components is defined 
as Anew = (P1,P2,/P3/ 91/92/93; 11,12,13), whose truth membership, indeterminacy, and falsity 
membership is defined as: 





(2=P)™ when py < x < po 





Pa-Pi 
1 when x = p2 
Thien (x) = ( p3—x \ 
P3~ P2 when p2 < x < p3 


0 otherwise 














and ‘ 
x—qy \"1 < 
aaa when q, <x < qo 
i ie 0 when x = q2 
ANeu a (8 by 
9-2" == when qz < x < 93 
1 otherwise 
oe (2211) wh <x< 
morn) Whenry Sx <p 
0 when x = ro 
Sie: (x)= (22% °2 
"3~ 12 when 12 <x < 13 


1. otherwise 
where, 0 < Tye *) + Trey (*) + Fave (*) <3,x € Aneu- 


Note. If a1, 42, by, bz, c1,cz = 1, then single valued non-linear triangular neutrosophic number with 
nine components will be converted into single valued linear triangular neutrosophic number with 
nine components. 
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4.2. Single Valued Generalized Triangular Neutrosophic Number with Nine Components 


A single valued triangular neutrosophic number with nine components is defined as 
A Ne = (P1, P2, P3391, 92, 93; 11,12,13), whose truth membership, indeterminacy, and falsity membership 


is defined as: 




















SPL 
Oa when pi < x < p2 
w when x = p2 
VaNen (x) = p3—x 
P3~P2_ = when po < x < p3 
0 otherwise 
and 
eG 
fa when qj < x < q2 
0 when x = q2 
om, ) e x7 43 
Ba whengr.<x<q3 
p otherwise 
and 
x—1 
Amr when r, < x < 12 
_ 0 when x = rp 
Rua ) x—13 
3-72 whenrg <x < 13 
A otherwise 
< Te ~ + r)< A 7 
where, 0 < Trine, (*) + Ti eu (*) + Fai vey (*) <3,x € Anen 


4.3. Single Valued Generalized Non-Linear Triangular Neutrosophic Number with Nine Components 


A single valued non-linear triangular neutrosophic number with nine components is defined 
as Anew = (P1,P2,/P3/ 91/92/93; 11,12,13), whose truth membership, indeterminacy, and falsity 


membership is defined as: 


Ties (x) ~ 


and 


Vea (x) — 


and 


FAs (x) = 


x Pi 
pP2-P1 
w when x = p2 
(Be) 
P3—Pp2 
0 otherwise 





w( when pi < x < p2 





when p2 < x < p3 


ah 
Pla=ai 
0 when x = q2 
—q3 \0 
x—q3 \%2 
Plas= ar) 


op otherwise 





b 
)* when q; < x < q2 





when qz < x < q3 


x= cy 
A) when ry <x <1 


0 when x = r2 
( x—13 ‘iz 
13-12 
A otherwise 





when t7 <x < 13 


where, 0 < Trine (*) + Ti eu (*) + Fava (*) <3,x € Aneu- 


Note. if a1, 42,1, bz, c1,cz = 1, then single valued generalized non-linear triangular neutrosophic 
number with nine components will be converted into single valued generalized linear triangular 
neutrosophic number with nine components. 
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5. De-Neutrosophication of Linear Neutrosophic Triangular Fuzzy Number 


De-Neutrosophication Using Removal Area Method 


Let us consider a linear neutrosophic triangular fuzzy number as follows: 
Ane = (a,b, ¢;d,¢, f;¢,h,k) 


whose pictorial representation is as follows. 
Firstly, we consider the graphical representation of linear neutrosophic triangular fuzzy number 
in Figure 6. 





Figure 6. Linear neutrosophic number. 


We consider an ordinary number k € R and a fuzzy number A for the lower triangle, then left 
side removal of A with respect to k is R; (A,k), defined as the area bounded by k and the left side of 
the fuzzy number A. Similarly, the right side removal of A with respect to k is R,(A, k). Also consider 
an ordinary number k € R and a fuzzy number B for the left most upper triangle(Adef), then the left 
side removal of B with respect to k is R; (B, k), defined as the area bounded by k and the left side of the 
fuzzy number B. Similarly, the right side removal of B with respect to k is R,(B, k). A fuzzy number 
C for the right most upper triangle(Aghk), then left side removal of C with respect to k is R(C, k), 
defined as the area bounded by k and the left side of the fuzzy number C. Similarly, the right side 
removal of C with respect to k is R,(C, k). 

Mean is defined as (A,k) = eee”), R(B,k) = By(B A) RAB A) R(C,k) = (snes 

Then, we defined the defuzzification of a linear neutrosophic triangular fuzzy as 
R(D,k) = RSE ARC, 

















For k = 0, ; : 
R(A,0) = Sloe) 
R(B,0) _ Ry(B,0)4 Rr (B.0) 
RCO) = Ry(C,0) +R, (C,0) 
Then, : : 
R(D,0) _ R(A,0) + REO) + R(C,0) 


We take A = (a,b,c), B = (d,e, f),C = (g,h,k). 
Figure 7 shows the pictorial representation of de-neutrosophication. 
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(c) (d) 


Figure 7. Cont. 
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(e) (f) 


Figure 7. Pictorial representation of de-neutrosophication. (a) Area of trapezium OABR; (b) Area of 
trapezium OABR; (c) Area of trapezium OEDR;(d) Area of trapezium OEFR; (e) Area of trapezium 
OHGR: (f) Area of trapezium OHKR. 


Then, 
R,(A,0) =Area of trapezium OABR = an) 1 
R,(A,0) =Area of trapezium OABR = m4 


R,(B,0) =Area of trapezium OABR = Hea 1 
R,(B ,0) =Area of trapezium OABR = (e erp 4 
R}(C,0) =Area of trapezium OABR = (ern) A 

R,(C,0) =Area of trapezium OABR = tesa alls 








Hence, (A,0) = tee) REO) = fe Rie 0) = Soares 


So, (D, 0) = font cemecias Asian asad 








Example 5. Finding De-neutrosophication value of Neutrosophic number. 
Table 4 shows the de-neutrosophication value of Neutrosophic number. 


Table 4. De-neutrosophication value of Neutrosophic number. 





Experiment No. Neutrosophic Number De-Neutrosophication Value 
Set 1 A = (1,2,3;0.5, 1.5, 2.5; 1.2, 2.7, 3.5) 2.0083 
Set 2 B = (0.5,1.5, 2.5; 0.3, 1.3, 2.2; 0.7, 1.7, 2.2) 1.45 
Set 3 C = (0.3, 1.2, 2.8; 0.5, 1.5, 2.5; 0.8, 1.7, 2.7) 1.533 
Set 4 D = (1,3,5;0.5, 1.5, 2.5; 1.2, 2.7,4.5) 2.425 
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6. PERT in Triangular Neutrosophic Environment and the Proposed Model 


The full form of PERT method is project evaluation and review technique, which is a project 
management tool used to schedule, organize, and coordinate tasks within a project. It is basically a 
method to analyze the tasks involved in completing a given project, especially the time needed to 
complete each task, and to identify the minimum time needed to complete the total project. 

PERT planning involves the following steps: 


Identify the specific activities and milestones. 
Determine the proper sequence of the activities. 
Construct a network diagram. 

Estimate the time required for each activity. 
Determine the critical path. 


ON SOT ee 8 I 


Update the PERT chart as the project progresses. 


The main objective of PERT is to facilitate decision making and to reduce both the time and cost 
required to complete a project. PERT is intended for very large-scale, one-time, non-routine, complex 
projects with a high degree of dependency, projects which require a series of activities, some of which 
must be performed sequentially, and others that can be performed in parallel with other activities. 
PERT has been mainly used in new projects which have large uncertainty with respect to design of a 
structure, technology, and networking system. To take care of associated uncertainties, we introduced 
triangular neutrosophic environment for PERT activity duration. 

The three time estimates for activity duration are as follows: 

Optimistic time (0): Generally, the shortest time in which the activity can be completed. It is 
common practice to specify optimistic time to be three standards deviations from the mean so that 
there is approximately a 1% chance that the activity will be completed within the optimistic time. 

Pessimistic time (jp): Generally, the longest time that an activity might require. Three standard 
deviations from the mean are commonly used for the pessimistic time. 

Most likely time (7/1): Generally, it is the completion time, in normal circumstances, having the 
highest probability. Note that this time is different from the expected time. 


Note 2. In Ref. [22], the authors introduced the concept of score and accuracy function to compute 
the crisp value of a trapezoidal neutrosophic number. In our proposed model, we choose all the three 
different times (optimistic, pessimistic, most likely) as triangular neutrosophic number. 


To obtain the crisp value, we introduced the de-neutrosophication value R(D,0) = 
(a+2b+c+d+2ce+f+g+2h+k) 
12 





of triangular neutrosophic number (a,b,c; d,e, f;g,h,k). 
Now, the expected time and standard deviation can be calculated by the formula E ik = pretty. 
and Tin = Pe where 0, p, and m are all crisp value of optimistic, pessimistic, and most likely time 
estimations, respectively. 

Now, we use CPM method for further calculation of earliest/latest time, critical path, and float. 

In forward pass, starting with a time of zero for the first event, the computation proceeds from 
left to right, up to the final event. For any activity (i,j), let ES; denote the earliest time of event i, 
then ES j=eE Si + bij. If more than one activity enters an event, the earliest start time for that event is 
computed as ES; = max{ ES;+ tig} for all activities emanating from node i entering into j. 

In case of backward pass, starting with the final node, the computation proceeds from right to 
left, up to the initial event. For any activity (i,), let LF; denote the latest finished time of event i, 
then LF; = LF; — ¢,. If more than one activity enters an event, the latest finish time for that event is 
computed as LF; = min{ LF; - tij} for all activities emanating from node j entering into i. 

After calculating the critical path, compute project length variance, which is the sum of the 
variances of all the critical activities. Next, calculate the standard normal variable Z = tats , where T; 
is the scheduled time to complete the project, and T, is the normal expected project length duration. 
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Using a normal curve, we can estimate the probability of completing the project within a specified 
time. The steps of the said method are shown in Figure 8. We also set the numerical value for the said 
problem to show the importance of our method in Table 5. 


wee eee eee eee ee eee 4 
' 


Compute Expected time using 


__ or4m+p 


Ein 





Compute earliest starvFimish, | 
Latest start/finish ' 
Total float of each activity ‘ 





Critical Path 
ee ee ee eee sz 
: Compute Project length : 
‘ Variance, Standard normal : 
; variable Z = — } 


Estimate the probability 
of completing the 


project 





Figure 8. Flowchart for the solution procedure. 
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Draw the project network and find the probability that the project is completed in 16 days. 


Solution. Now, we solve the problem by the following steps, as shown in Table 6, Figures 9 and 10. 














Step-1. 
Table 6. The value of Ejx and ¢; ke for the above problem. 
Optimistic Time Pessimistic Time Most Likely Time Ey, = otdmep ere ‘3 

(0) (p) (m) ik 6 ik 6 
2.26 5.42 3.33 3.50 0.277 
4.92 2.00 4.92 4.43 0.244 
4.67 4:71. 5.42 4.68 0.243 
2.96 3.33 2.67 2.83 0.004 
2.75 5.54 242 3.00 0.216 
3.83 2.26 4.67 4.13 0.068 
2.83 4.92 2.00 2.63 0.121 
3.33 3.50 2.26 2.65 0.001 
5.42 2.67 4.92 4.63 0.210 
3.50 2.42 2.00 2.32 0.032 
4.88 4.67 1.71 2.79 0.001 

Step-2 

Network Diagram 2 RC 


Ker sl 


Sea ee Lo a = 


ee 


Figure 9. The network diagram for the problem. 
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[10.81)7.43] 


Step-3 



















——> Line denote the Critical Path 


Figure 10. Critical path analysis for the problem. 
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Therefore, the expected project duration is 15.9 days. 

Critical path A+C-—+G—J-K. 

Project length variance o? = 0.962, standard deviation0.98. 

Probability that the project will be finished within 16 days is P(z < ae) = P(z < 0.1) 
Area under the normal curve P(z < 0.1) = 0.5 + &(0.1) = 0.5398 

The related normal curve is drawn in Figure 11. 


0 Z=0.1 
Figure 11. The normal curve for the above problem. 


7. Application of Triangular Neutrosophic Fuzzy Number in Assignment Problem Using 
De-Neutrosophic Value 


The assignment problem is very important for transferring goods from one place to another place. 
In the assignment problem, if uncertainty occurs, then it is more complicated to solve. By the concept 
of impreciseness and its corresponding crispified value, we can easily handle the assignment problem. 
In this section, we take a route selection problem with neutrosophic cost data and solve the problem. 

We consider a problem of assigning three different trucks to three different destinations. 
The assigning costs that are the travelling costs in rupees are given here. How should the trucks 
be dispatched so as to minimize the total travelling cost? Note, that all the costs are triangular 
neutrosophic numbers. 

Let us consider that the transportation cost for the three trucks are neutrosophic in nature. For that 
viewpoint, we take that the cost of the three trucks are as follows in Table 1, in units of dollar. Each 
component represents the moneys in units of dollars. 

Here, red car denotes Truck 1, yellow car denotes Truck 2, and green car denotes Truck 3 as shown 
in the Figure 12. 


/ Terminal Station 


Destination-1 


% § 


Destination-2 





Destination-3 





Figure 12. Pictorial representation of the problem. 
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We apply the defuzzification result of triangular neutrosophic number from Table 7. 


Table 7. Neutrosophic value for the transportation costs. 





Destination-1 Destination-2 Destination-3 
Truck 1 (1,4,7;1,3,5;3.5,6,7.5) (0.5,2.5,4.5;1,2,3;1.5,3.5,5.5) — (1,3,5;0.5,1.5,3.5;2,4,6) 
Truck 2 (1,2,3;0.5,1.5,2.5;1.5,2.5,3.5) (1,1.5,4;0.5,1,2.5;1.25,3,4.25) (1.5,2.5,3.5;1,1.5,3;2,3,4) 
Truck 3 (2,4,6;1.5,2.5,4.5;3,5,7) (1,5,8;1.5,4.5,7.5;4,6.5,9) (1,5,8;1.5,3,6.5;4,7,9) 











R(D, 0) CSR as +gt2h+k) to convert the numbers into a crisp number. 


Then, we have the following Table 8. 


Table 8. De-neutrosophication value for the transportation costs. 








Destination-1 Destination-2 Destination-3 
Truck 1 4.25 2.67 2.92 
Truck 2 2.00 7A 2.75 
Truck 3 392) 5.25 5.08 


Now, we consider row minimum from each row, and subtract it from the other element (row-wise). 
Thus, we get Table 9. 


Table 9. Row minimum from each row, and subtract it from the other element (row-wise). 





Destination-1 Destination-2 Destination-3 
Truck 1 1.58 0 0.25 
Truck 2 0.29 0 1.04 
Truck 3 0 1.33 1.16 





Now, we consider column minimum from each column and subtract it from the other element 
(column-wise). Thus, we get Table 10. 


Table 10. Column minimum from each column and subtract it from the other element (column-wise). 








Destination-1 Destination-2 Destination-3 
Truck 1 1.58 0 0 
Truck 2 0.29 0 0.79 
Truck 3 0 1.33 0.91 


Here, the minimum number of straight lines to cover all the zeros is 3 (which is also equal to the 
order of the matrix), as shown in Table 11. 


Table 11. Minimum number of straight lines to cover all the zeros. 





Destination-1 Destination-2 Destination-3 
Truck 1 1.58 0 0 
Truck 2 0.29 0 0.79 
Truck 3 0 1.33 0.91 


From the Table 12, we see that if the Truck1 goes to Destination-3, Truck2 goes to Destination-2, 
and Truck3 goes to Destination-1, then the carrying is minimum. 
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Table 12. Transformed table. 





Destination-1 Destination-2 Destination-3 
Truck 1 1.58 0 [0] 
Truck 2 0.29 [0] 0.79 
Truck 3 [0] 1.33 0.91 


That means from the Figure 13 Truck-1—Destination-3, Truck-2—Destination-2, 
Truck-3— Destination-1. 


> Destination-3 


Destination-2 


Destination-1 





Figure 13. Pictorial representation of the solution. 





The corresponding Min cost = (3.92 + 1.71 + 2.92) = 8.55 units of dollar. 
Then, we get Table 13. 


Table 13. Neutrosophic value of destinations. 








Destination-1 Destination-2 Destination-3 
Truck 1 (1,4,7;1,3,5;3.5,6,7.5) (0.5,2.5,4.5;1,2,3;1.5,3.5,5.5) — (1,3,5;0.5,1.5,3.5;2,4,6) 
Truck 2 (1,2,3;0.5,1.5,2.5;1.5,2.5,3.5) (1,1.5,4;0.5,1,2.5;1.25,3,4.25) (1.5,2.5,3.5;1,1.5,3;2,3,4) 
Truck 3 (2,4,6;1.5,2.5,4.5;3,5,7) (1,5,8;1.5,4.5,7.5;4,6.5,9) (1,5,8;1.5,3,6.5;4,7,9) 


Ye [21] built up the concept of score function and accuracy function. The score function S and the 
accuracy function H are applied to compare the grades of triangular fuzzy numbers (TFNS). These 
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functions show that greater is the value, the greater is the TFNS, and by using these, concept paths can 
be ranked. 
We apply the result of triangular neutrosophic number. 


Let, A = (a,b,c;d,e, f;g,h,k) be a triangular neutrosophic fuzzy number, then the score 
{8+(a+2b+c)—(d+2e+ f)—(g+2h+k)} 
12 











function is defined as S(A) 
x +2b+c)—(g+2h-+k 
H(A) = {(a iat i+k)} 


, and accuracy function is defined as 





In order to make comparisons between two triangular neutrosophic values, Ye [21] presented the 
order relations between two triangular neutrosophic values. 

Let Ay = (a1, b1,c1; 41, e1, fi g1,h1,k1) and Az = (a2, bo, c2; do, €2, fr; 22, hz, kz) be two triangular 
neutrosophic values, then the ranking method is defined as follows. 


(i) if S(A,) > S(AQ), then A; > Az 
(ii) if S(A,) = S(Az) and H(A,) > H(A2), then Ay > Az 

We apply the score function result of triangular neutrosophic number S(A) = 
eae leas J=(g#2h+)} to convert the numbers into a crisp number. 
Then we have the following table, as shown in Table 14. 








Table 14. Converted the numbers into a crisp number. 





Destination-1 Destination-2 Destination-3 
Truck 1 —0.92 —0.33 —0.25 
Truck 2 0.00 —0.04 —0.08 
Truck 3 —0.58 —1.42 —1.17 


Take the most negative cost (—1.42), add it with all the elements of the matrix we get Table 15. 


Table 15. Corrosponing positive value table. 





Destination-1 Destination-2 Destination-3 
Truck 1 0.50 1.09 117 
Truck 2 1.42 1.38 1.34 
Truck 3 0.84 0.00 0.25 


Now, we consider row minimum from each row and subtract it from the other elements (row-wise). 
Thus, we get Table 16. 


Table 16. Row minimum from each row and subtract it from the other elements (row-wise). 





Destination-1 Destination-2 Destination-3 
Truck 1 0 0.59 0.67 
Truck 2 0.08 0.04 0 
Truck 3 0.84 0 0.25 


Now, we consider column minimum from each column, and subtract it from the other elements 
(column-wise). Thus, we get Table 17. 


Table 17. Column minimum from each column, and subtract it from the other elements (column-wise). 





Destination-1 Destination-2 Destination-3 
Truck 1 0 0.59 0.67 
Truck 2 0.08 0.04 0 
Truck 3 0.84 0 0.25 
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Here, the minimum number of straight lines to cover all the zeros is 3(which is also equal to the 
order of the matrix), as shown in Table 18. 


Table 18. Minimum number of straight lines to cover all the zeros is 3. 





Destination-1 Destination-2 Destination-3 
Truck 1 0 0.59 0.67 
Truck 2 0.08 0.04 0 
Truck 3 0.84 0 0.25 





From the Table 19, we see that if the Truck1 goes to Destination-1, Truck2 goes to Destination-3, 
and Truck3 goes to Destination-2, then the carrying is minimum. 


Table 19. Decision table. 








Destination-1 Destination-2 Destination-3 
Truck 1 [0] 0.59 0.67 
Truck 2 0.08 0.04 [0] 
Truck 3 0.84 [0] 0.25 


That means from the Figure 14 the destination is as follows Truckl—Destination-1, 
Truck2— Destination-3, Truck3— Destination-2. 


Destination-2 





Destination-3 


Figure 14. Pictorial representation of the solution. 





The corresponding Min cost = (—0.92 — 1.42 — 0.08) = —2.42 units of dollar. 
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Note: Since, using de-neutrosophic value, we observe that min cost is 8.55 units of dollar, whereas 
using score function, we get min cost in negative quantity that is loss, hence de-neutrosophication 
gives us a better result than the score function. 


8. Conclusions 


The theory of uncertainty plays a key role in applied mathematical modeling. The concept of 
neutrosophic number is very popular nowadays. The formation and de-neutrosophication of the 
corresponding number can be very important for the researcher who deals with uncertainty and 
decision-making problems. In this paper, we construct the concept triangular neutrosophic number 
from different viewpoints, which is not defined earlier. We use the concept of linear and non-linear 
form with generalization of the pick value of truth, falsity, and indeterminacy functions by considering 
triangular neutrosophic numbers, which are very important for uncertainty theory. We introduced the 
de-neutrosophication concept for triangular neutrosophic numbers. This concept helps us to convert 
a neutrosophic number into a crisp number, which is surely helpful for decision-making problems. 
In future, we can extend the concept into different types of neutrosophic numbers, which can be more 
applicable in modeling with uncertainty. 
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Abstract: In this paper we provide an application of neutrosophic bipolar fuzzy sets in daily 
life’s problem related with HOPE foundation that is planning to build a children hospital, which 
is the main theme of this paper. For it we first develop the theory of neutrosophic bipolar fuzzy 
sets which is a generalization of bipolar fuzzy sets. After giving the definition we introduce some 
basic operation of neutrosophic bipolar fuzzy sets and focus on weighted aggregation operators in 
terms of neutrosophic bipolar fuzzy sets. We define neutrosophic bipolar fuzzy weighted averaging 
(N BF WA) and neutrosophic bipolar fuzzy ordered weighted averaging (V BE OWA) operators. 
Next we introduce different kinds of similarity measures of neutrosophic bipolar fuzzy sets. Finally 
as an application we give an algorithm for the multiple attribute decision making problems under 
the neutrosophic bipolar fuzzy environment by using the different kinds of neutrosophic bipolar 
fuzzy weighted/fuzzy ordered weighted aggregation operators with a numerical example related 
with HOPE foundation. 
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1. Introduction 


Zadeh [1] started the theory of fuzzy set and since then it has been a significant tool in learning logical 
subjects. It is applied in many fields, see [2]. There are numbers of over simplifications/ generalization of 
Zadeh’s fuzzy set idea to interval-valued fuzzy notion [3], intuitionistic fuzzy set [4], L-fuzzy notion [5], 
probabilistic fuzzy notion [6] and many others. Zhang [7,8], provided the generality of fuzzy sets as 
bipolar fuzzy sets. The extensions of fuzzy sets with membership grades from [-1,1], are the bipolar 
fuzzy sets. The membership grade [—1,0) of a section directs in bipolar fuzzy set that the section 
fairly fulfils the couched stand-property, the membership grade ]0,1] of a section shows that the 
section fairly fulfils the matter and the membership grade 0 of a section resources that the section is 
unrelated to the parallel property. While bipolar fuzzy sets and intuitionistic fuzzy sets aspect parallel 
to one another, they are really distinct sets (see [3]). When we calculate the place of an objective 
in a universe, positive material conveyed for a collection of thinkable spaces and negative material 
conveyed for a collection of difficult spaces [9]. Naveed et al. [10-12], discussed theoretical aspects of 
bipolar fuzzy sets in detail. Smarandache [13], gave the notion of neutrosophic sets as a generalization 
of intutionistic fuzzy sets. The applications of Neutrosophic set theory are found in many fields 
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(see http://fs.gallup.unm.edu/neutrosophy.htm). Recently Zhang et al. [14], Majumdar et al. [15], 
Liu et al. [16,17], Peng et al. [18] and Sahin et al. [19] have discussed various uses of neutrosophic set 
theory in deciding problems. Now a days, neutrosophic sets are very actively used in applications 
and MCGM problems. Bausys and Juodagalviene [20], Qun et al. [21], Zavadskas et al. [22], Chan and 
Tan [23], Hong and Choi [24], Zhan et al. [25] studied the applications of neutrosophic cubic sets in 
multi-criteria decision making in different directions. Anyhow, these approaches use the maximum, 
minimum operations to workout the aggregation procedure. This leads to subsequent loss of data and, 
therefore, inaccurate last results. How ever this restriction can be dealt by using famous weighted 
averaging (WA) operator [26] and the ordered weighted averaging (OWA) operator [27]. Medina 
and Ojeda-Aciego [28], gave t-notion lattice as a set of triples related to graded tabular information 
explained in a non-commutative fuzzy logic. Medina et al. [28] introduces a new frame work for 
the symbolic representation of informations which is called to as signatures and given a very useful 
technique in fuzzy modelling. In [29], Nowakové et al., studied a novel technique for fuzzy medical 
image retrieval (FMIR) by vector quantization (VQ) with fuzzy signatures in conjunction with fuzzy 
S-trees. In [30] Kumar et al., discussed data clustering technique, Fuzzy C-Mean algorithem and 
moreover Artificial Bee Colony (ABC) algorithm. In [31] Scellato et al.,discuss the rush of vehicles in 
urban street networks. Recently Gulistan et al. [32], combined neutrosophic cubic sets and graphs and 
gave the concept of neutrosophic cubic graphs with practical life applications in different areas. For 
more application of neutrosophic sets, we refer the reader to [33-37]. Since, the models presented in 
literature have different limitations in different situations. We mainly concern with the following tools: 


(1) Neutrosophic sets are the more summed up class by which one can deal with uncertain 
informations in a more successful way when contrasted with fuzzy sets and all other versions 
of fuzzy sets. Neutrosophic sets have the greater adaptability, accuracy and similarity to the 
framework when contrasted with past existing fuzzy models. 

(2) And bipolar fuzzy sets are proved to very affective in uncertain problems which can characterized 
not only the positive characteristics but also the negative characteristics of a certain problem. 


We try to blend these two concepts together and try to develop a more powerful tool in the form 
of neutrosophic bipolar fuzzy sets. In this work we initiate the study of neutrosophic bipolar fuzzy 
sets which are the generalization of bipolar fuzzy sets and neutrosophic sets. After introducing the 
definition we give some basic operations, properties and applications of neutrosophic bipolar fuzzy 
sets. And the rest of the paper is structured as follows; Section 2 provides basic material from the 
existing literature to understand our proposal. Section 3 consists of the basic notion and properties of 
neutrosophic bipolar fuzzy set. Section 4 gives the role of weighted aggregation operator in terms of 
neutrosophic bipolar fuzzy sets. We define neutrosophic bipolar fuzzy weighted averaging operator 
(N8 FWA) and neutrosophic bipolar fuzzy ordered weighted averaging (N®°FOWA) operators. 
Section 5 includes different kinds of similarity measures. In Section 6, an algorithm for the multiple 
attribute decision making problems under the neutrosophic bipolar fuzzy environment by using the 
different kinds of similarity measures of neutrosophic bipolar fuzzy sets and neutrosophic bipolar 
fuzzy weighted /fuzzy ordered weighted aggregation operators is proposed. In Section 7, we provide 
a daily life example related with HOPE foundation, which shows the applicability of the algorithm 
provided in Section 6. In Section 8, we provide a comparison with the previous existing methods. In 
Section 9, we discuss conclusion and some future research directions. 
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2. Preliminaries 


Here we provide some basic material from the literature for subsequent use. 
Definition 1. Let VY be any nonempty set. Then a bipolar fuzzy set [7,8], is an object of the form 


B= (u,(w*(u), w(u)) ue Y), 


and u* (u) : Y + [0,1] and yp (uw) : Y > [1,0], wt (x) is a positive material and u~ (u) is a negative 
material of u € Y. For simplicity, we donate the bipolar fuzzy set as B = (u*, w—) in its place of B = 
(u, (u*(u), we (u)) su € Y). 





Definition 2. Let By = (uj, wy) and By = (3, Wa ) be two bipolar fuzzy sets [7,8], on Y. Then we define 
the following operations. 


(1) By ={(1—yt (u),-1- 4; (u))}: 
(2) By U By = (max(p} (1) (u)), aon Le Hy (u))); 








Definition 3. A neutrosophic set [13], is define as: 
L = {(x,Truy(x), Ind, (x), Fal,(x)) :x € X}, 


where X is a universe of discoveries and L is characterized by a truth-membership function Truy, : X —+]0~,1*[, 
an indtermency-membership function Indy, : X +]0~,1* | and a falsity-membership function Fal, : X — 
]0~,1*[ such that 0 < Tru, (x) + Indy(x) + Fal,(x) < 3. 


Definition 4. A single valued neutrosophic set [16], is define as: 
L = {(x,Truy(x), Ind, (x), Fal, (x)) :x € X}, 


where X is a universe of discoveries and L is characterized by a truth-membership function Tru; : X — [0,1], 
an indtermency-membership function Ind, : X — [0,1] and a falsity-membership function Fal, : X — [0,1] 
such that 0 < Truy(x) + Ind, (x) + Fal, (x) <3. 


Definition 5. Let [16] 
L = {(x, Truy(x), Ind, (x), Fal,(x)):x € X}, 


and 
B= {(x, Trug(x), Indp(x), Falp(x)) : x € X}, 


be two single valued neutrosophic sets. Then 


(1) LC Bifand only if Truy(x) < Trug(x), Indy(x) < Indg(x), Fal, (x) > Falg(x). 
(2). L= Bifand only if Tru, (x) = Trug(x), Ind, (x) = Indg(x), Fal,(x) = Falg(x), for any x € X. 
(3) The complement of L is denoted by L° and is defined by 


L° = {(x,Fal,(x),1— Ind,(x),Truy(x)) /x € X}. 
(4) The intersection 


LOB = {(x,min { Truy (x), Trug(x)}, max {Ind (x), Indg(x)},max {Falz(x), Falp(x)}) : x € X}. 
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(5) The Union 


LUB = {(x,max {Tru (x), Trug(x)}, min {Ind,(x), Indg(x)},min {Fal,(x),Falg(x)}):x € X}. 


Definition 6. Let Ay = (Truy, Ind,, Fal) and Ay = (Tru, Indy, Fal) be two single valued neutrosophic 
number [16]. Then, the operations for NNs are defined as below: 
(1) A=(1- (1 — Tru) \, Ind}, Fal} ); 
(2) =r ru, 1 —(1—Ind,)4,1— (1-Fal)*); 
A 


(3) (Truy + Trug — Tru, Truz, Ind, Indo, Fal, Falz); 
(4) ‘he (Tru, Tru, Ind, + Indy_ Ind, Ind, Fal, + Falz — Fal,Falz) where A > 0. 








Da Be 


Definition 7. Let Ay = (Tru, Indy, Fal;) be a single valued neutrosophic number [16]. Then, the score 
function s(A,),accuracy function L(A,), and certainty function c(A,), of an NNs are define as under: 





(ii o(Aj j= eee, 
(2) L(Ay) = Tru, — Fahy; 
(3) c(A j= = Truy. 


3. Neutrosophic Bipolar Fuzzy Sets and Operations 


In this section we apply bipolarity on neutrosophic sets and initiate the notion of neutrosophic 
bipolar fuzzy set with the help of Section 2, which is the generalization of bipolar fuzzy set. We also 
study some basic operation on neutrosophic bipolar fuzzy sets. 


Definition 8. A neutrosophic bipolar fuzzy set is an object of the form N® = (N8+,N®-) where 


NBt = (u, (Truype+, Ind ye+,Falye+) su € Y), 
NB = (u, (Truype—, Ind yp-, Falyp-) :u € Y), 


where Truyre+, Ind ye+,Falye+ : Y > [0,1] and Truy-s—, Indy, Falys— : Y — {[—1,0]. 


Note: In the Definition 8, we see that a neutrosophic bipolar fuzzy sets NB = (N8+,N8-), 
consists of two parts, positive membership functions N®*+ and negative membership functions NB-. 
Where positive membership function N+ denotes what is desirable and negative membership 
function 8 denotes what is unacceptable. Desirable characteristics are further characterize as: 
Truys+ denotes what is desirable in past, Ind,;p+ denotes what is desirable in future and Fal y;s+ 
denotes what is desirable in present time. Similarly Truy;s- denotes what is unacceptable in 
past, Indy;p— denotes what is unacceptable in future and Fal,s- denotes what is unacceptable 
in present time. 


Definition 9. Let NB = (NB+,NB-) and NB = (NB+,N2-) be two neutrosophic bipolar fuzzy sets. 
Then we define the following operations: 


(DNB = {(1- Truyss,1— Indysy,—1— Falysy and 1 — Truys-,1—Indys-,—1—Falys-)}; 
1 1 1 1 1. al 
(2) 


Ti a i , Ind , Ind ,min(Fal , Fal i 
NEUNE =( max( TU B+ rUyB+) max(In B+, In NB) min( alye+ al y5+ ) ); 


max (Tru ys . Tru yp- yy max (Ind ys j Indyyp- ), min(Fal ys P Falys- ) 
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(3) 


in( Ti /T ,min(Ind ys+, Ind Falys+, Fal F 
NBone =( min( TU B+ TuyB+) min(In s+, In NB+) max( alye+ al yB+) ) 


min(Truys-, Tru yp ),min(Ind y;p—, Ind yys—), max(Falys_, Fal yn). 
1 1 2 1 2 


Definition 10. Let VB = (NB+,N8-) and NB = (NB*,NP-) be two neutrosophic bipolar fuzzy sets. 
Then we define the following operations: 














(1) 
NB+ @NBY = Truyys+ + Tru yp - Tritys+ : Triys+, Indyp+ + Ind yp — Ind y+ : Indyp+, 
1 2 —(|Falys -|Fal ys ) 
and 
Meee = Truys- + Truyp- = Truys- : Truys-,Indys- + Indys- — Indys- Indys-, 
1 2 ~(|Falys-| : |Falys-|) ‘ 
Z 2 
(2) 
NEt ONEt = (Truyss -T Indyss - Indy, Fal Falys+ — (|Falys+|-|Fal 
1 2 = B+ Truss Indyss -Indyp+, Falys+ + Falyps ( alyp+ alyp+|) : 
and 
NB- @NB- = (Trays ‘ Truype—, Ind yp - Ind yp-, Fal yp- + Falys- = (|Falyx_| ‘ |Falys-|)); 
1 2 1 2 1 Z 1 2 
(3) 


Me — NB = (min( Trays, Trays), min(Ind yoy, Indyss), max(Falyys+,Falys:)), 
1 2 1 2 z 2. 
and 


NE —NB- = (min(Truys-, Troys-),min(Indys-,Indys-), max(Falyys-,Falyys-)). 
1 2 1: 2 uf 2 


Definition 11. Let N® = (N®8+,N8-) be a neutrosophic bipolar fuzzy set and A > 0. Then, 


(1) 
ANB+ = (1— (1 — Truyes)*,1— (1 — Indys+)*, — |Falys+|*), 
ANB— = (1— (1 —Truys_)*,1— (1 — Indys_)*, — [Fal ys_|"). 
(2) 
NB = ((Truyss)* , Indys+)*,-1+ |-14 Falyos|"), 


NBA = ((Truys-)*, (Ind ys-)*, -1+|-14 Falys-(u)|). 


Theorem 1. Let NB = NEO NE), NB = NET NE) and NB = (NEYNE-) be neutrosophic 
bipolar fuzzy sets. Then, the following properties hold: 


(1) Complementary law: (NB°)¢ = NB. 
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(2)  Idempotent law: 


= 
wD 
Cc 
= 
& 
I 
= 
a) 


(3) Commutative law: 


(4) — Associative law: 

















(i) (NBUNB)UNE = NBUNPUNS), 
(ii) NBONP)ONE = NEO (NEON), 
(iii) (NP & NP) oO NF NB © (NP ONF), 
(iv) (NPO@NP)ONP = NP@(NP@NF) 
(5) — Distributive law: 
(i) NBU(NBANE) = (NBUNP)N (NB UNS), 
(ii) NBN (NBUNP) = NEONP)UNEONG), 
(iii) eee BUNS) = (NBaNnP)UNP ONP), 
(iv) ae ANS) = NPONP)N(NPONP), 
(0) NBa\NPUNP) = NP @NP)UNP ONF), 
(vi) NP @ (Nz ine = (NP ANP) INP ONP). 
(6) De Morgan's laws: 
© (NBUNB) = NPN, 


(i) (NBONP) = NE UNE, 
: (NB @nPy NE ones, 
iv) (NP @ NP) “4 NB @ NEC. 


YK OTK 








Proof. Straightforward. 








Theorem 2. Let NB = (NB*+,NB-) and NB = (NB+,NB-) be two neutrosophic bipolar fuzzy sets 
and let NB = NB @ NF and NB = ANB (A > 0). Then both NPB and NP are also neutrosophic bipolar 
‘fuzzy sets. 











Proof. Straightforward. 





Theorem 3. Let NB = (NB+,NB-) and NB = (NBt,NB-) be two neutrosophic bipolar fuzzy sets, 
A,A1,A2 > 0. Then, we have: 
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() ANP ONS) = ANP OANG 
(ii) ANB ® ANP (Ar BANG. 




















Proof. Straightforward. 





4. Neutrosophic Bipolar Fuzzy Weighted /Fuzzy Ordered Weighted Aggregation Operators 


After defining neutrosophic bipolar fuzzy sets and some basic operations in Section 3. We in 
this section as applications point of view we focus on weighted aggregation operator in terms of 
neutrosophic bipolar fuzzy sets. We define (W8 FWA) and (V8 FOWA) operators. 


Definition 12. Let NB a (NP + NP ~) be the collection of neutrosophic bipolar fuzzy values. Then we define 
N® FWA as a mapping NB FWA, : O”" > O by 








NB FWA, (NEE, ... NB) KNB & NBO, ..., OkyNB. 


Ifk= (L i, haxy 1) then the NBFWA operator is reduced to 








NEFA(NENE,...NB) : (NP oNBe,.., ONP). 


Theorem 4. Let NB = (NP ae ~) be the collection of neutrosophic bipolar fuzzy values. Then 


: - 
1- Ty (1 _ Tru) 5 | 


j 


NB FWA, (NEE NEY, no NB) =| t= Ty (1 - Indy) j 


kj 
(Fatys.) 
J 


n 
jn 








(1) 


kj 
NB FWA, (NENES, wo NB) =/{1- Ty (1 - Indys-) ij 











Proof. Let NB = (NP + AN? ~) be a collection of neutrosophic bipolar fuzzy values. We first prove 
the result for n = 2. Since 




















ape = [1 (1—tryge)"a~ (1nd) (Fata 
late = [r=(1—typ Jha= (0 tnd), 
KNBt = Fi - (1 — Truys:) 1 - (1 = Indys+) Fay. ] | 
KNBt = h -(1- Truys)?/1 -(1- Indys-) Falys- ba] ; 
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then 
NB EWAg (WBN) 
NE FWA, (NB*NB*) 
NE FWA: (NBO NE ) 


NE FWAy (NB*,NE*) 


khNB ® koNP, 


ky NB 


OkNP, 


kN ONE, 


| 


[ 2- (1- Trays.) = 


I= (i- Indyss) — 


(i- Indy)? — 
“(t= (i- Ind ype ) 


—(|Fal [) yk ( (|Fal 
( NB+ NB+ 


(1 Truyes) - _ (1 _ Truyp+) ] 
x (- (1- Truyes) 


(- (1- Indysr)) 


ky 
i 





1 (1-Truyss)" (a- Truyes) -(1- Indys.)" (i- Indys.)”, 


NE FWA: (NB* NBT) = 


NE FWAx (NE NS ) kK NE- ONE, 


NEFWA (NB NE-) = | 2- (1- Indy) 





NE FWAx (NEO NS ) 


eece Truys-) 2 


—(\Fatyos) (Fal yp |)! 


x (1 _ (1 — Indys-) , 
ye 


~(|Falye- [) ye (|Fal yo 


[ 1 (1-truys-)* (1-Truys-)?,1—(1-Indyp-)* (1- Inds) 


L 
—(|Fal yp [y( [Fal ys [yi 


So NB FWA, (NB,NP) a kNB ® koNB. If result is true for n = k, that is 


N® FWA, (NB+,NB+, ... NP*) 


NE FWA, (NBO NE, NBO) 


ki 4 
1-TH, (1 - Truyps ) ; 

iy 
1- Th, (1 = Indy 


kj 
(Fatyo- ) 


1- Tf 4 (1- Trp.) , 


= 1—HK, (1- Indy) j 


J 
| (Fate ) 


Ti, 








—T 
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(1-Truye-)? - (- (1- Truys-)") | 
x (1- (1- Tryp)” ; 
(1 Indyp-)"* ~ (1~ (1-Indyp-)"") 
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then, when k + 1, we have 


~ k4+1 
kj Kea 
—(1-Tik, (1- Truss) )x (1- (1 mye;) i 
kj Kat 
NE FWA, (NER NPY i NPY) = 1-—nk (1 —Indysy) + (: - (1 - Indy ) 
- 
kj kiya 
k j 
—(1-Ih_, (1- Inds. )x (1— (1 tnt, } 
kj 
(Fatys: 
i 





k+1 
—Tit 








a kj 
i 
1- mt (2 - Trays) 3 
J 


k 
7} 
= 1-4} (1- Indy s+ ) ra 
J 











k, Ket 
NB FWA, (NE NE NP) = 1-H, (: — Ind yp eee (: - (1 - Indys.) } 
j ke 


























So result holds for n =k +1. 











Theorem 5. Let NB = (NB+, NP) be the collection of neutrosophic bipolar fuzzy values and k = 
(ky, kp, sky)? is the weight vector of NB (j =1,2,...,n), with kj € [0,1] and Dieakj = 1. Then we have 
the following: 


(1) (Idempotency): If all NB~ (j = 1,2,...,n) are equal, ie.NB = NP, for all j, then 
NEFWA: (NBNB, or NB) = NE. 


(2) (Boundary): 
NB < NBFWA, (NENE, snl | < NB, for every k. 


(3) (Monotonicity) If Truyp+ < Truypey+ Indyp+ < Indypy* and Falys— > Falyx—, for all j, then 
J ji ¢ j j i j 


NB FWA, (NENG, NP) < NB FWA, (NENG... NE) , for every k. 
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Definition 13. Let NB = (NP +N; B~) be the NB FWA be a collection of neutrosophic bipolar fuzzy values. 


An neutrosophic bipolar fuzzy OWA(N® FOWA) operator of dimension is a mapping NBFOWA : QO" + 
O defined by 

















N®FOWA (NEU NEY NET) = NES © bNES ®, 1 Ok NE, 
N®FOWA (NEO NE NEO) = NES © NES, On NE, 


where (a (1),@(2),...,0 ()) is a permutation of (1,2,...,n) such that NE ny 2 NE) for all j. Ifk = 


(1 
(i, it a then BFOWA operator is reduced to BFA operator having dimension n. 


n’n’* 


Theorem 6. Let NB = (NP NP ~) be the collection of neutrosophic bipolar fuzzy values. Then 


kj 
1-Ti?. (1- tr B ) P| 
ae Nei) 


J 
NB FOWA, [APE NE aN) =| 1-Th, (1 - Ind ys.) r|o 


kj 

(Try. ) | 
kj 
en 1. oa te ) 7 


k; 
NB FOWA, (NE RES ae = =| tne (1 une oi ” 
aU, 


kj 
Tru ,-B- ) 
( Noa) 


IT", 





; (2) 


TTL, 











where 
k = (ky, kaon)”, 


is the weight vector of N° FOWA operator with kj € [0,1] and Di ykj = 1, for all j = 1,2,...,n, ie., all 
NB~ (j = 1,2,...,1), are reduced to the following form: 


kj 


NB FOWA, (NEL NE, she) SS ey (1 = Try.) j 
o(j 
kj 
NB FOWA, (NELNE-, NB) = 14 (1 = Truys-.) ; 
CAC) 


Theorem 7. Let NB = (NB NI Fae ke B e~) (j =1,2,...,1) be a collection of neutrosophic bipolar fuzzy values and 


k = (ky, kay wrk)", 
is the weighting vector of N8 FOWA operator with kj € [0,1] and ui_ykj = 1; then we have the following. 
(1) — Idempotency: If all NB (j =1,2,...,m) are equal, i.e., NB = N®, for all j, then 
N®8 FOWA, (NENE, NB) = NB. 
(2) Boundary: 


N® < N®FOWA, (NENE, NB) < NB, 
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for where k, where NB = (NBt,NB-) be the NBFWA NBT = (Truys+, Indys+, Falyp+) 
j j j 


(j = 1,2,...,n) and NB = (Truys-,Indys-, Falys-) (j = 1,2,...,n) bea collection of neutrosophic 
j j j 
bipolar fuzzy values 


NB = [min (trys. } ymin (indy) ,— max (Fatys- )| , 
J i J i J j 


NB — [max (Try) ,max (indy) ,—min (Fatys-)| ‘ 
J j J j J j 


(3) | Monotonicity: Let Nee and NB (j = 1,2,...,n) be a collection of neutrosophic bipolar fuzzy values. 
If Truyyp+ < Tru yp+*, Indyyo+ < Indyp* and Falyp— > Fal ys—*, for all j, then 
j i i j j } 


NB FOWA, (NENE, Ne) < BFWL, (NENG, .Nie) , for every k. 


(4) Commutativity: Let NB = (NP +N ~) be a collection of neutrosophic bipolar fuzzy values. Then 
BFOWL, (NENE, Gl | = BFOWL (MP AP , NP) ; 


for every w, where (NE LNE, aN | is any permutation of (NPB,N&,...,NP) . 
Theorem 8. Let NB = (NP + NP ~) be a collection of neutrosophic bipolar fuzzy values 
k= (ykapcakay’ 
is the weighting vector of NB FOWA operator with 
kj € [0,1] and Diy kj = 1: 
then we have the following: 


(1) Ifk = (1,0,...,0)", then 
N®B FOWAg (NEE, NP) = max (v7) 
(2) Ifk = (0,0,...,1)" , then 
N®FOWA: (NBNB, NP) = min (wp). 
(3) Ifkj =1,k; =0, andi ¥ j, then 
BFOWA, (NE~NE~, alle”) = NBs 
where NE is the largest of NB (i =1,2,...,n). 


5. Similarity Measures of Neutrosophic Bipolar Fuzzy Sets 


In Section 4 we define different aggregation operators with the help of operations defined in 
Section 3. Next in this section we are aiming to define some similarity measures which will be used 
in the next Section 6. A comparisons of several different fuzzy similarity measures as well as their 
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aggregations have been studied by Beg and Ashraf [38,39]. Theoretical and computational properties 
of the measures was further investigated with the relationships between them [15,40-42]. A review, or 
even a listing of all these similarity measures is impossible. Here in this section we define different 
kinds of similarity measures of neutrosophic bipolar fuzzy sets. 


5.1. Neutrosophic Bipolar Fuzzy Distance Measures 
Definition 14. A function E : N®FSs(X) — [0,1] is called an entropy for N®FSs (X), 


(1) E(N®) =1 4 N® isa crisp set. 
(2) E(N8)=06 


Truyys+ (x) a ~Truyp- (x), Ind y+ (x) = —Indys- (x), Palys (x) = —Falys-(x) VxeX. 


(3) E(N®) =E(N®*) for each VN® € BFSs (X). 
(4) E(NPB) < E(B) if NB is less than NB, that is, 


Tritys+ (x) < Truyys+ (x) And y+ (x) A Ind y+ (x), Fal y+ (x) > Fal yp (x), 
Trutys-(x) < Tru ye- (x) And ys-(x) < Ind ys-(x), Falys-(x) > Fal yp- (2), 
for Tru B+ (x ) < |Truys B(x x)| 
or Tritys+ (x) > Truys+(x), Ind y+ (x) > Ind y+(x), 


and 
BH 
Fal ys-(x) < Fal ys-(x) < Np, (x) for Trityyp+ (x) > Fal ys- (x). 


Definition 15. Let X = {x1,%2,...,Xn} and NB = (N®+,N8-) be an N®FS. The entropy of N®FS is 
denoted by E(N 8+, N8-) and given by 























EINE) = Lg, tape te mind sete aloes) 
~ n di=1 ; : 
mare Te Bip (x)),max(Ind B+ ‘ Fal yp+ (x)]) (3) 
min((Tru, p—(x)),min(Ind, ~—(x)),| Fal, p—(x)|) 
E(N8~) = 5 Uy M1 a M 
anax( (Tit p(x) ax( nd yp (8), Fal ys (x)]) 





and for a neutrosophic bipolar fuzzy number N® = (N fs TN ? ~), the bipolar fuzzy entropy is given by 

















EWE) min( (Tru +(x),min(Ind, + ( Palys )) 
max(Tru + (x), max( Ind, (xy), ao (x)]) 
: et, eS) (4) 
min((Tru ; (x)anin (Ind, (x)),| Fal, — 
E(NB-) = = 


max( Trae; — (x)),max(Ind, ~ (xy), ra, (x 





) 


Definition 16. Let X = {x1,X9,...,Xn}. We define the Hamming distance between NB and NB belonging to 
N®FSs(X) defined as follows: 
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(1) The Hamming distance: 


BNET NEO) = 2 Lea (| Trays (xj) — Trays xj) 
+[Ind yes (xj) — Indyp+ (xj) 
+||Falys+ (xj) — Falyss(x)I0) 
Hamming acon id positive neutrosophic bipolar sets 

d(NB-,NB-) =30) (| Trays (xj) — Tru yp (xj)| 
+lIndys- (xj) — Indyyp- (xj) 
+|[Palye- (xj) — Falys-(xj)| 


Hamming distance for negative neutrosophic bipolar sets 


(5) 





7) 


(2) The normalized Hamming distance: 


d(NB+,NB+) = an " Ly (| Trey (x xj) - Tru y+ (2) | 
+LIndyee(x) — Ind y+ (xj) 
+|[Fal yas (x)) 7 Fal ys+(xj)| 
normalized Hamming distance for positive neutrosophic bipolar sets 

d(NP Ny) = ay Lipa (ITr ye (xj) — Tr yore (2) 
+LIndyae(x x) ~ Ind y+ (xj) 
+||Fal yes (xj) = Falys+(xj)| 


normalized Hamming distance for negative neutrosophic bipolar sets 


— 


(6) 





ae 


(3) — The Euclidean distance: 





2 Ljaa (Trueyps (xj) — Truyp+ (x;))? 
HNP NE) = + (Ind y+ (xj) - Ind yp (xj))? 
\ +(Falyes (xj) — Falyp+ (x;))? 
pat (Tru ys (xj) - Truys- (x;))* 
d(NB-,NB-) = + (Ind ys- ( j) — Indy “(x iy 
+ Fatys- (a9) = Faye. (5)? 


(7) 











(4) | The normalized Euclidean distance: 





on Le (rity xj) — Tru yp x; o 
dNP UNE) = + (Ind ys (x 
\ + (Falyss (x; 


( 
i= 
= 
oa Li. Ly (Tru yp- (xj) — Truyys- 
) 
i= 


4 2 
iN? NE) = + (Indys- (xj — Indys- (x; 
\ + (Falyn- ( ( 


a 


Ind yyp+ (x; Ne 
2 2 
(8) 





xj 


))? 


VN 


( 
) 
Fal ype (x;) 
( 
) 
) 





) 
xj Falys- ay 
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(5) Based on the geometric distance formula, we have 
| 4 Ya (Tru rss (xj) ~ Trays (xj))* 
d(NB+,NB*) = + (Ind ys (xj) = Ind y+ (xj))" 
+(Falyes (xj) a Falyp+ ae 
as 1 
i jaa (Try (xj) — Truyp- (xj))* . 
d(NB-,NB-) = + (Ind ys (xj) — Ind ys—(xj))" 
| +(Falye- (xj) — Falye- (x;))* 
(6) Normalized geometric distance formula: 


li: a 


d(NP* NZ") 


poi 


d(NP- Nz) 











where x > 0. 
(i) — If« =1, then Equations (9) and (10), reduce to Equations (5) and (6). 
(ii) ~~ If « = 2, then Equations (9) and (10), reduce to Equations (7) and (8). 
(iii) We define a weighted distance as follows: 
r L 
(Trays (x)) = Truys+ (xj) | 
L 
a(NBt NPY) = [erm w| + Ind ye (xj) — Ind yes (xj)) 
, 
I + Palyp+ Xj — Falys+ Xj ) 
r Ei 
(Trays (xj) — Truys-(X)) | 
L 
aiNP- NE) = |h jak | + Ind ys- xj) — Ind ys- xj)) 
L 
F -(x;) —F ~(X; 
| + alys xj alys xj) 
where k = (ky,k,..., kn)? is the weight vector of x;(j = 1,2,...,n),and a > 0. 
(i) — Especially, if x = 1, then Equation (11) is reduced as 
= (Trays (xj) — Tratgass (x i))| 
d(NB+, NB) = 5 ha kj + (Ind y+ (xj) — Indy ( x;)) 
+ (Falyps (x;) = Falype( xj)) 
= (tru ype) — Try (x i))| 
d(NB-,NB-) = 4 j=l kj + (Ind ye+ (xj) _ Ind y+ ( xj) 
+ (Fal ye+-(xj) ~ Falys-( x;)) 


2n 


2n 





Yj=1 (Tray (xj) — Truss (xj )yt x 
+ (Ind yes (xj) - Ind yes (x))" 

+ (Fal yes (xj) — Fal ys (xj))" | 
DIL (Try (1j) — Trays ())! |’ : 
+(Indyys- (xj) ~— Ind yp- (a yy" 

+ (Falys- (xj) — Falys. (x;))* 
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[fk = ee rie Oe then Equation (11) goes to Equation (10), and Equation (12) goes to 
Equation (6). 
(ii) ~~ If « = 2, then Equation (11) is reduced to the as: 





by (Trays (xj) — Trt ys (3))? 
diner NE} = + (Und yas (x)) = Ind y+ (xj)? 


\ +(Falyps (xj) — Fal yes (x;))? 
E u zs : (13) 
2 Djs (Trays (xj) — Truyp- (xj))? 


ANP NG?) = | +(Indyyp- (xj) — Indyys- (xi)? 
\) + (Palys (a3) — Falys- (xj)? 








Ifk = (4,1,...,4)", then Equation (13) is reduced to Equation (8). 


5.2. Similarity Measures of Neutrosophic Bipolar Fuzzy Set 


Definition 17. Let § be a mapping § : Q(X)? — [0,1], then the degree of similarity between NPB € Q(X) and 
NB € A(X) is defined as 8(NB,NB), which satisfies the following properties: [43,44]. 


(1) 0<8NB, NP) <1; 

(2) 3(NB,NB) =1if NB = NB; 

(3) S(NPNP) = S(NP,NP); 

(4) Ifs(NB,NB) = Oand (NB,NP) = 0, NP € Q(X), then 8(NB,NP) = 0. We define a similarity 
measure of NB and NF as: 








| oe (Tri ype (27) — Tru y+ (2j)) ye ii 
a(NEt NET) =1= + (Ind yes (xj) - Ind ys (xj)! 
[ + (Falyes (xj) — Falys. (e))" mt aus 
[ 2 pea (Tryp (xj) — Tryp (ae ik 
a(NB-,NB-) =1- + (Ind ys- (xj) — Ind yx (33))! 
+ (Falys. (xj) — Falys. (x;))* | 


where « > 0, and 8(NB, NP) is the degree of similarity of NB and NB. Now by considering the weight 
of every element we have, 


d. 


[ T, x 
| Troyes (xj) = Tryp (x))| | 
L 
3(NB+, NB*) =1- ee kj a Ind ys+ xj) = Ind yp xj) 
L 
a Falys+ xj) — Falya+ xj) | 
a 2 : 15 
- Loe (15) 
| Truys- (xj) - Truyp- (x)))| 
L 
(NP NE) =1- [SDL | +|(Indyys- (xj) — Indyp- (x) 
L 





























al Falys- xj) — Falys- xj) 
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If we give equal importance to every member then Equation (15) is reduced to Equation (14). Similarly we 


may use 


(NPT, NT) 


(NP NG) 


1 








































Now by considering the weight of every element we have 


s(NPT NG) 


s(NP NF) 





























(| (Trays (x) — Trays: (39) i) 
+ | (Ud ys (x4) — Ind yn (3 »|' 
+ | (Falys (xj) — Fal,yes (x ot 
‘a (Crayon j) — Tru y+ (x;)) 
+ | (Ind ys (xj) — Indy. (x a 
L + |(Patpe (a) - PED) (16) 
[Py (ruye- (2) — Trays ( ‘ ; 
+ | (Indy (xj) ~ Indyp— (x | 
+ |(Falys- (xj) — Falye-(x DE 
ao (| (Tray (xj) - Truys- A 
+ | (Ind yp— (xj) — Indy (x; |" 
+|(Falys- (x) - Falys-(xj))| ) 
Fp (Ctra) — Trung tap]? 
+ |(Undyss(x4) ~ Indy. (x)))| 
+ | (Falyyss+(xj) — Fal ys+(x))|" 
Tt kj( | (Trays (x4) — Trys+(x;))] 
+ | (andy (4) — tnd ype (sp)| 
+ |(Fatyyes (xj) — Falyer(x))] ) | (17) 
Fb Ora (5) — Frye) [] 
+ | (Indy (xj) - Indye-(x;))| 
+ | (Falys- (xj) — Falys-(x;))| 
TIL ki(| (True (xj) — Truyp-(x3)) | 
+ | (Ind ys-(x xj) ~ Indye-(x;))| 
L 


+ |(Fat we (xj) - 


Tf we give equal importance to every member, then Equation (17) is reduced to Equation (16). 
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5.3. Similarity Measures Based on the Set-Theoretic Approach 


Definition 18. Let NB € Q(X) and NB € Q(X). Then, we define a similarity measure NB and NB from 
the point of set-theoretic view as: 


1 


j=l (min(Truye+ (xj), Truyps (x;)) 
+ min(Indye+ (xj), Ind ys (x;)) 
+ min(|Fal ys+ (x;)[, |Fal ys (xj) 


wo 








3(NPt, Nyt) 


aS 


Yi=1 (max(Tru y+ (xj), Truys- (xj) 
+ max (Ind y+ (xj), Ind y+ (xj) 

+ max(|Fal yes (xj |, |Fal y+ (x)) 

Y= (min (Tru ys (xj), Truyys- (xj) 
+ min(Indys- (xj), Indys- (xj) 

,|Falys—(xj))I)) 

Yt (max(Truys- (xj), Truys- (xj;)) 
+ max(Indyys- (xj), Ind ys- (x;)) 

|, |Fal ys-(x;)|)) 


we 
a 


(18) 


eS 








SING NY) = 





+max(|Falyp- (x; 
1 
Now by considering the weight of every element we have 


jal kj(min(Truye+ (xj), Truys+ (x; 

(x; 
Ye kj(max(Truye+ (xj), Truys- (x; 
Ind y+ (xj) + max(|Falys+ (xj) 


y+ min (Ind yo+ (xj), 
| [Fal ys-(x))!) 
y+ max (Ind y+ (xj), 
L, |Fal y+ (2;)1)) 


Ind yes (x;)) + min(|Fal ys 
NPY NB) aa oe 








(19) 


Yj=1 kj(min(Triys- (xj), Triys- (xj) 
Ind ys- (xj)) + min(|Fal ys (xj 


+ min(Indyys- (xj), 
|, |Fal ys-(x;)|)) 








3(NP— NZ) 


Ya kj(max(Trayp+ (xj), Truys- (x; 


Ind yp+ (xj) + max(|Fal yn (xj) 





y+ max(Indye+ (xj), 
|, |Falys-(x))|)) 


If we give equal importance to every member, then Equation (19) is reduced to Equation (18). 


5.4, Similarity Measures Based on the Matching Functions 


We cover the matching function to agreement through the similarity measure of N®FSs. 


Definition 19. Let NB € Q(X) and NP € O(X), formerly we explain the degree of similarity of NB and 
NB based on the matching function as: 


Lea (Try ye (25). Trt sp (2) + (Ind B+ (xj) Ind p+ (x) +/Fal yp (x) Fal (x))I) 





a(NB+, NB+) = 


La (Tryp (2). Tre yp (4) + Und yp (3) Ind yp ( 


max( jaa ((Truyye)°(xj) 4. (Ind yy )*(xj) + (Falys+)*(xj)), 


vy kj((Tru y+ (aj) + 


Ind yes )?(s) + (Falyes)®(x}))) 
4))+|Fal yp (x) Fal yp (x;)|) 


(20) 








s(NP ND) 


mar (5 (Truex (xj) + (nd yx )?(a9) + (Fal ys (3), 





Ter ky ( (Tryp)? (xj) + 
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Now by considering the weight of every element we have 


Tjian Ky (Tree + (45) Trt spy (xj) + (Ind yy (4) Ind ops (49) + [Fal ops (i) IFal s+ (%)D) 
max() jy kj( (Trays)? (xj) + Indyn+)?(xj) + (Falys+)?(x;)), 
Ljna kj (Trays) 2(xj) + (Indy. )%(x (xj) + (Falys)? (xj))) 

Te 1Kj((Trw 5 (44). Trit (34))+ (nd yp (xj) Ind yi — (xj) )+|Fal yp NB Ce) MFal wB- (1) 
sree 1 (Trujys- ? (xj) + (Indyp- ¥ (xj) + (Fal ys-)?(xj)), 
Viper Kj((Trayye-)?(xj) + Inds ‘y (xj) + (Falys-)?(x)))) 








a(N Bt, NBT) 


(21) 





(NB NB-) = 


(1) — If we give equal importance to every member, then Equation (21) is reduced to Equation (20). 
(2) — If the value of §(NB, NP) is larger then its mean NB and NF are more closer to each other. 


6. Application 


In this Section 5 after defining some similarity measures we proceed towards the main section 
namely application of the developed model. In this section we provide an algorithm for solving 
a multiatribute decision making problem related with the HOPE foundation with the help of 
neutrosophic bipolar fuzzy aggregation operators, neutrosophic bipolar similarity measures under the 
neutrosophic bipolar fuzzy sets. For detail see [13,42]. 


Definition 20. Let L = {L1, ei ..., Lm} consists of alternatives, and let P = { Pj, P2,..., Pn} containing the 
attributes and k = (ky,k2,...,kn)? be the weight vector that describe the importance of attributes such that 
kj € [0,1] and EF a1 =1. Let us use the neutrosophic bipolar fuzzy sets for L; as under: 


L* = {(P;,(Tru)},(P;), (Ind)},(P;), (Fal), (P,))|P; € P}, i=1,2,3,...,m \. (22) 
Ly = {(Pj, (Tru)7,(P;), nd) (Pj , (Fal);, (Pj))|P) € P}, i=1,2,3,...,m 
such that 
(Tru)7(P;)) € [0,3], (Ind)},(P;) € [0,3], (Fal){, (Pj) € - 3], 
0 < (Tru){,(P;), (Ind)7,P;)), (Fal)}, (Pj) < 
(Tru);;(P;)) € [3,0], (Ind);;(P;)) € [—3,0], (Fal);; (P, et 3,0], 
—3 < (Tru);,(P;)), Ind) ;,P)), (Fal) 7; (Pj) < 


Now we define the positive and negative ideal solutions as under: 





Li = {(Bj, (Tew), (Pj), (Ind), (P)), (Fal) (P))12) € PY} om 
L; = {(P;,(Tru);,(P;), (Ind), (P)), (Fal), (P,))|P; € P}} 
and 
L* = {(P;,(Tru)}_(P)), (Ind)} (P)), (Fal) (P))IP; € PY} Bi 
L~ = {(Pj, (Tru); _ (Pj), Ind), (P;), (Fal); (Pj))|Pj © Pht 
where 
(Tru)? .(P)) = max{ (Tru)7;(Pj), (Tru)7+ (Pj) } = min{ (Tru) ;(Pj)}, (Tru) {(Pj) 
= max{ (Tru),,(P,), (Tru), (P))} = min{ (Tru);;(P))} (Ind), (P,) 
= max{(Ind);;(Pj), (Ind), (Pj)} = min{ (Ind)7;(P;)} (Ind), (P)) 
= max{(Ind);,(P,), (Ind)}, (P))} = min{ (Ind) ,(P)}. 
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(Fal)}; (Pj) 


(Fal);; (Pj) = min{ (Fal); ( Pi), (Fal)f, 


min{ (Fal); (P)), (Fal); 


+( 
( 


P;)} = max{ (Fal)7; (Pj) }. 
P))} = max{ (Fal);; (Pj) }. 


Now using Equation (15), we find the degree of similarity for Lt, L;,and L~, Lj, as under: 

















1 





[3 Dh kj(|(Trw) if, (xj) — (Tre) (xil* | * 
§(L*,L7) =1- +|(Ind)}", (xj) — (Ind) 7;(x;)|* 
LH Fal.) — (Fai) | ig 
5 fn ky (( Drm) (x9) — (Tra) i (xp)l® | * 
s(L*,L;) =1- +| (Ind) 7. (xj) — (Ind) 7; (x5) |" 
Lo o+ \(Fal) (xj) — (Fal); ;(xj)|") 
and : 
5 fea ky(|(Tru)f (xj) — (Tru) fi(xj)/* |" 
(L-,LP) =1- | +|(Ind)j- (9) - Und) |* 
L  H(Faty (a) — (Fail) | 1s 
| 5 fy ky (|(Trm) 7 (xj) — (Tra) i(xj)* | * 
§(L7,L;) =1- +| (Ind) 7_ (xj) — (Ind)7;(x))|* 
L  +|(Fal);- (x) - (Fal);;(xj)|") 
Using Equations (25) and (26), calculate di of L; as under: 
s1(L*,L*) 
dy = a ey b= 1,2). - 
dv = (EF )45, EES" tH 1,200 





If the value of d; is greater, then the alternative L; is better. 
Also using Equations (17), (19) and (21), we find the degree of similarity for Lt, L;, and L~, Lj, 


as under: 


(1) Based on Equation (17), we define the following: We define the following: 


jai Kj kj(| (Trap xj) — Truy + (xj 


Ind, + j 


(x 
( 


+ |( 
+ (Fat, xj 





- Ind, +(x j 








&(LT,L*) =1 


( 
xj) 
‘a 
( 
) 





rs (Inds (x) 


+ |(Faly. (xj) = 


+ (indy. (xj 


j=l kj(| (Tra + xj) — Tru,» 


xj) 
Fal, + (2) 
( 





i 


a Ind, + (x; 


Fal, + (xj) (28) 


TS Se 
—_ 
— 

a 











$(L+,L>) =1 
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(2) Based on Equation (19), we define the following: We define the following: 


Yet kj (min (Tru, + (xj), Tru, + (x;))+min(Ind, + (xj),Ind, + (xj))-+min(|Fal, + (x;)|,|Fal, + (x;)|)) 











s(t Lt) = i : : 
89(L /L; ) Lpean kj (max (Tray + (2), Tra, + (5))+max (Indy + (xj), 1nd, + (xj) +max(|Faly + (xj)[-1Fal_ + (4)D) 
Li=1 kj(min(Truz- (xj), Tru, (x;)) 
+min(Ind;- (xj), Ind,~(x;)) 
+ min(|Fal,-(x;)|,|Fal,- (x; . (29) 
cere ([Faty-(x)|-IFaty-(x))) 


Yat kj(max(Truy- (xj), Tru, - (xj)) 
+ max(Ind,-(x;), Ind,- (xj) 
+ max(|Fal;- (x)|, Fal, - (x)| )) 


(3) | Based on Equation (21), we define the following: We define the following: 


j i+ (xj), (Tru) 73 (xj)) 
+min((Ind) }", (xj), Und) /;(x;)) 
+ min(| Fal);, (x;) ,|(Fal) [5 (x;)|) 
Lj=1 kj (max (Tru), (xj), (Tru) fj 
+(max((Ind) 7, (x;), (Ind) 7;(xj)) 
+ max( (Fal), (x; I (Fal)}.(x; 
Li=1 kj (min (Tru pt (Xj (Tru); 
+min((Ind)/,, (x;), Ind) /;(x;)) 
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+max(|(Fal),. (x;)|-|(Fal),(x))1) 


Then use (27). 


7. Numerical Example 


Now we provide a daily life example which shows the applicability of the algorithm provided in 
Section 6. 


Example 1. The HOPE foundation is an international organization which provides the financial support to 
the health sector of children of many families in round about 22 different countries in southwest Missouri. 
This organization provides the support when other organization does not play their role. Every day a child is 
diagnosed with a severe illness, sustains a debilitating injury, and a family loses the battle with an illness. With 
these emergencies come unexpected expenses. Here we discuss a problem related with HOPE foundation as: 

HOPE foundation is planning to build a children hospital and they are planning to fit a suitable air 
conditioning system in the hospital. Different companies offers them different systems. Companies offer three 
feasible alternatives L; = (i = 1,2,3), by observing the hospital’ physical structures. Assume that P; and 
Po, are the two attributes which are helpful in the installation of air conditioning system with the weight 
vector as k = (0.4,0.6)" for the attributes. Now using neutrosophic bipolar fuzzy sets for the alternatives 
Lj = (i = 1,2,3) by examining the different characteristics as under: 

LY = {(P1,0.3,0.4,0.7), (P2, 0.8, 0.8, 0.6) }, 

Ly ={(P1,-0.3,—0.2,—0.1), (P2, —0.4, —0.6, —0.8)}. 

= 

{ 











Ly 


ha 


(P,,0.4, 0.6, 0.2), (P2, 0.3, 0.9,0.2)}, 
(Pi, —04,—0.3,—0:4), (2,-0.8, —0.7,—01)}, 








113 


Symmetry 2018, 10, 331 


L} = {(P,,0.3,0.5, 0.7), (Po, 0.2, 0.30.6) }, 
Lz ={(P1,-0.5,—0.1,—0.4), (P2,—0.3, —0.2, —0.8)}. 








where L{ = {(P,0.3,0.4, 0.7), (Po, 0.8, 0.8, 0.6) } means that the alternative Ly has the positive preferences 
which is desirable: 0.3,0.8 as a truth function for past, 0.4, 0.8 as a indeterminacy function for future and 0.7,0.6 
as a falsity function for present time with respect to the attributes P, and P» respectively. 








Similarly LT = {(P,,—0.3, —0.2, —0.1), (Pz, —0.4, —0.6, —0.8) } means that the alternative L; has 
the negative preferences which is unacceptable: —0.3, —0.4 as a truth function for past, —0.2, —0.6 as a 
indeterminacy function for future and —0.1, —0.8 as a falsity function for present time with respect to 
the attributes P, and P) respectively. 


(1) By Equations (23) and (24) we first calculate Lt and L~ of the alternatives L; = (i = 1,2,3), as 








Lt = {(P,0.4,0.6,0.7), (P2,0.5,0.9,0.6) }, 
L~ = {(P,,0.3,0.4,0.2), (P2,0.2,0.3,0.2)}, 
and 
LY { (P,,—0.1, —0.1, —0.1), (Po, —0.3, —0.2, —0.1) }, 
ie { (P,, —0.5, —0.3, —0.4), (Po, —0.8, —0.7, —0.8) }. 








Then by using Equations (25)-(27), (suppose that a = 2 and k = 1), we have 














4(Lt,L}) = 0.8267,8,(Lt,L}) = 0.775, 8,(L*, Ld) = 0.5152, 
§(LT,Ly) = 0.5732, 8 (LT, L;) = —0.8721,81(L*,L; ) = —0.7776. 
$(L-,L{) = 0.3876,8;(L~,L3) = 0.5,8(L~, LZ) = 0.5417, 
§(L-,Ly) = 0.1038, 8(L~,L5 ) = —0.2449, §;(L~,L; ) = —0.1119, 
and 

4(Lt,L{) = —0.2609,8(Lt,L}) = —0.1157, (Lt, L}) = —0.2439, 
8(L*,L7) = —0.1485,8\(L*, Ly) = —0.075, 8;(L*, Ly ) = —0.0243. 
$(L-,L}) = —0.6229,8(L~,L}) = —0.7146, §;(L~, Lz) = —0.7958, 
$(L-,Ly) = 0.6062,8,(L~, Ly) = 0.3636, 8(L~, Lz ) = 0.4803. 


Now by Equation (27), we have 


dj} = 0.7207, d} = 0.1393, dt = 0.9093, (31) 

Ly > Lo > Lg , 
d, = —0.3244,dy = —0.2598,d; = —0.0532, (32) 
Lz > Ly > Lo 4 
and 
+ + _ + 

dy} = 0.2813,dy = 0.4031,d; = 0.4728, ; (33) 

L3 > Ly > Ly 
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(2) 


(3) 


d; = 0.06184,d, = 0.1190,d3 = 0.1942, 


L3 > Ly > Ly \. 


Now by Equations (28) and (29) (suppose that « = 3), we have 


&(L*,LT) = 
(i? 1). = 





and 





0.9051, §9(L*, L}) = 0.7283, $o(L*, L}) = 0.6873, 
—1.9845, $(L*, Ly ) = —2.338, 89(L*, Lz ) = —1.3894. 


0.6940, $9(L~, L}) = 0.4952, 89(L~, Lz) = 0.577, 
—1.0988, 8(L~, Ly ) = —1.0717, 89(L~, L3 ) = —1.004, 


—0.6210, §9(L*, L}) = —0.6086, §9(L*, LL) = —0.4944, 
0.3714, §9(L*, Ly ) = 0.5139, (Lt, Ls ) = 0.3358. 


—2.3840, §9(L~,L}) = —1.968, 82(L~, Lz) = —2.2632, 
0.6972, §9(L~, Ly ) = 0.5752, $9(L~, L ) = 0.6691. 


Now again using Equation (27), we have 


d{ = 0.5660, d} = 0.5952,di = 0.5436, 


Ly > Ly > Lg 


d, = 0.6436,d; = 0.6856,d3; = 0.5805, 


and 


d¥ = 0.2066,d3 = 0.2362,d} = 0.179, 


Ly > Ly > Lg 


d, =0.3475,d; = 0.4719,d3; = 0.3341, 


Ly > Ly > Lg 


\, 
| 
| 


Thus, by Equations (27), (30) and (31), we have 


$3(L*, LY) = 
§3(L*,Ly) = 





and 


0.4285, §3(L*, Lt) = 0.5675, 83(L*, Lt) = 0.7027, 
—0.6468, 83(L*,L> ) = —0.6486, 83(L*,L3 ) = —0.6316, 





0.4848, §3(L~, L) = 0.1538, 83(L~, Lt) = 0.6153, 
—1.375, 83(L~, Ly) = —1.0625, 8)(L~, Lg ) = —1.4375. 


By Equations (30)-(32) we have 


$3(Lt, LY) 
&(L+,L7) = 





—0.2727,83(L*, L}) = —0.3913, 83(L*, L}) = —0.3461, 
2.6666, §3(L*, Ly ) = 2.6666, 83(L*, L; ) = 2.5555. 
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§3(L-,L{) = —1.060,83(L~,L}) = —1.3461,83(L~,L3 ) = —1.4000, 
§3(L-,L,) = 1.4585,83(L~,L3 ) = 1.7500, 83(L~, L; ) = 5217. 


By Equations (30)—(32), we have 


d} = 0.4691,d} = 0.7868,d; = 0.5331, 


, 39 
Ly > L3 > Ly ( ) 


, 40 
Ly > Ly > Lg 


and 
dy = 0.2046, d} = 0.2252,d; = 0.1982, 


Ly > Ly > Lg 


dy =0.3199,dy = 0.3790,d; = 0.3018, 
\, (41) 


42 
Ly > L3 > Ly (42) 


dy = 0.3475, dy = 0.6037,d3 = 0.6267, 
From the Equations (35)-(42), we have that the alternative Lz (feasible alternative) is the best one 
obtained by all the similarity measures. Thus we conclude that air-conditioning system Ly is better to 
installed in the hospital after considering its negative and the positive preferences for past, future and 
present time. 


8. Comparison Analysis 


There are a lot of different techniques used so for in decision making problems. For example 
Chen et al. [23] used fuzzy sets, Atanassov [26] used intutionistic fuzzy sets, Dubios et al. [9], used 
bipolar fuzzy sets, Zavadskas et al. [37] used neutrosophic sets, Zhan et al. [25], used neutrosophic 
cubic sets, Ali et al. [33] used bipolar neutrosophic soft sets and so many others discuss decision 
making problems with respect to the different versions of fuzzy sets. Beg et al., and Xu [38,39,41] 
discussed similarity measures for fuzzy sets, intutionistic fuzzy sets respectively. In this paper by 
applying bipolarity to neutrosophic sets allow us to distinguish between the negative and the positive 
preferences with respect to the past, future and present time which is the unique future of our model. 
Negative preferences denote what is unacceptable while positive preferences are less restrictive and 
express what is desirable with respect to the past, future and present time. If we consider only one 
time frame from the set {past, future and present} one can see our model coincide with bipolar fuzzy 
sets in decision making as Dubios et al. [9] and Xu [41]. 


9. Conclusions 


We define neutrosophic bipolar fuzzy sets, aggregation operators for neutrosophic bipolar fuzzy 
sets, similarity measures for neutrosophic bipolar fuzzy sets and produce a real life application in 
decision making problems. This model can easily used in many directions such as, 


(1) Try to solve traffic optimization in transport networks based on local routing using neutrosophic 
bipolar fuzzy sets. 

(2) Ahybrid clustering method based on improved artificial bee colony and fuzzy C-Means algorithm 
using neutrosophic bipolar fuzzy sets. 

(3) Hybrid multiattribute group decision making based on neutrosophic bipolar fuzzy sets 
information and GRA method. 

(4) Signatures theory by using neutrosophic bipolar fuzzy sets. 

(5) Risk analysis using neutrosophic bipolar fuzzy sets. 
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Abstract: The notions of neutrosophy, neutrosophic algebraic structures, neutrosophic duplet and 
neutrosophic triplet were introduced by Florentin Smarandache. In this paper, the neutrosophic 
duplets of Zpn, Lg and Zp, p)...p, are studied. In the case of Zpn and Zpq, the complete characterization 
of neutrosophic duplets are given. In the case of Zp, ..»,,, only the neutrosophic duplets associated with 
pis are provided; i = 1,2,...,n. Some open problems related to neutrosophic duplets are proposed. 


Keywords: neutrosophic duplets; semigroup; neutrosophic triplet groups 





1. Introduction 


Real world data, which are predominately uncertain, indeterminate and inconsistent, were 
represented as neutrosophic set by Smarandache [1]. Neutrosophy deals with the existing neutralities 
and indeterminacies of the problems. Neutralities in neutrosophic algebraic structures have been 
studied by several researchers [1-8]. Wang et al. [9] proposed Single-Valued Neutrosophic Set (SVNS) 
to overcome the difficulty faced in relating neutrosophy to engineering discipline and real world 
problems. Neutrosophic sets have evolved further as Double Valued Neutrosophic Set (DVNS) [10] 
and Triple Refined Indeterminate Neutrosophic Set (TRINS) [11]. Neutrosophic sets are useful in 
dealing with real-world indeterminate data, which Intuitionistic Fuzzy Set (IFS) [12] and Fuzzy sets [13] 
are incapable of handling accurately [1]. 

The current trends in neutrosophy and related theories of neutrosophic triplet, related triplet 
group, neutrosophic duplet, and duplet set was presented by Smarandache [14]. Neutrosophic duplets 
and neutrosophic triplets have been of interest and many have studied them [15-24]. Neutrosophic 
duplet semigroup were studied in [19] and the neutrosophic triplet group was introduced in [8]. 
Neutrosophic duplets and neutrosophic duplet algebraic structures were introduced by Smarandache. 

In the case of neutrosophic duplets, we see ax = a and x = neut(a), where, as in L-fuzzy sets [25] 
as per definition is a mapping from A : X — L, L may be semigroup or a poset or a lattice or a Boolean 
o-ring; however, neutrosophic duplets are not mapping, more so in our paper algebraic properties of 
them are studied for Z, for specific values of n. However, in the case of all structures, the semigroup 
or lattice or Boolean o-ring or a poset, there are elements which are neutrosophic duplets. Here, 
we mainly analyze neutrosophic duplets in the case of Z, only number theoretically. 

In this paper, we investigate the neutrosophic duplets of {Zpn, x}, where p is a prime (odd or 
even) and n > 2. Similarly, neutrosophic duplets in the case of Zpq and Zpypo...pn ALE studied. It is noted 
that the major difference between the neutrals of neutrosophic triplets and that of neutrosophic duplets 
is that in the former case they are idempotents and in the latter case they are units. Idempotents in the 
neutrosophic duplets are called trivial neutrosophic duplets. 

This paper is organized as five sections, Section 1 is introductory in nature and Section 2 provides 
the important results of this paper. Neutrosophic duplets in the case of Zpn; p an odd prime are studied 
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in Section 3. In Section 4, neutrosophic duplets of Zpg and Zp,p,...p,, and their properties are analyzed. 
Section 5 discusses the conclusions, probable applications and proposes some open problems. 


2. Results 


The basic definition of neutrosophic duplet is recalled from [8]. 
Consider U to be the universe of discourse, and D a set in U, which has a well-defined law #. 


Definition 1. Consider (a,neut(a)), where a, and neut(a) belong to D. It is said to be a neutrosophic duplet 
if it satisfies the following conditions: 


1. neut(a) is not the same as the unitary element of D in relation with the law # (if any); 
2. a# neut(a) = neut(a) #a =a; and 
3. anti(a) € D for which a # anti(a) = anti(a) # a = neut(a). 


Here, the neutrosophic duplets of {Zp, x }, p is a prime (odd or even) and n > 2 are analyzed 
number theoretically. Similarly, neutrosophic duplets in the case of Zpg and Zp, p,..p, are studied in 
this paper. 

The results proved by this study are: 


1. The neutrals of all nontrivial neutrosophic duplets are units of {Zp»,x}, {Zpq,x} and 
{Zpypo...pns x }. 

2. If pisa prime in anyone of the semigroups ({Zpn, x} or {Zpq, x} or {Zp, po...Pns x }) as mentioned 
in 1, then mp has only p number of neutrals, for the appropriate m. 

3. The neutrals of any mp’ for a prime p; (m, p) = 1 are obtained and they form a special collection. 


3. Neutrosophic Duplets of {Z), x } and its Properties 


Neutrosophic duplets and neutrosophic duplet algebraic structures were introduced by Florentin 
Smarandache in 2016. Here, we investigate neutrosophic duplets of {Zpn, x}, where p is a prime (odd 
or even) and n > 2. First, neutrosophic duplets in the case of Z4 and Z33 and their associated number 
theoretic properties are explored to provide a better understanding of the theorems proved. Then, 
several number theoretical properties are derived. 


Example 1. Let S = {Z16, x } be the semigroup under x modulo 16. Z16 has no idempotents. The units of Z16 
are {1,3,5,7,9, 11,13, 15}. The elements which contribute to the neutrosophic duplets are {2,4, 6,8, 10, 12,14}. 
The neutrosophic duplet sets under usual product modulo 16 are: 


{{2,1}, {2,9} }, {{4 1}, {4,5}, {4,9}, {4 13} f, 
{{6,1}, {6,9} }, {{8, 1}, {8,3}, {8,5}, {8,7}, {8,9}, {8 11}, {8 13}, {8, 15}}, 
{{10,1}, {10,9}}, { {12,1}, {12,5}, {12,9}, {12,13} }, {{14, 1}, {14,9} } 


The observations made from this example are: 


1. Every non-unit of Z16 is a neutrosophic duplet. 
Every non-unit divisible by 2, viz. {2,6, 10,14}, has only {1,9} as their neutrals. 
3. Every non-unit divisible by 4 are 4 and 12, which has {1,5,9,13} as neutrals. 


N 


The biggest number which divides 16 is 8 and all units act as neutrals in forming neutrosophic duplets. 
Thus, A = {1,3,5, 7,9, 11,13, 15}, which forms a group of order 8, yields the 8 neutrosophic duplets; 8 x i = 8 
for alli € Aand A forms a group under multiplication modulo 16; and {1,9} and {1,5,9,13} are subgroups 
of A. 


In view of this, we have the following theorem. 


Theorem 1. Let S = {Zox, x}, be the semigroup under product modulo 2",n > 2. 
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(i) The set of units of S are A = {1,3,5,...,2" — 1}, forms a group under x and |A| = 2"71. 
(ii) The set of all neutrosophic duplets with 2"~! is A; neutrals of 2"~1 are A. 
(iii) All elements of the form 2m € Zgn (man odd number) has only the elements {1,2"~! + 1} to contribute 
to neutrosophic duplets (neutrals are 1,2"~! + 1). 
(iv) All elements of the form m2' € Zopn;1 < t < n—1; m odd has its neutrals from B = {1,2 + 
1, gn-t+1 + a gn-t+2 + L - L2n-l + 1,2"-+ + gn-t+1 + 1; a ., 20-4 + gu-l1 + L a 14: gn-t As 
gn-t+1 fea nee grt, 


Proof. 


(i) Given S = {Zon,x} where n > 2 and S is a semigroup under product modulo 2”. A = 
{1,3,5,7,...,2" — 1} is a group under product as every element is a unit in S and closure axiom 
is true by property of modulo integers and |A| = 2”~1. Hence, Claim (i) is true. 

(ii) Now, consider the element 2"-1. the set of duplets for 2"-1 is A for 2"-! x 1 =2"-1, 9"-1 yx 3 = 
gn-l [2+1)=2"4+ gn-l —9n-l | 2"-1 (im); (mis odd) will give only m2"—!, Hence, this proves 
Claim (ii). 

(iii) Consider 2 € Zn; we see 2m x 1 = 2m and 2m(2"-! +1) = m2” + 2m = 2m. (2m,2"—! +1) is 
a neutrosophic duplet pair; hence, the claim. 
(iv) Let m2! € Zon; clearly, m2' x x = m2! for all x € B. 














Next, we proceed onto describe the duplet pairs in S = {Z,3, x }. 


Example 2. Let S = {Z33, x } be a semigroup under product modulo 38. The units of Sare A = {1,2,4,5,7,8, 
10,11, 13, 14, 16, 17,19, 20, 22,23, 25,26}. Clearly, A forms a group under a product. The non-units of S 
are {3,6,9,12,15, 18, 21,24}. Zero can be included for 0 x x = 0 for all x € S, in particular for x € A. 
The duplet pairs related to 3 are By = {{3,1}, {3,10}, {3,19}}. The duplet pairs related to 6 are By = 
{{6,1}, {6,10}, {6,19}}. The duplet pairs related to 9 are 


Bz = {{9,1}, {9,4}, {9,7}, {9, 13}, {9, 10}, {9, 16}, {9,19}, {9,22}, {9,25} }. 


The neutrosophic duplets of 12 are By = { {12,1}, {12,10}, {12,19}}. The neutrosophic duplets of 15 are 
Bs = {{15,1}, {15,10}, {15,19} }. Finally, the neutrosophic duplets of 18 are 


Bo = {{18,1}, {18,4}, {18,7}, {18, 13}, {18, 10}, {18, 16}, {18, 19}, {18, 22}, {18, 25} }. 


The neutrosophic duplets associated with 21 are By = {{21,1}, {21,10}, {21,19}} and 24 are Bg = 
{{24, 1}, {24,10}, {24,19}}. Now, the trivial duplet of 0, which we take is 


Bo = {{0,1}, {0,4}, {0,7}, {0, 13}, {0, 10}, {0, 16}, {0, 19}, {0,22}, {0,25} }. 
We see L = {By U By U Bp U...U Bg} forms a semigroup under product modulo 27 and o(L) = 45. 
We have the following result. 


Theorem 2. Let S = {Zpn, x }, where p is an odd prime, n > 2 is a semigroup under x, and product modulo 
is p". The units of S are denoted by A and non-units of S are denoted by B. The neutrosophic duplets of S 
associated with B are groups under product and are subgroups of A. The neutrals of tp’ = b € B are of the form 
D= {1A 4 p's, 14: pst, Ti+ pr st?, cay _ pr}, T+ prs 4 pst, 1+ p's ope ps2, mae 14 
pr t+phs,... 1+ pes +...4p™ 1 <t<m,p/ml<s<n. 


Proof. Let tp* € Zp» all elements which act as neutrosophic duplets for tp* are from the set D. For any 
x € Dand tp® € Zps, we see xtp* = tp*; hence, the claim. 
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It is important to note that S = {Zpx, x } has no non-trivial neutrosophic triplets as Zpn has no 
non-trivial idempotents. 
Next, we proceed to finding the neutrosophic duplets of Zp; p and q are distinct primes. 


4. Neutrosophic Duplets of Zp, and Zp, p)...p, 


In this section, we study the neutrosophic duplets of Zpq where p and q are primes. Further, we 
see Zpq also has neutrosophic triplets. The neutrosophic triplets in the case of Zp, have already been 
characterized in [23]. We find the neutrosophic duplets of Zz), p a prime. We find the neutrosophic 
duplets and neutrosophic triplets groups of Z¢ in the following. 


Example 3. Let S = {Zy6, x} be the semigroup under product modulo 26. The idempotents of S are 13 and 14. 
We see 13 is just a trivial neutrosophic triplet, however only 14 contributes to non-trivial neutrosophic triplets. 
We now find the neutrosophic duplets of Zr. The units of Zy¢ are A = {1,3,5,7,9, 11, 15,17, 19, 21, 23,25} 
and they act as neutrals of the duplets. The non-units which contribute for neutrosophic duplets are B = 
{2,4,6,8,10, 12, 13, 14, 16, 18, 20,22, 24}. 0 is the trivial duplet as 0 x x = 0 forall x € A. Consider 2 € B 
the pairs of duplets are {2,1},2 x 14 = 2 but 14 cannot be taken as anti(2) = 20 and anti(2) exists so 2 is not 
a neutrosophic duplet for (2,14, 20) is a neutrosophic triplet group. 

Consider 4 € B; {4,1} is a trivial neutrosophic duplet. Then, 4 x 14 = 4 and (4,14, 16) are again 
a neutrosophic triplet as anti(4) = 16 so 4 is not a neutrosophic duplet. Thus, 16 and 20 are also not 
neutrosophic duplets. Consider 6 € B; we see {6,1} is a non-trivial neutrosophic duplet. In addition, (6,14, 10) 
are neutrosophic triplet groups so 6 and 10 are not non-trivial neutrosophic duplets. Consider 8 € B, (8,14, 18) 
is a neutrosophic triplet group. hence 8 and 18 are not neutrosophic duplets. Then, (12,14,12) is also 
a neutrosophic triplet group. Thus, 12 is not a neutrosophic duplet. Let 22 € B be such that (22,14, 24) is 
a neutrosophic triplet group, hence 22 and 24 are not neutrosophic duplets. 

Consider 13 € B; we see the neutrals are {1,3,5,7,9, 11,15, 17,19, 21, 23,25}. We see the collection of 
neutrosophic duplets associated with 13 € Zy6 happens to yield a semigroup under product if 13 is taken as the 
trivial neutrosophic duplets, as it is an idempotent in Zy6, and, in all pairs, it is treated as semigroup of order 13, 
where (13,1) and (13,13) are trivial neutrosophic duplets. 


In view of this, we have the following theorem. 


Theorem 3. Let S = {Zzp, x} be a semigroup under product modulo 2p; p an odd prime. This S has only p 
and p +1 to be the idempotents and only p contributes for a neutrosophic duplet collection with all units of Zap 
and the collection B = {(p,x)|x © Zap}, x is a unit in Zyy forms a commutative semigroup of order p which 
includes 1 and p which result in the trivial duplets pair (p,1) and (p, p). 


Proof. Given S = {Zoy, x} is a semigroup under x and p is an odd prime. We see from [23] p and 
p + 1are idempotents of Z2). It is proven in [23] that p + 1 acts for the neutrosophic triplet group of 
Zp (formed by elements 2,4,6,...,2p — 2) as the only neutral. (p, p, p) is a trivial neutrosophic triplet. 
However, Zop has no neutrosophic duplet other than those related with p alone and p x x = p for all x 
belonging to the collection of all units of Z2» including 1. If x is a unit in Z2,, two things are essential: 
x is odd and x # p. Since x is odd, we see x = 2y +1 and p(x) = p(2y+1) = 2yp + p = p, hence 
(p, x) is a neutrosophic duplet. The units of Zz, are (p — 1) in number. Further, (p,p) and (p,1) form 
trivial neutrosophic duplets. Thus, the collection of all neutrosophic duplets B = {(p,x)}, x is a unit 
and x = p is also taken to form the semigroup of order p and is commutative as the collection of all 
odd numbers forms a semigroup under product modulo 2p; hence, the claim. 























It is important and interesting to note that, unlike Zpn, p is a prime and n > 2. We see Zop has both 
non-trivial neutrosophic triplet groups which forms a classical group [23] as well as has a neutrosophic 
duplet which forms a semigroup of order p. 

Next, we study the case when Zpq is taken where both p and q are odd primes first by an example. 
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Example 4. Let S = {Z5,x} be a semigroup under product. The idempotents of Z15 are 10 and 6. 
However, 10 does not contribute to non-trivial neutrosophic triplet groups other than {5,10,5}, {10, 10, 10}. 
The neutrosophic triplet groups associated with 6 are (3,6, 12), (12, 6,3), (9,6,9) and (6, 6,6). The neutrosophic 
duplets of Z15 are contributed by {5}, {10} and {3,12,6,9} in a unique way. 


Dy = {{5,1}, {5,4}, {5,7}, {5, 13}, {5, 10}}, 
Dy = {{10,13}, {10,7}, {10,1}, {10,4}, {10, 10}}, 
D3 = {{3,11}, {3,1}, {3,6}, {12,11}, {12,1}, {12,6}, {6,11}, {6,1}, {6,6}, {9, 11}, {9, 1}, {9, 6} } 


All three collections of duplets put together is not closed under x; however, Dz and D3 form a semigroup 
under product modulo 15. If we want to make D, a semigroup, we should adjoin the trivial duplets {0,4}, 
{0,7}, {0,13}, {0,1}, {0,6}, {0,10} as well as Dz. Further, we see Dy U Dz U D3 is not closed under product. 


Thus, the study of Zp_ where p and q are odd primes happens to be a challenging problem. 
We give the following examples in the case when p = 5 and q = 7. 


Example 5. Let S = {Z35,x} be a semigroup of order 35. The idempotents of Z35 are 15 and 21. 
The neutrosophic triplets associated with 15 are {(15, 15,15), (5,15, 10), (25, 15,30), (20, 15, 20), (30, 15, 25), 
(10, 15,5)}, a cyclic group of order six. The cyclic group contributed by the neutrosophic triplet groups associated 
with 21 is as follows: {(21, 21,21), (7,21, 28), (28, 21,7), (14,21, 14) }, which is of order four. The neutrosophic 
duplets are tabulated in Table 1. Similarly, the neutrosophic duplets associated with S = {Zyo5, x } are tabulated 
in Table 2. 


Table 1. Neutrosophic Duplets of {Z35, x }. 


Neutrals forduplets Neutrals for duplets 
5, 10, 15, 20, 25, 30 7,14, 21, 28 


1,8, 15, 22, 24 1, 6, 11, 16, 21, 26, 31 





Table 2. Neutrosophic Duplets of {Z195, x }. 














Neutrals for duplets Neutrals for duplets 
3, 6, 9, 12, 18, 21, 24, 27, 5, 10, 20, 25, 40, 50, 
33, 36, 39, 48, 51, 54, 57, 66, 55, 65, 80, 85, 95, 100 
69, 78, 81, 87, 93, 96, 99, 102 
1, 36,71 1, 22, 43, 64, 84 
Neutrals for duplets Neutrals for duplets 
7,14, 28, 49, 56, 77,91, 98 15, 30, 45, 60, 75, 90 
1, 16, 31, 46, 61, 76, 91 1, 8, 15, 22, 29, 36, 43, 50, 


57, 64, 71, 78, 85, 92, 99 


Neutrals for duplets Neutrals for duplets 
21, 42, 63, 84 35, 70 


1,6, 11 16, 21, 26, 31, 36, 1,4, 7, 10, 13, 16, 19, 22, 25, 28, 
41, 46, 51, 56, 61, 66, 71, 31, 34, 37, 40, 43, 46, 49, 52, 55, 
76, 81, 86, 91, 96, 101 58, 61, 64, 67, 70, 73, 76, 79, 

82, 85, 88, 91, 94, 97, 100, 103 





Theorem 4. Let {Zy, x} be a semigroup under product modulo n; x € Zn \ {0} has a neutral y € Zy \ {0} 
or is a non-trivial neutrosophic duplet if and only if x is not unit in Zy. 
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Proof. x € Z, \ {0} is a neutrosophic duplet if x x y = x(modn) and y is called the neutral of x. 
If x? = x, then we call the pair (x,x) as trivial neutrosophic duplet pair. We see x x y = x, if xisa 
unit in Z;,, then there exists a z € Z, such that z x (x x y) =z x x,so that y= 1asz x x = 1(modn); 
so y = 1 gives trivial neutrosophic duplets. Thus, x is not a unit if it has to form a non-trivial 
neutrosophic duplet pair; x x y = x and y # 1 thenif x is a unit we arrive at contradiction; hence, the 
theorem. 














Theorem 5. Let S = {Zpq, x} be a semigroup under product modulo pq, p and q distinct odd primes. 
There is p number of neutrosophic duplets for every p,2p,3p,...,(q —1)p. Similarly, there is q number of 
neutrosophic duplets associated with every q,2q,...(p —1)q. The neutrals of sq and tp is given by 1 + nq for 
1<t<q-—1,0<n< p—1and that of sq is given by1+mp;1<s<p—-10<m<q-1. 





Proof. Given {Zpq, x} is a semigroup under product modulo pq (p and q two distinct odd primes). 
The neutrals associated with any tp;1 < t < q—1 is given by the sequence {1+ q,2q + 1,3q + 
1,...,(p—1)q +1} for every tp € {p,2p,...,(q —1)p}. We see, if tp € Zpg, 

tp x (1+nq) =tp+tpnq 

= tp + tnpq = tp(mod pq). 


A similar argument for sq completes the proof; hence, the claim. 














Theorem 6. Let S = {Zp po...pni x } be the semigroup under product modulo py p2... Pn, where py, p2,---, Pn 
are n distinct primes. The duplets are contributed by the non-units of S. The neutrosophic duplets associated 
with Aj; = {pi,2pi,...,(pip2--- Pi-1pit1--. Pn — 1)pi} are {1 + (pipo.-. pi-1piz1---Pn)t} where t = 
1,2,...,pj —1;andi =1,2,...,n. Thus, every element x; of A; has only p; — 1 number of elements which 
neutralizes xj; thus, using each xj, we have p; — 1 neutrosophic duplets. 


Proof. Given S = {Zp, P2--Pnt X } is a semigroup under product modulo p; ... pn, where pjs are distinct 
primes, i = 1,2,...,n. Considering Aj = {pj,2pj,...,(pip2---Pi-1Pi+1---Pn — 1)pi}, we have to 


prove that, for any spj, spi x [1+ (pip2.-- Pi-1Pi41--- Pn)t] = spi; 1 <t < pi-t. 
Clearly, 


spi x [1+ (pip... Pi-1Pi+1--- Pn)t] = spi + spil(pip2--- Pi-1Piti---Pn)t] 


= sp; + st{(pipo--- Pi-1PiPit1 ---Pn)] = SPi 











as pi p2---Pn = 0(mod (pi p2...Pn)). Hence, the claim. 





Thus, for varying t and varying s given in the theorem, we see 


{spi, (1+ (pip2---Pi-1Pit1---Pn)t)} 
is a neutrosophic duplet pair 1 < t < pj—1;1<s < pip2... pi-1pi4i1--- Pn andi =1,2,...,n. 


5. Discussions and Conclusions 


This paper studies the neutrosophic duplets in the case Zp, Zpq and Zpypo..pu+ IN the case of 
Zpn and Zpqr a complete characterization of them is given; however, in the case LZ py Put only the 
neutrosophic duplets associated with p;s are provided; i = 1,2,...n. Further, the following problems 
are left open: 


1. For Zp, p and q odd primes, how many neutrosophic duplet pairs are there? 
For Zp, ...p,, What are the neutrals of p;pj, PiPjPk,---,P1P2---Pi-1Pit1--+Pn? 
3. The study of neutrosophic duplets of Zh p...pit ; P1,+-+,Pn are distinct primes and t; > 1;1 <i< 
Eps PH 


n is left open. 
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For future research, one can apply the proposed neutrosophic duplets to SVNS, DVNS or TRINS. 


These neutrosophic duplets can be applied in problems where neutral elements for a given a in Zp» or 
Zyq happens to be many. However, the concept of anti(a) does not exist in the case of neutrosophic 
duplets. Finally, these neutrosophic duplet collections form a semigroup only when all the trivial 
neutrosophic duplet pairs (0, a) for all appropriate a are taken. These neutrosophic duplets from Zpx 
and Zpq can be used to model suitable problems where the anti(a) under study does not exist and 
many neutrals are needed. This study can be taken up for further development. 
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Abbreviations 


The following abbreviations are used in this manuscript: 


SVNS _ Single Valued Neutrosophic Sets 
DVNS _ Double Valued Neutrosophic Sets 
TRINS _ Triple Refined Indeterminate Neutrosophic Sets 


IFS 


Intuitionistic Fuzzy Sets 
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Abstract: Fault diagnosis is an important issue in various fields and aims to detect and identify the 
faults of systems, products, and processes. The cause of a fault is complicated due to the uncertainty 
of the actual environment. Nevertheless, it is difficult to consider uncertain factors adequately with 
many traditional methods. In addition, the same fault may show multiple features and the same 
feature might be caused by different faults. In this paper, a neutrosophic set based fault diagnosis 
method based on multi-stage fault template data is proposed to solve this problem. For an unknown 
fault sample whose fault type is unknown and needs to be diagnosed, the neutrosophic set based on 
multi-stage fault template data is generated, and then the generated neutrosophic set is fused via the 
simplified neutrosophic weighted averaging (SGNWA) operator. Afterwards, the fault diagnosis results 
can be determined by the application of defuzzification method for a defuzzying neutrosophic set. 
Most kinds of uncertain problems in the process of fault diagnosis, including uncertain information 
and inconsistent information, could be handled well with the integration of multi-stage fault template 
data and the neutrosophic set. Finally, the practicality and effectiveness of the proposed method are 
demonstrated via an illustrative example. 


Keywords: neutrosophic set; fault diagnosis; normal distribution; defuzzification; simplified 
neutrosophic weighted averaging operator 





1. Introduction 


Fault diagnosis aims to identify and repair faults in systems, products, and processes, and has been 
widely applied to various fields, for instance, military [1,2], economic [3,4], and medicine [5,6], and 
plays a significant part in the prevention of accidents during the normal operation of equipment [7,8]. 
Owing to the complexity and uncertainty of the actual environment, fault information is usually 
imprecise, incomplete, and uncertain, and it is thus, difficult to cope with [9-12]. The challenge 
is to devise a fault diagnosis process to reduce the impact of such imprecision, incompletion, and 
uncertainty as much as possible. Furthermore, the fault information obtained from multiple sources 
may be different or even conflicting [13]. In such cases, it is important to check conflicts between the 
information and to aggregate the information into consistent information. 

A great deal of research work has been performed in the field of fault diagnosis, some of which 
has resulted in the application of efficient approaches to exactly and expeditiously diagnose certain 
types of faults. Nevertheless, most of these methods fail to diagnose multiple types of faults [14-16]. 
To solve this problem, some methods based on Bayes theory were proposed [17-19], though efficient 
aggregation results could only be obtained when the proper and qualified a priori and conditional 
probabilities were obtainable in the methods based on Bayes theory [20]. As a development of the Bayes 
theory, the Depmster-Shafer evidence theory was proposed to deal with uncertainty problems [21-24]. 
Reference [25] describes the integration of the fuzzy set theory and evidence theory to improve the 
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accuracy of various diagnoses. In addition, there have been several research works based on the use of 
acoustic signals [26-28] for the fault diagnosis of rotating machines. Lee et al. [29] presented a power 
transformer fault diagnosis method based on set pair analysis (SPA) and association rules. He et al. [30] 
proposed a novel fault diagnosis method based on the relevance vector machine (RVM) to deal with 
small data samples. Vibration signal-based fault diagnosis methods [31-33] have also proposed in 
recent years. 

However, uncertain factors in the process of fault diagnosis have not been well handled. In order 
to deal with uncertain problems under fuzzy information and incoherent information, Smarandache 
defined the concept of a neutrosophic set [34-37], which is a set of elements that exist in a non-standard 
unit interval, such as the realness degree, uncertainty degree, or false degree, as a summarization of 
concepts of the classic set [38], fuzzy set (FS) [39], intuitionistic fuzzy set (IFS) [40,41] and interval 
valued intuitionistic fuzzy set (IVIFS) [42]. To facilitate the application of the neutrosophic set to 
practical problems, Wang et al. [43] proposed the concepts of the interval neutrosophic set (INS) and 
single valued neutrosophic set (SVNS), and Ye [44] defined the concept of the simplified neutrosophic 
set (SNS). In order to fuse the neutrosophic information to solve realistic problems under a neutrosophic 
environment, some researchers proposed neutrosophic aggregation operators. For instance, Liu and 
Wang [45] introduced a single-valued neutrosophic normalised weighted Bonferroni mean operator 
based on the SVNS. Furthermore, Peng et al. [46] developed simplified neutrosophic information 
aggregation operators, such as the simplified neutrosophic weighted averaging (SNWA) operator and 
the simplified neutrosophic weighted geometric (SGNWG) operator. 

Several methods based on the neutrosophic set have been proposed for fault diagnosis. 
For instance, Ye proposed cotangent similarity measures for SVNSs based on a cotangent function 
for the fault diagnosis of steam turbines [47] and the dimension root similarity measure of SVNSs 
for the fault diagnosis of hydraulic turbines [48], which are all used for fault diagnosis under a 
single-valued neutrosophic environment. Kong et al. proposed the misfire fault diagnosis method for 
the fault diagnosis of gasoline engines [49]. Zhang et al. proposed a single-valued neutrosophic (SVN) 
multi-granulation rough set over a two universe model for the diagnosis of steam turbine faults [50]. 

There is still a requirement to deal with the uncertainty, imprecision, and incompletion of 
information and to improve the accuracy of fault diagnosis results with reduced calculations 
[51-53]. Nevertheless, the complex relationships among fault types and various features of faults 
in fault diagnosis problems leads to difficulty in fault diagnosis. In addition, with changes in time, 
the unsteadiness of the actual environment causes uncertainty in fault template data collected at 
different stages. The uncertainty of multi-stage fault template data, however, fails to be dealt with well. 
In order to solve this problem, a neutrosophic set based fault diagnosis method based on multi-stage 
fault template data is proposed in this paper. An unknown fault sample whose fault type is unknown 
is diagnosed by generating its neutrosophic sets based on multi-stage fault template data, and then 
the SNWA operator is applied to fuse the multi-stage neutrosophic sets of the unknown fault sample 
under each feature and to fuse the neutrosophic sets of all features of the unknown fault sample again. 
Afterward, the fault diagnosis results are determined by the application of the defuzzification method 
to defuzzy the neutrosophic set of each fault type. This proposed method has several main traits. 
Firstly, in comparison to some traditional fault methods, for instance, the method based on the relevance 
vector machine [30], the multi-stage fault template data can deal with the uncertainty of collected 
data due to the unsteadiness of the actual environment. Afterwards, compared with the method 
based on random fuzzy variables [54], the application of the neutrosophic set gives consideration 
to the uncertainty of the fault types and the unknown fault sample, which reflects and handles the 
uncertainty of fault information well. Compared with former neutrosophic set based methods for fault 
diagnosis [47-50], the generation of a neutrosophic set based on multi-stage fault template data in this 
paper can deal with uncertain information better and diagnose the faults efficiently. 

The rest of this paper is arranged as follows: Section 2 briefly introduces the concepts of the 
neutrosophic set, SNS, and the SNWA operator. The proposed method for fault diagnosis is listed step 
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by step in Section 3. In Section 4, a numerical example is used to demonstrate the reasonableness of 
this proposed method, and to interpret the proposed method. Some summary remarks are shown in 
Section 5. 


2. Preliminaries 


The neutrosophic set, introduced by Smarandache [34], is an extension of the classical FS [39], 
IFS [40], and IVIFS [42]. It is an efficient tool for dealing with the problem with uncertain information. 
The neutrosophic set concept is defined as follows [43]: 


Definition 1. Let X be a space of points (objects), with a generic element in X denoted by x. A neutrosophic set 
(A) in X is characterized by a truth-membership function (T 4), an indeterminacy-membership function (I,) 
and a falsity-membership function (Fa). Ta(x), Ia(x), and F4(x) are real standard or non-standard subsets of 
]O~,1* |. That is, 


Ta: X]0-,1+ 
In: XH ]0-,17 
Fa: Xw)07,17 1. 


(1) 





There is no restriction on the sum of T(x), L4(x) and F4(x),so0~ < supT,(x) +supl,(x) +supFa(x) < 3%. 


In order to promote the application of the neutrosophic set in practical problems, the notion of 
SNS [44] was proposed as a subclass of the neutrosophic set. The definition of SNS is as follows [44]: 


Definition 2. Let X be a space of points, with a generic element in X denoted by x. A neutrosophic set 
(A) in X is characterized by a truth-membership function (T,4(x)), a indeterminacy-membership function 
(I4(x)) and a falsity-membership function (F4(x)). If Ta(x) : X — [0,1], Ig(x) : X — [0,1] and 
Fa(x) : X — [0,1] satisfied: 


xe€ XH Ta(x) € [0,1] 

xe€X4 Iy(x) € [0,1] 6) 
xe€X+ Fa(x) € [0,1] and 

0 < Ty(x) + Ia(x) + Fa(x) < 3. 


Then an SNS A in X can be denoted as 
A= {(x,Ta(x), La(x), Fa(x)) |x © X} (3) 


Which is called an SNS. In particular, if X includes only one element, N = (T(x), 14(x),Fa(x)) 
is called a SNN and is denoted by « = (y,71,v). The numbers p/, 71, v denote, respectively, the degree 
of membership, the degree of indeterminacy-membership, and the degree of non-membership. 

For any two SNSs (A = (Ta(x),14(x),Fa(x)),B = (T(x), p(x), Fp(x))), the operational 
relations are defined as the following [44]: 





A+B =(Ta(x)+Tp(x)—Ta(x)Tp(x), a(x) + Ip(x) — I(x) Ip (x), Fa(x) + F(x) — Fa (x) Fp(x)), 
A x B= (Ta(x)Tp(x), La(x) Ip(x), Fa(x)Fa(x)), 

AA = (1— (1— Ta(x))*,1— (1 Ia(x))4,1— (1 — Fa(x))*),A > 0, 

AP = (Oey Tay Tae), AS O. 





(4) 
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Peng et al. [46] developed some simplified neutrosophic information aggregation operators, 
such as the SNWA operator, which is based on the conception of SNS. It is defined as follows [46]: 


Definition 3. Let a; = (p1;,7;,v;),i = 1,2,...,n bea collection of SNNs. Then, 








SNWA (ay, 02,...,4n) = Wyo, + Wa +... + Wrdn 

n a n : n : (5) 
=(1-[T]Q-)")[] ()" T] wa)), i=1,2,...,n. 

i=1 i=1 i=1 


n 
where w = (W,W2,..., Wn)? is the weight vector of w;(i = 1,2,...,n), with w; € [0,1] and 1 w; =1. 
i=1 


3. The Proposed Method 


The characteristics of the actual environment in which a system, product, or process is used, 
for instance, the temperature, location and air, are unstable over time in the fault diagnosis process, 
even if the equipment works under the same conditions normally, which leads to uncertainty in the 
data collected at different stages. These factors have obvious impacts on fault diagnosis results. Thus, 
the uncertainty of fault information must be dealt with to achieve more efficient diagnosis results. 
In the face of this problem, a neutrosophic set based fault diagnosis method based on multi-stage fault 
template data is proposed to diagnose the unknown fault sample in this paper. Consider an unknown 
fault sample (S) with n features (C = {Cj,C2,...,Cn}), whose data have been collected under each 
feature. The aim of this fault diagnosis method is to identify the fault type of the unknown fault 
sample (S). The flow-process diagram of the proposed method is shown in Figure 1, and the detailed 
procedures are elaborated step by step in the following text. 
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Figure 1. Block diagram of the proposed method. 
Step 1 Collect the multi-stage data of fault types under each feature. Suppose that there are m fault 
types (F = {F,, Fy,..., Fm}) with n features (C = {Cy,C2,...,Cy}). Firstly, collect the multi-stage 


data of each fault type under each feature. Each stage’s data for each fault type under each 
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Step 2 


feature are obtained by continuously collecting within the time interval (T). Suppose that data 
from k stages of every fault type under every feature are obtained. The multi-stage data of each 
fault type under each feature are shown as follows: 


Cj 


Fj “. k stages data of F; under Cj 


where i = 1,2,...,m andj =1,2,...,n. 

Generate the SNS for an unknown fault sample (S) based on the multi-stage data of each 
fault type under each feature. For each stage’s data for each fault type under every feature, 
and for the data of every feature of the unknown fault sample (S), a normal distribution model 
is established which is obtained by using the arithmetic average (m) and variance (0) of a 
stage’s data as the arithmetic average and standard deviation of the normal distribution model, 
denoted as N(m, 07). Then, k normal distribution models and k normal distribution figures 
are generated according to k stages of data of each fault type under each feature. In addition, 
a normal distribution model is generated based on the data of the unknown fault sample 
under each feature. The normal distribution figures generated from the data of Cj of unknown 
fault sample S and k stages of data for Cj of F; are shown in Figure 2. As the figure shows, 
each stage’s data collected drift to a certain extent in a certain range. In particular, there are 
distinct differences between the fault type’s data collected in the fourth stage and the data of the 
unknown fault sample. 
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Figure 2. Distribution of S under C; and F; under Cj. 


The normal distribution function indicates the distribution probability density of the data. 
The membership degree of SNS is defined as the ratio of the maximum value of the vertical 
coordinate of the intersection point between the unknown fault sample and the fault type and 
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the peak value of the unknown fault sample. The two normal distribution curves (Figure 3) and 
the definition of the membership degree (/) are as follows: 


Yh 
= 6 
i (6) 
where y;, represents the maximum value of the vertical coordinate of the intersection point of 
distribution between the unknown fault sample (S) and the fault type (F;), and y,,, represents the 
peak value of the unknown fault sample’s distribution. 


As the figure shown, the intersection points of distribution between the unknown fault sample 
and F; are marked with X, and the peak point of S’ distribution is marked with X in the same 
way. Then, from the Equation (6), the membership degree is generated. 























80 T T T , T T T T 
Unknown Fault Sample 

707 F; | 

60 F 4 


a 
fo} 
T 


Distribution Density 
wo 4 
[o) jo) 


N 
o 
T 


107 














0 f 1 1 1 ai 1 
0:1 0.11 0.12 0.13 0.14 0.15 0.16 0.17 0.18 0.19 
Measured Value 





Figure 3. Generation of the membership degree. 


In this paper, it is assumed that the non-membership degree and the membership degree 
are interdependent. The indeterminacy-membership degree indicates the uncertainty degree 
of neutrosophic information. Entropy represents the uncertainty of the information and has 
been widely used in many fields. Shannon introduced the quantitative and qualitative model 
of communication as a statistical process that underlies information theory [55], which is a 
formalism that was originally applied to digital communication. The indeterminacy-membership 
degree and non-membership degree are defined as follows: 


(1) v=1-y, 


7 
(2) m= ploga() + vloga(=), uA0,v #0. @ 


The indeterminacy-membership degree (7t) represents the Shannon entropy of the membership 
degree (1) and the non-membership degree (v), and 7r equals 0 if 1 or v equal 0. Hence, the SNS 
can be obtained. The generated SNS is shown in Table 1: 
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Step 3 


Step 4 


Table 1. The generated simplified neutrosophic set (SNS) for S based on multi-stage data. 
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Aggregate the generated SNS based on each fault type under each feature. In this paper, it is 
assumed that the weights of data from k stages collected under the same working conditions 
are equal. The k SNNs of each fault type under each feature are fused via the SNWA operator, 
as shown in Equation (5). For instance, 


ay = SNWA(a41, 071, - ++, 41)- (8) 


Then, the fused SNS matrix (A) is as follows: 


(Hijr Tijr Vij) 


where i= 1,2,...,m and j=1,2,...,n. 
Aggregate the fused SNS based on all features of each fault type. If the weights of n features are 
equal, n SNNs of each fault type are fused via the SNWA operator, as shown in Equation (5). 
For instance, 

ay= SNWA (011, 012,---,1n): (9) 


Then, the fused SNS matrix (F) is as follows: 


Fy (Ha, 7, 11) 

Fy (H2, 72, V2) 
F= ; 

Fin (ns Tm, Vm) 
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Step 5 Determine the fault type of the unknown fault sample. Considering the fuzziness of the unknown 
fault sample and the fault types, direct application of the defuzzification method can intuitively 
reflect the results of the fault diagnosis and reduce the amount of calculation in the process of 
fault diagnosis. The crisp number of each SNN is defuzzied and calculated as follows [56]: 


Bi 


Cj = wit EN ea 





(10) 


C; is the degree to which the information extracted from the data of untested fault supports each 
fault type. As a result, the ranking order of all the fault types can be determined according to the 
descending order of their crisp numbers (C)). 


4. Illustrative Example and Discussion 


In this section, an example of a motor rotor is used to demonstrate the validity and accuracy rate 
of the proposed method. 

The experimental equipment is a multi-functional flexible rotor test-bed. The vibration displacement 
sensor and acceleration sensor were placed in the horizontal and vertical directions of the rotor support 
pedestal, respectively, to collect the rotor vibration signals, and the signals were transmitted to the upper 
computer through the acquisition box. Then, using the data analysis software under the LabVIEW 
environment, the vibration acceleration spectrum of the rotor and the average amplitude of vibration 
displacement in the time domain were obtained as the fault feature signals. An unknown fault sample, 
S;, was used. When the rotor was running normally, the amplitude of each vibration frequency did 
not exceed 0.1 m/s*. When the fault occurred, the frequency and augmentation of the amplitudes 
of different faults were distinct. The vibration energy of three kinds of fault types were mostly 
concentrated at 1 — 3X. Therefore, 5; was determined to have four features: 


1. C,: The vibration amplitude when the acceleration frequency of the rotor is the basic frequency, 
1x. 

2. Cy: The vibration amplitude when the acceleration frequency of the rotor is the frequency 2X. 

C3: The vibration amplitude when the acceleration frequency of the rotor is the frequency 3X. 

4. (C4: The average amplitude of vibration displacement in the time-domain. 


v 


The data in this paper originated from ref. [57]. The data of S; under each feature was collected. 
For instance, the data of S; under C; was as follows: 


Sic, Data = [0.1421 0.1426 0.1422 0.1422 0.1423 0.1433 0.144 0.1439 0.1437 0.1436 
0.1432 0.1434 0.1437 0.1428 0.1424 0.1427 0.1431 0.1425 0.1428 0.1421 
0.1424 0.142 0.1422 0.1426 0.1431 0.1428 0.1426 0.1424 0.1422 0.1416 
0.1424 0.1429 0.1424 0.1423 0.1421 0.142 0.142 0.1423 0.1425 0.1426]. 


Step 1 Collect the multi-stage data of each fault type under each feature. There are three fault types set 
up on the test-bed: 
1. Fy: Rotor imbalance. 
2. Fy: Rotor misalignment. 
3. F3: Support base loosening. 


For each feature of each fault type, data from five stages were collected, and for each stage’s data, 
forty consecutive observation values were collected continuously within a time interval of 16 s. 
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The data in this paper originated from Reference [57]. For instance, the first stage’s data of F, 
under C, was as follows: 


Fic, First Stage's Data = [0.1663 0.1590 0.1568 0.1485 0.1723 0.2006 0.1903 
0.1908 0.1986 0.1843 0.1785 0.1610 0.1579 0.1511 0.1532 0.1647 0.1628 0.1646 
0.1634 0.1642 0.1648 0.1640 0.1674 0.0661 0.1659 0.1650 0.1633 0.1632 0.1604 
0.1542 0.1555 0.1562 0.1540 0.1564 0.1557 0.1542 0.1546 0.1571 0.1537 0.1536]. 


Step 2 Generate the SNS for the unknown fault sample based on the multi-stage data from each fault 
type under each feature. Each stage’s data collected is used to establish the normal distribution 
model. The generated normal distributions of fault types and the unknown fault sample are 
listed in Table 2. For instance, the normal distribution of S;¢, data and Fic, with five stages of 
data is shown in Figure 4. As the figure shows, each stage’s data collected drift to a certain extent 
in a certain range. In particular, there were distinct differences between the fault types collected 
in each stage and the data of unknown fault samples. Therefore, it is significant to collect data in 
multiple stages and to use its integration with the neutrosophic set to deal with the uncertainty 


of fault information. 


Table 2. Multiple distributions of fault types and the unknown fault sample. 


























alee . Feature 
ault e tage 
sil : Cy C2 C3 C4 
F, 1 N(0.1619, 0.0200) N(0.1538, 0.0112) N(0.1163, 0.0098) N(4.3057, 0.1124) 
2 N(0.1596, 0.0073) N(0.1509, 0.0052) N(0.1095, 0.0021) N(4.4143, 0.0226) 
3 N(0.1644, 0.0009) N(0.1468, 0.0024) N(0.1063, 0.0037) N(4.2626, 0.6336) 
4 N(0.1617, 0.0006) N(0.1519, 0.0316) N(0.1117, 0.0022) N(4.3138, 0.0249) 
5 N(0.1598, 0.0010) N(0.1428, 0.0025) N(0.1182, 0.0017) N(4.3319, 0.0347) 
Fy 1 N(0.1696, 0.0096) N(0.3266, 0.0108) N(0.2772, 0.0250) N(4.9825, 0.1882) 
2 N(0.1742, 0.0045) N(0.3278, 0.0083) N(0.2726, 0.0095) N(4.5844, 0.1226) 
3 N(0.1932, 0.0138) N(0.3384, 0.0115) N(0.2217, 0.0339) N(4.4358, 0.4015) 
4 N(0.1916, 0.0037) N(0.3350, 0.0063) N(0.2131, 0.0053) N(5.0105, 0.6455) 
5 N(0.1804, 0.0031) N(0.3187, 0.0041) N(0.2255, 0.0135) N(4.5631, 0.0678) 
Fs 1 N(0.3387, 0.0071) | N(0.3413, 0.0207) N(0.1501, 0.0120) N(9.8483, 0.0709) 
2 N(0.3296, 0.0026) N(0.3511, 0.0090) N(0.1341, 0.0080) N(9.7652, 0.0953) 
3 N(0.3247, 0.0074) N(0.3409, 0.0135) N(0.1341, 0.0113) N(9.7802, 0.0608) 
4 N(0.3265, 0.0049) N(0.3357, 0.0098) N(0.1330, 0.0052) N(9.8739, 0.1267) 
5 N(0.3275, 0.0023) N(0.3503, 0.0060) N(0.1295, 0.0048) N(9.7856, 0.1010) 
Sy 1 N(0.1427, 0.0006) N(0.1109, 0.0316) N(0.1337, 0.0022) N(4.0938, 0.0249) 
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Figure 4. Distribution of S; under C; and F; under C,. 


Then, jt, 7t,v are calculated with Equations (6) and (7). For instance, the distribution of S1c, Data 
was N(0.1427, 0.0006), the normal distribution of F, G ’s first stage of data was N (0.1619, 0.0200), 
and the membership degree of SNN generated from the two distributions is shown in Figure 5. 
As the figure shows, the intersection points of distribution between the unknown fault sample 
(S1) and Fic,’s first stage data are marked with X, and the peak point of 5;’s distribution is 
marked with X in the same way. Then, from the Equations (6) and (7), the SNN was generated 
and denoted as (0.0197, 0.0969, 0.9803). The generated SNSs are listed in Table 3. 
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Figure 5. Generation of membership degree. 
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Table 3. The generated SNS for S; based on the multi-stage data from every fault type under 


every feature. 





Fault Type 


Stage 


Feature 





Cy 


Co 


C3 


Cy 





F 


(0.0197, 0.0969, 0.9803) 
(0.0092, 0.0521, 0.9908) 
(0.0000, 0.0000, 1.0000) 
(0.0000, 0.0000, 1.0000) 
(0.0000, 0.0000, 1.0000) 


(0.7400, 0.5731, 0.2600) 
(0.6576, 0.6426, 0.3424) 
(0.6382, 0.6545, 0.3618) 
(0.8108, 0.4851, 0.1892) 
(0.7177, 0.5951, 0.2823) 


(0.0973, 0.3191, 0.9027) 
(0.0000, 0.0000, 1.0000) 
(0.0000, 0.0000, 1.0000) 
(0.0000, 0.0000, 1.0000) 
(0.0004, 0.0032, 0.9996) 


(0.0841, 0.2888, 0.9159) 
(0.0000, 0.0000, 1.0000) 
(0.0388, 0.1641, 0.9612) 
(0.0001, 0.0006, 0.9999) 
(0.0008, 0.0026, 0.9997) 





2) 


(0.0021, 0.0152, 0.9979) 
(0.0000, 0.0000, 1.0000) 
(0.0001, 0.0010, 0.9999) 
(0.0000, 0.0000, 1.0000) 
(0.0000, 0.0000, 1.0000) 


(0.0000, 0.0000, 1.0000) 
(0.0000, 0.0000, 1.0000) 
(0.0000, 0.0000, 1.0000) 
(0.0000, 0.0000, 1.0000) 
(0.0000, 0.0000, 1.0000) 


(0.0000, 0.0000, 1.0000) 
(0.0000, 0.0000, 1.0000) 
(0.0038, 0.0249, 0.9962) 
(0.0000, 0.0000, 1.0000) 
(0.0000, 0.0000, 1.0000) 


(0.0000, 0.0000, 1.0000) 
(0.0010, 0.0082, 0.9990) 
(0.0486, 0.1944, 0.9514) 
(0.0164, 0.0836, 0.9836) 
(0.0000, 0.0000, 1.0000) 





FB 


OPWNFI OF WNIT OAR WNH 


(0.0000, 0.0000, 1.0000) 
(0.0000, 0.0000, 1.0000) 
(0.0000, 0.0000, 1.0000) 
(0.0000, 0.0000, 1.0000) 
(0.0000, 0.0000, 1.0000) 





(0.0001, 0.0008, 0.9999) 
(0.0000, 0.0000, 1.0000) 
(0.0000, 0.0000, 1.0000) 
(0.0000, 0.0000, 1.0000) 
(0.0000, 0.0000, 1.0000) 


(0.1118, 0.3502, 0.8882) 
(0.2525, 0.5650, 0.7475) 
(0.1847, 0.4785, 0.8153) 
(0.3815, 0.6648, 0.6185) 
(0.4364, 0.6850, 0.5636) 


(0.0000, 0.0000, 1.0000) 
(0.0000, 0.0000, 1.0000) 
(0.0000, 0.0000, 1.0000) 
(0.0000, 0.0000, 1.0000) 
(0.0000, 0.0000, 1.0000) 





Step 3 Aggregate the generated SNSs based on each fault type under each feature. Fuse the five stages 
of SNNs for each fault type under each feature with the SNWA operator, Equation (5). It is 
assumed that the weights (w) of the five SNNs are (0.20, 0.20, 0.20, 0.20, 0.20]. For example, 
the SNNs based on the fault type F; under feature C could be fused as follows: 


ayy = SNWA (aq, 071, 091,71, 031) 

= SNWA((0.0197, 0.0969, 0.9803), (0.0092, 0.0521, 0.9908), 
(0, 0, 1), (0, 0, 1), (0, 0, 1)) 

= (0.0058, 0.0000, 0.9942). 


The others are shown in Table 4. 


Table 4. The results of fusing the five SNNs of each fault type under each feature. 





Fault Type Cy C2 C3 Ca 
Fj (0.0058, 0.0000, 0.9942) (0.7200, 0.5868, 0.2800) (0.0203, 0.0000, 0.9797) (0.0252, 0.0008, 0.9748) 
i) (0.0004, 0.0000, 0.9996) (0.0000, 0.0000, 1.0000) — (0.0008, 0.0000, 0.9992) (0.0134, 0.0038, 0.9866) 
Fs (0.0000, 0.0000, 1.0000) — (0.0000, 0.0000, 1.0000) (0.2836, 0.5332, 0.7164) — (0.0000, 0.0000, 1.0000) 





Step 4 Aggregate the fused SNSs based on all features of each fault type. Fusing the SNNs is based 
on the four features of each fault type by the SNWA operator, Equation (5). In addition, it is 
supposed the weights (w) of the four SNNs are [0.25, 0.25, 0.25, 0.25]. For example, the SNNs 
based on fault type F, could be fused as follows: 


ay = SNWA(a41, 412,013, 014) 

= SNWA((0.0058, 0, 0.9942), (0.72, 0.5868, 0.28), (0.0203, 0, 0.9797), 
(0.0252, 0.0008, 0.9748)) 

= (0.2633, 0.0000, 0.7367). 


The others are shown in Table 5. 
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Table 5. The results of fusing the SNNs containing four features based on each fault type. 





Fault Type SNS 
Fy (0.2633, 0.0000, 0.7367) 
Fy (0.0030, 0.0000, 0.9970) 
F3 (0.0952, 0.0000, 0.9048) 


Step 5 Determine the fault type of the unknown fault sample. Finally, Table 5 can be regarded as an 
SNN fault diagnosis matrix which can be used to rank the three fault types via the defuzzification 
method (Equation (10)). The descendant ranks of the crisp numbers of the three fault types are 
shown in Table 6. 


Table 6. The ranks of the crisp numbers of three fault types. 


Fault Type Crisp Number Rank 





F, 0.263335 1 
Fy 0.003040 3 
F3 0.095221 2 


The above ranking results show that the fault type diagnosed by the proposed method is Fj, 
which is consistent with the true fault type. 

In addition, taking the distribution of the data of 5; under a certain feature, for instance, 
C3, and the distribution of the first stage’s data of each fault type under the identical feature as an 
example, the distribution figure is shown in Figure 6. As the figure shows, the maximum intersection 
points of the ordinate of distribution between S; and each fault type (F;) are marked with X, and the 
peak point of S;’s distribution is marked with X in the same way. Then, from the calculation formula 
of the membership degree (Equation (6)), it is clear that the membership of 5; to F; is the maximal 
one, which conflicts with the originally known information that Sj’s actual fault type is F,, and this 
situation is not rare. Therefore, the integration of multi-stage fault template data and the neutrosophic 
set is efficient and significant, and it fuses the conflicting information into coordinated information 
and obtains the correct diagnosis results. 
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Figure 6. The distribution of S; and the three fault types. 
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Moreover, the proposed method was used to verify the other two unknown fault samples, 
and these diagnosis results were also correct. The diagnosis result of the three unknown fault samples 
are shown in Figure 7, where the ordinate indicates the crisp number of the defuzzification result, 
and the abscissa indicates the fault types. As shown in this figure, the crisp numbers of the unknown 
fault sample of each fault type are plotted with a line chart. When the crisp number of an unknown 
fault sample for a certain fault type (F;) is maximal, the diagnosed fault type of the unknown fault 
sample is F;. 
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Figure 7. The diagnosis results of the three unknown fault samples. 


Compared with Xu’s method [54], which was used to diagnose three unknown fault samples 
(Sy, 52, $3), the proposed method was also applied to diagnose identical three unknown fault samples 
(S1, 52,53) to demonstrate the reasonableness of this proposed method. The diagnosis results are 
shown in Table 7. 


Table 7. Diagnosis results of the proposed method and Xu’s method. 














Rank of Fault Types 
Unknown Fault Mehod Diagnosis Result Validity 
Fl F2 F3 
S The proposed method 1 3 2 F, Correct 
1 Xu’ method [54] 1 3 2 Fy Correct 
S The proposed method 2 1 3 Fy Correct 
2 Xu’ method [54] 2 1 3 Fo Correct 
s The proposed method 3 2 1 P3 Correct 
7 Xu’ method [54] 3 2 1 Fs Correct 


From the diagnosis results in Table 7, it is concluded that the similar rankings for all fault types and 
diagnosis results indicates the practicality and effectiveness of the proposed method. Xu’s method [54] 
only applies to the minimum and maximum mean values of five stages of data, whose boundary 
rests with the several stages of data collected. However, it is widely admitted that each stage’s data 
would drift to a certain extent over a certain range, and the deviation of data due to the unsteadiness 
of the actual environment is one of most influencing causes in fault diagnosis results. It is difficult 
for Xu’s method [54] to express and deal with the uncertainty of multi-stage fault template data, 
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which the proposed method coped with appropriately due to the integration of multi-stage fault 
template data and the neutrosophic set. In adition, the crisp numbers fail to precisely express the 
information extracted from the data collected due to the unsteadiness of measuring the environment. 
The neutrosophic set, however, was able to accurately describe the uncertain phenomenon, as it gives 
consideration to both the uncertainty of fault types and the unknown fault sample. Most kinds of 
uncertain problems in the process of fault diagnosis, including uncertain information and inconsistent 
information could be handled well with the integration of multi-stage fault template data and the 
neutrosophic set. 


5. Conclusions 


In this paper, to deal with uncertain problems in fault diagnosis, a fault diagnosis method was 
developed by defuzzying the neutrosophic set obtained from multi-stage data. The focus of this 
method is the collection of data in multiple stages and the generation of SNS, which was expected 
to appropriately minimize the uncertainty of fault type information and unknown fault sample 
information. An illustrative example was provided in this paper, and the results of this example 
indicate that the proposed method can effectively diagnose the fault type of an unknown fault sample. 
This neutrosophic set based fault diagnosis method based on multi-stage fault template data not only 
handles the uncertainty of information collected in fault diagnosis well, but also provides a method for 
fault diagnosis where there are complicated corresponding relationships between multiple fault types 
and their features. It is both efficient and convenient when dealing with fault diagnosis problems. 
Further work will focus on the following directions. An appropriate method for the calculation of 
features’ weights based on the information collected is planned. In addition, for the convenience of 
calculation, the double aggregation of netrosophic sets may be simplified in future work. 
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1. Introduction 


In 1965, Zadeh introduced the concept of fuzzy set in which the degree of membership is expressed 
by one function (that is, truth or t). The theory of fuzzy set is applied to many fields, including fuzzy 
logic algebra systems (such as pseudo-BCI-algebras by Zhang [1]). In 1986, Atanassov introduced 
the concept of intuitionistic fuzzy set in which there are two functions, membership function (t) and 
nonmembership function (f). In 1995, Smarandache introduced the new concept of neutrosophic 
set in which there are three functions, membership function (t), nonmembership function (f) and 
indeterminacy /neutrality membership function (i), that is, there are three components (t, i, f) = 
(truth, indeterminacy, falsehood) and they are independent components. 

Neutrosophic algebraic structures in BCK/BCI-algebras are discussed in the papers [2-10]. 
Moreover, Zhang et al. studied totally dependent-neutrosophic sets, neutrosophic duplet semi-group 
and cancellable neutrosophic triplet groups (see [11,12]). Song et al. proposed the notion of generalized 
neutrosophic set and applied it to BCK/BCI-algebras. 

In this paper, we propose the notion of a commutative generalized neutrosophic ideal in a 
BCK-algebra, and investigate related properties. We consider characterizations of a commutative 
generalized neutrosophic ideal. Using a collection of commutative ideals in BCK-algebras, we obtain 
a commutative generalized neutrosophic ideal. We also establish some equivalence relations on the 
family of all commutative generalized neutrosophic ideals in BCK-algebras, and discuss related basic 
properties of these ideals. 


2. Preliminaries 


A set X with a constant element 0 and a binary operation * is called a BCI-algebra, if it satisfies 
(Vx,y,z € X): 
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(1) ((x*y)* (x*z))*(Z*y) =0, 
(Il) (x*(x*y))*y=0, 

(il) x*x =0, 

(IV) x*y=0,y*x=0 x= y. 








A BCI-algebra X is called a BCK-algebra, if it satisfies (Vx € X): 
(V) Oxx=0, 


For any BCK/BCI-algebra X, the following conditions hold (Vx, y,z € X): 


x*0=x, (1) 
xy D> KeZ SY *Z ZY SZ, (2) 
(x*y) *Z = (x*z)*Y, (3) 
(x¥*z) *(y*z) Say (4) 


where the relation < is defined by: x < y => x*y = O. If the following assertion is valid for a 
BCK-algebra X, Vx,y € X, 


xx (x¥y) =y* (y*x). (5) 


then X is called a commutative BCK-algebra. 
Assume I is a subset of a BCK/BCI-algebra X. If the following conditions are valid, then we call 
Tis an ideal of X: 


el, (6) 
(Vx € X) (Vy EI) (x*yel > xel). (7) 


A subset I of a BCK-algebra X is called a commutative ideal of X if it satisfies (6) and 
(Vx,y,z © X)((x*y)*zE1,zeEI > xx* (yx (y*x)) El). (8) 
Recall that any commutative ideal is an ideal, but the inverse is not true in general (see [7]). 


Lemma 1 ([7]). Let I be an ideal of a BCK-algebra X. Then I is commutative ideal of X if and only if it satisfies 
the following condition for all x,y in X: 


xxyeEl > x«(yx(yex)) El (9) 
For further information regarding BCK/BCI-algebras, please see the books [7,13]. 


Let X be a nonempty set. A fuzzy set in X is a function ps : X — [0,1], and the complement of 
H, denoted by p°, is defined by p°(x) = 1— p(x), Vx € X. A fuzzy set ps ina BCK/BCI-algebra X is 
called a fuzzy ideal of X if 


(Vx € X)(u(0) = pu(x)), (10) 
(Vx,y € X) (u(x) > min{p(x*y),H(y))}- (11) 


Assume that X is a non-empty set. A neutrosophic set (NS) in X (see [14]) is a structure of 
the form: 


A := {(x; Ar(x), Ar(x), Ar(x)) | x € X} 
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where Ar : X — [0,1], Ar: X — [0,1],and Ag : X > [0,1]. We shall use the symbol A = (Ar, Ay, Ar) 
for the neutrosophic set 


A:= {(x;Ar(x), Ar(x), Ag(x)) | x © X}. 
A generalized neutrosophic set (GNS) in a non-empty set X is a structure of the form (see [15]): 
A = {(x; Ar(x), Arr(x), Are(x), Ar(x)) | XS X, Arr(x) + Ajg(x) < 1} 


where Ar :xX- [0,1], Ag :xXx-> (0, 1] , AIT 1x (0, 1] ,and AIF 1X7 (0, 1] : 
We shall use the symbol A = (Ar, Arr, Aig, Ar) for the generalized neutrosophic set 


A = {(x; Ar(x), Arr(x), Are(x), Ag(x)) | xe X, Ayr (x) + Ajg(x) < 1}. 
Note that, for every GNS A = (Ar, Ayr, Arr, Arf) in X, we have (for all x in X) 


(Vx € X) (0 < Ar(x) + Arr(x) + Are(x) + Ar(x) < 3). 

















IfA= (Ar, AIT, AIF, Arf) is a GNS in X, then DA = (Ar, AIT, Abr, AS) and OA => (AG, Afr, 
Afr, Af) are also GNSs in X. 


Given a GNS A = (Ar, Air, Aig, Ar) in a BCK/BCI-algebra X and ar, arr, Br, Bre € [0,1], 
we define four sets as follows: 


U,y(T, ar) := {x € X | Ar(x) > az}, 
A(IT, arr) := {x € X | Arr(x) = arr}, 

La(F, Br) = {x € X| Ar(x) < Br}, 

AUF, Bir) := {x € X | Are(x) < Bir}. 


AGNS A = (Ar, Arr, Arg, Af) ina BCK/BCI-algebra X is called a generalized neutrosophic 
ideal of X (see [15]) if 


Ar(0) = Arz(x), Arr(0) > Ayr (x) 

(vx € X) ( Ajp(0) < Aye(x), Ap(0) < Ag(x) ) (12) 
Ar(x) > min{Ar(x* y), Ar(y)} 

(vx,y € X) Arr(x) > min{Arr(x * y), Arr(y)} a 


) 

( 
Arr(x) < max{Aje(x*y), Arr(y)} 
Ar(x) < max{Ap(x + y), Ar(y)} 
3. Commutative Generalized Neutrosophic Ideals 


Unless specified, X will always represent a BCK-algebra in the following discussion. 


Definition 1. A GNS A = (Ar, Ajr, Arg, Af) in X is called a commutative generalized neutrosophic ideal 
of X if it satisfies the condition (12) and 


Ar(x* (y * (y* x) 
Ayr (x * (y * (y 
Arr (x * (y* (y 
Ap (x * (y * (y *x) 


Example 1. Denote X = {0,a,b,c}. The binary operation * on X is defined in Table 1. 


> min{ Ar((x * y) *z), Ar(z)} 
> {Arr((x * y) *z), Arr(z)} 
< max{Ayp((x * y) *z), Are(z)} 
< max{Ap((x * y) *z),Ap(z)} 


B. 


x 
KX 
(Vx,y,z € X) (14) 
KX 


ewe YS a 
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Table 1. The operation “+”. 


a fa o| ¥ 
ara colo 
aon oo/a 
aooo|t 
ora o]a 


We can verify that (X,*,0) is a BCK-algebra (see [7]). Definea GNS A = (Ar, Ayr, Arp, Af) in X by 
Table 2. 


Table 2. GNS A = (Az, Ayr, Arg, Ar): 


X Ar(x) Arr(x) Are(x) Ar(x) 
0 0.7 0.6 0.1 0.3 
a 05 0.5 0.2 0.4 
b 03 0.2 0.4 0.6 
c 05 0.2 0.4 0.6 





Then A = (Ar, Arr, Arg, Af) is a commutative generalized neutrosophic ideal of X. 
Theorem 1. Every commutative generalized neutrosophic ideal is a generalized neutrosophic ideal. 


Proof. Assume that A = (Ar, Arr, Ar, Af) is a commutative generalized neutrosophic ideal of X. 
Vx,z € X, we have 


Ar(x) = Ar(x * (0* (0*x))) > min{Ar((x *0) *z), Ar(z)} = min{Ar(x *z), Ar(z)}, 


Arr(x) = Arr(x * (0 * (0* x))) > min{ Arr((x * 0) *z), Arr(z)} = min{ Arr (x * z), Arr(z)}, 


Ate (x) = Arg(x * (0 * (0 *x))) < max{Ajp((x * 0) *2z), Are(z)} = max{Ajp(x * Zz), Arg(z)}, 


and 














Ag(x) = Ag(x * (0 * (0* x))) < max{Ag((x *0) *z), Ag(z)} = max{Ap(x *z), Ar(z)}. 





Therefore A = (Ar, Arr, Arr, Af) is a generalized neutrosophic ideal. 











The following example shows that the inverse of Theorem 1 is not true. 
Example 2. Let X = {0,1,2,3,4} be a set with the binary operation * which is defined in Table 3. 


Table 3. The operation “+”. 








BoONrR OC] * 
BPwWNrRO!]O 
BwONOCC!]E: 
PWOOrO!N 
wooed! w 
ooo°c}jo| *® 


We can verify that (X,*,0) is a BCK-algebra (see [7]). We definea GNS A = (Ar, Arr, Arg, Af) in X 
by Table 4. 
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Table 4. GNS A = (Az, Ayr, Arg, Af): 





x Ar(x) Ayr (x) Arr (x) Arg(x) 
0 0.7 0.6 0.1 0.3 
1 0.5 0.4 0.2 0.6 
2 0.3 0.5 0.4 0.4 
3 0.3 0.4 0.4 0.6 
4 0.3 0.4 0.4 0.6 





It is routine to verify that A = (Ar, Arr, Arg, Ag) is a generalized neutrosophic ideal of X, but A is not 
a commutative generalized neutrosophic ideal of X since 


Ar(2* (3 * (3*2))) = Ar(2) = 0.3 7 min{Ar((2 *3) * 0), Ar(0)} 
and/or 
Ajp(2* (3 * (3 *2))) = Arp(2) = 0.4 £ max{ Ajp((2 * 3) * 0), Aze(0)}. 


Theorem 2. Suppose that A = (Ar, Ayr, Ajg, Af) is a generalized neutrosophic ideal of X. Then A = (Ar, 
Ayr, Arg, Af) is commutative if and only if it satisfies the following condition. 


Ar(x*y) < Ar(x* (y* (y*x))) 
Apr(x*y) < Apr(x * (y* (y*x))) (15) 
Ajp(x*y) > App(x* (y*(y*x))) Jo 


Ag(x*y) > Ar(x* (y* (y*x))) 


(Vx,y € X) 


Proof. Assume that A = (Ar, Arr, Air, Af) is a commutative generalized neutrosophic ideal of X. 
Taking z = 0 in (14) and using (12) and (1) induces (15). 

Conversely, let A = (Ar, Arr, Arr, Ar) be a generalized neutrosophic ideal of X satisfying the 
condition (15). Then 


Ar(x (y* (y*x))) 2 Ar(x*y) > min{Ar((x* y) *z), Ar(z)}, 


Arr(x * (y* (y*x))) = Arr(x*y) > min{ Arr((x * y) *z), Arr(z)}, 


Are (x * (y * (y*x))) < Are(x*y) < max{ Aye ((x * y) *z), Are(z)} 
and 
Ap(x* (y* (y*x))) < Ap(x* yy) S max{Ap((x * y) *z), Ar(z)} 


for all x,y,z € X. Therefore A = (Ar, Arr, Ajg, Af) is a commutative generalized neutrosophic ideal 
of X. 














Lemma 2 ([15]). Any generalized neutrosophic ideal A = (Ar, Arr, Arg, Ag) of X satisfies: 
Ar(x) 2 min{Ar(y), Ar(z)} 


Arr(x) = min{Ajr(y), Arr(z)} (16) 
Ajp(x) < max{Ajr(y), Are(z)} |” 
)} 


Ap(x) < max{Ar(y), Ap(z 
We provide a condition for a generalized neutrosophic ideal to be commutative. 


(Vx,y,z€X)|xxycz=> 
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Theorem 3. For any commutative BCK-algebra, every generalized neutrosophic ideal is commutative. 


Proof. Assume that A = (Ar, Arr, Aig, Af) is a generalized neutrosophic ideal of a commutative 
BCK-algebra X. Note that 


(x (y * (y*x))) * ((x#y) #2) #z = ((x* (y* (y* x))) #Z) * (x ¥Y) *2) 
< (x* (y* (y*x))) * (x*y) 
= (x* (x¥y)) * (y* (y*x)) =0, 


thus, (x * (y * (y* x))) * ((x*y) *z) < z,Vx,y,z € X. By Lemma 2 we get 


Ar(x* (y* (y*x))) = min{Ar((x * y) *z), Ar(z)}, 
Arr(x * (y * (y * x) 
Arp (x * (y * (y * x) 


Ag(x* (y* (y *x)) 


2 
> min{ Arr ((x * y) * Zz), Arr(z 


(z) 
max{ Ayp((x * y) *z), Are(Z) 
max{Ap((x * y) *z), Ag(z)}. 


}, 
) } 


z 


) 
)) 
) 
) 


< 
< 











Therefore A = (Az, Arr, Arr, Af) is a commutative generalized neutrosophic ideal of X. 


Lemma 3 ([15]). Ifa GNS A = (Ar, Arr, Arr, Ap) in X is a generalized neutrosophic ideal of X, then the 
sets U,(T, ar), Ua(IT, a7r), La(F, Br) and La(IF, Br) are ideals of X for all wr, wry, Be, Bre € [0,1] 
whenever they are non-empty. 





Theorem 4. Ifa GNS A = (Ar, Arr, Air, Af) in X is a commutative generalized neutrosophic ideal of X, 
then the sets U4(T, ar), Ua(IT, arr), La(F, Be) and La (IF, Bp) are commutative ideals of X for all xr, xyz, 
Be, Bre € [0,1] whenever they are non-empty. 


The commutative ideals U,4(T,ar), Ug(IT, arr), La(F,Br) and La(IF, Bz) are called level 
neutrosophic commutative ideals of A = (Ar, Ayr, Arg, Af). 


Proof. Assume that A = (Ar, Arr, Arr, Af) is a commutative generalized neutrosophic ideal 
of X. Then A = (Ar, Air, Arr, Ar) is a generalized neutrosophic ideal of X. Thus U,(T,«r), 
U,(IT, arr), La(F,Br) and La(IF, Bir) are ideals of X whenever they are non-empty applying 
Lemma 3. Suppose that x,y € X and x * y € U4(T, ar) N U,(IT, arr). Using (15), 


Ar(x* (y* (y*x))) = Ar(x*y) > ar, 
Arr(x* (y* (y*x))) > Arr(x*y) > arr, 


and so x * (y* (y*x)) € U4(T,ar) and x * (y* (y* x)) € Ua(IT, a7). Suppose that a,b € X and 
axb © La(IF, Birr) NLa(F, Be). It follows from (15) that Ayp(a* (b* (b*a))) < Arp(a* b) < Brp and 
Ag(a* (b*(b*a))) < Ap(a*b) < Br. Hence ax (b* (b*a)) € La(IF,Brr) and a*(b*(b*a)) € 
La(F, Br). Therefore Ua(T,ar), Ua(IT, arr), La(F,Br) and La(IF, Br) are commutative ideals 
of X. 














Lemma 4 ([15]). Assume that A = (Ar, Arr, Arr, Af) is a GNS in X and Ua(T, ar), UA(IT, e771), 
La(F, Be) and La(IF, Bir) are ideals of X, Var, QIT, Br, Bir E [0, 1]. Then A = (Ar, AIT, AIE, Ag) is a 
generalized neutrosophic ideal of X. 


Theorem 5. Let A = (Ar, Arr, Arp, Ag) bea GNS in X such that Ua(T, ar), Ua(IT, arr), La(F, Br) and 


La(IF, Bir) are commutative ideals of X for all wr, xr, Be, Bre € [0,1]. Then A = (Az, Arr, Are, Af) isa 
commutative generalized neutrosophic ideal of X. 
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Proof. Let a7, arr, Br, Bir € [0,1] be such that the non-empty sets U4(T, ar), Ua(IT, arr), La(F, Br) 
and La(IF, Bir) are commutative ideals of X. Then U4(T, ar), Ua (IT, arr), La(F, Br) and La (IF, Bir) 
are ideals of X. Hence A = (Ar, Arr, Arr, Af) is a generalized neutrosophic ideal of X applying 
Lemma 4. For any x,y € X, let Ar(x* y) = ar. Then x * y € U,(T, a7), and so x * (y* (y*x)) € 
Ua(T, ar) by (9). Hence Ar(x * (y* (y* x))) > ar = Ar(x * y). Similarly, we can show that 


(Wx, y € X)(Arr(x * (y* (y*x))) = Arr(x *y)). 


For any x,y,a,b,€ X, let Ar(x* y) = Br and Ajp(a*b) = Byp. Thenx *y € La(F, Br) andaxb € 
La(F, Bir). Using Lemma 1 we have x * (y * (y* x)) € La(F, Br) and a (b* (b*a)) € La(IF, Bir). 
Thus Ap(x*y) = Be > Ag(x* (y* (y* x))) and Aye(a*b) = Bip > Arp((a*b) *b). Therefore 
A = (Ar, Air, Aig, Af) is a commutative generalized neutrosophic ideal of X. 














Theorem 6. Every commutative generalized neutrosophic ideal can be realized as level neutrosophic 
commutative ideals of some commutative generalized neutrosophic ideal of X. 


Proof. Given a commutative ideal C of X, define a GNS A = (Ar, Arr, Arg, Ag) as follows 


arp ifxEC, arp ifxEC, 
A = A = 
r(x) { 0 otherwise, r(x) { 0 otherwise, 


Bir ifxeECc, Br ifxeCc, 
A = A = 
iF) { 1 otherwise, F(x) 1 otherwise, 


where w7,a;r € (0,1] and Br,Brr € (0,1). Let x,y,z € X. If (x*y)*z € Candz € CG, 
then x * (y * (y*x)) € C. Thus 


Ar(x* (y* (y*x))) =ap = min{Ar((x * y) *z), Ar(z)}, 
Arr (x * (y * (y* x))) = app = min{ Ayr((x * y) *z), Arr(z)}, 
Arr (x * (y * (y* x))) = Bir = max{ Ajp((x * y) *z), Are(Z)}, 
Ag(x* (y* (y*x))) = Be = max{Ap((x *y) * 2), Ag(z)}. 


Assume that (x * y) *z ¢ Candz ¢ C. Then Ar((x * y) *z) =0, Ar(z) = 0, Arr((x* y) *z) =0, 
Ayr(z) = 0, Are((x * y) *z) = 1, Are(z) = 1, and Ap((x * y) *z) = 1, Af(z) = 1. It follows that 


N 








Ar(x* (y* (y*x))) = min{Ar((x* y) *z), Ar(z)}, 
Arr (x * (y* (y*x))) = min{Arr((x* y) *z), Arr(z)}, 
Arr (x* (y* (y*x))) < max{Aje((x * y) #2), Arr(z)}, 
Ag(x * (y* (y*x))) < max{Ag((x * y) *z), Ag(z)}. 


If exactly one of (x * y) * z and z belongs to C, then exactly one of Ar((x * y) *z) and Ar(z) is 
equal to 0; exactly one of Arr((x * y) *z) and A;r(z) is equal to 0; exactly one of Ar((x * y) * z) and 
Ag(z) is equal to 1 and exactly one of Ajr((x * y) *z) and Ajp(z) is equal to 1. Hence 


Ar(x* (y* (y*x))) = min{Ar((x* y) *z), Ar(z)}, 
Ayr (x * (y* (y*x))) = min{Apr((x * y) *z), Arr(z)}, 
Arg(x* (y* (y*x))) < max{Ajp((x * y) *Z), Arg(z)}, 
A(x * (y* (y*x))) < max{Ag((x* y) *z), Ar(z)}- 


It is clear that Ar(0) > Ar(x), Arr(0) > Arr(x), Arp(0) < Azp(x) and Af(0) < Ap(x) for all 
x € X. Therefore A = (Ar, Arr, Arr, Af) is a commutative generalized neutrosophic ideal of X. 
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Obviously, U4(T, ar) = C, Ug(IT, arr) = C, La(F, Br) = C and La(IF, Bir) = C. This completes 
the proof. 














Theorem 7. Let {C; | ¢ € A} be a collection of commutative ideals of X such that 


(Q) X= UC, 
teA 


(2) (Vs,tE A)(s>t — > CCC) 


where A is any index set. Let A = (Ar, Arr, Arr, Ar) bea GNS in X given by 


(17) 


(vx é x) ( Ar(x) = sup{t EA | x€E Cr} = Arr (x) ) 


Arg (x) = inf{t EA | xE Cr} = Ag(x) 
Then A = (Ar, Arr, Arr, Af) is a commutative generalized neutrosophic ideal of X. 


Proof. According to Theorem 5, it is sufficient to show that U(T,t), U(IT,t), L(F,s) and L(IF,s) are 
commutative ideals of X for every t € [0,Ar(0) = Ayr(0)| ands € [Aye(0) = Af(0), 1]. In order to 
prove U(T,t) and U(IT,t) are commutative ideals of X, we consider two cases: 


(i) t=sup{qge A|q<t}, 
(ii) tA sup{qe A|q<t}. 
For the first case, we have 


x € U(T,t) <=> (Wq < t)(x € Cy) —e x E (Cy, 


q<t 
x € U(IT,t) => (Vq < t)(x € Cy) =e x E (Cy. 
q<t 
Hence U(T,t) = (Cy = U(IT,t), and so U(T,t) and U(IT,f) are commutative ideals of X. 
q<t 
For the second case, we claim that U(T,t) = ¥ or = U(IT,t). Ifx € iS Cr then x € Cj, for 


some q > ft. It follows that A;r(x) = Ar(x) > q > t and so that x € u(r, t) and x € U(IT,t). 
This shows that be he C U(T,t) and be he C U(IT,t). Now, suppose x ¢ be eae Then x ¢ Cy, Vq > t. 


Since t nce = ‘A | q < t}, there ae € > Osuch that (t—¢,t)N A= . Thus x€Cy,Vq>t—e, 

this means that if x € Cy, theng < t—e. So Ajr(x) = Ar(x) < t—e < t,andsox ¢ U(T,t) = 

U(IT,t). Therefore U(T,t) = U(IT,t) C U Cy. Consequently, U(T,t) = UUIT,t) = U Cy which 
qat qt 


is a commutative ideal of X. Next we show that L(F,s) and L(IF,s) are commutative ideals of X. 
We consider two cases as follows: 

(iii) s = inf{r € A|s <r}, 

(iv) s Ainf{r € A|s <r}. 


Case (iii) implies that 


x € L(IF,s) = > (Vs <r)(x €C,) = x€ (\Cr, 


s<r 


x €U(F,s) => (Vs <r)(x EC) => x E (CG. 


s<r 


It follows that L(IF,s) = L(F,s) = (\C;, which is a commutative ideal of X. Case (iv) induces 
s<r 

(s,s +e) NA = @ for some e > 0. If x € UC,, then x € C; for some r < s, and so Ajp(x) = Ag(x) < 
s>r 


r<s,thatis, x € L(IF,s) and x € L(F,s). Hence UC, C L(IF,s) = L(F,s). Ifx ¢ UC,, then x ¢ C, 
s>r s>r 
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for all r < s which implies that x ¢ C; for allr < s+, thatis, if x € C, thenr > s+e. Hence Ajp(x) = 
Ap(x) >s+e>s,andsox ¢ L(Ajpf,s) = L(Ag,s). Hence L(Ajp,s) = L(Ag,s) = UC; whichis a 


s>r 














commutative ideal of X. This completes the proof. 


Assume thta f : X — Y isa homomorphism of BCK/BCI-algebras ([7]). For any GNS A = (Ar, 
Arr, Ar, Ar) in Y, we define anew GNS Af = (Af, Af, Af, Af) in X, which is called the induced 
GNS, by 


Ab(x) = Ar(f(x)), Afp(x) = Arr(F(2)) ) . (18) 


Alp (x) = Ar(f(x)), A(x) = Ar(f(x)) 
Lemma 5 ([15]). Let f : X — Y be a homomorphism of BCK/BCI-algebras. Ifa GNS A = (Az, Alt, Alg, 


Ag) in Y is a generalized neutrosophic ideal of Y, then the new GNS Af = (Af, Abn, Al, Af) in X isa 
generalized neutrosophic ideal of X. 


(Vx € X) ( 


Theorem 8. Let f : X — Y be a homomorphism of BCK-algebras. Ifa GNS A = (Ar, Arr, Air, Af) in Y 
is a commutative generalized neutrosophic ideal of Y, then the new GNS Af = (Af, Ab, At, Af) in X isa 
commutative generalized neutrosophic ideal of X. 


Proof. Suppose that A = (Ar, Ayr, Arr, Af) is a commutative generalized neutrosophic ideal of Y. 
Then A = (Ar, Arr, Air, Af) is a generalized neutrosophic ideal of Y by Theorem 1, and so Af = (Af, 
Abn, Ate, Af) is a generalized neutrosophic ideal of Y by Lemma 5. For any x,y € X, we have 


Abn (x * (y* (yx) = Arr 
= Air 
> Air 


= Air 


Qaans 


Al, (x* (y* (y*x))) = Arr 








ll 

> 

2 

ba | 
Qags 

& 

* 


and 














Therefore Af = ( AL, Abn Ate, Af) is a commutative generalized neutrosophic ideal of X. 
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Lemma 6 ([15]). Let f : X — Y be an onto homomorphism of BCK/BCI-algebras and let A = (Ar, Arr, 
Arr, Ag) bea GNS in Y. If the induced GNS Af = (Af, At, At, Af) in X is a generalized neutrosophic 
ideal of X, then A = (Ar, Ayr, Arg, Af) is a generalized neutrosophic ideal of Y. 


Theorem 9. Assume thta f : X —> Y is an onto homomorphism of BCK-algebras and A = (Ar, Ajr, Arg, 
Ar) is a GNS in Y. If the induced GNS Af = (Af, A Al, Af) in X is a commutative generalized 
neutrosophic ideal of X, then A = (Ar, Arr, Arg, Ag) is a commutative generalized neutrosophic ideal of Y. 


Proof. Suppose that Af = (Af, Al, At, Af) is a commutative generalized neutrosophic ideal of 


X. Then Af = (At, re At, Af) is a generalized neutrosophic ideal of X, and thus A = (Ar, Air, 
Arr, Af) is a generalized neutrosophic ideal of Y. For any a,b,c € Y, there exist x,y,z € X such that 


f(x) =a, f(y) = band f(z) =c. Thus, 
Ar(ax (b* (b*a))) = Ar(f(x) * (FY) * (FY) * F(X)))) = Ar (F(x * (y * (Y* x)))) 
= Af(x (y+ (yx) > AP(x*y) 
= Ar(f(x) * f(y)) = Ar(a*b), 


R 


Arr (a (b* (ba) = Arr(f(x) * (Fy) * (Fly) * (x)))) = Arr(f(a (y* (y*x)))) 
= Af, (x (y* (y*x))) > Af (x#y) 
= Arr(f (x) * f(y)) = Arr(a*b), 


R 


Aje(a* (b* (b*a))) = Ape(f (x) * (f(y) * FY) * F(x)))) = Aref (x * (y* (y* x)))) 
= Af, (x (y* (y*x))) < Afp(x*y) 
= Ajg(f(x) * f(y)) = Are(a* 6), 


R 








R 


and 


Ap(a* (bx (b*a))) = Ap( f(x) * (f(y) * (Fly) *f(x)))) = Arf (x * (y* (y*x)))) 
= Arles ys ye) < Aery) 
Ar (f(x) * f(y)) = Ar(a*b). 


It follows from Theorem 2 that A = (Ar, Arr, Aig, Af) isa commutative generalized neutrosophic 
ideal of Y. 














Let CGNI(X) denote the set of all commutative generalized neutrosophic ideals of X and t € [0,1]. 
Define binary relations Uf, Uf, LE and LL, on CGNI(X) as follows: 


(A,B) € UE <= Uag(T,t) = Up(T,t), (A,B) € Uf, = Ua(IT,t) = Up(IT,*), 


(A,B) € Le > La(E,t) =La(E,t), (A,B) € Llp & La(IE,t) = La(IE,#) a 


for A = (Ar, Alt, AIE, Ag) and B = (Br, Byr, Big, Br) in CGNI(X). Then clearly Ur, Ur, LE 
and Lt, are equivalence relations on CGNI(X). For any A = (Ar, Arr, Arp, Az) € CGNI(X), 
let [Alu (resp., [Alu [A]it and [Ali .) denote the equivalence class of A = (Ar, Arr, Arr, AF) 
modulo Uf, (resp, Ul}, Li, and Li,). Denote by CGN1(X)/U (resp., CGNI(X)/U}p, CGNI(X)/Li 
and CGNI(X)/ Lip) the system of all equivalence classes modulo ui (resp, Ulr, Li and Li); so 


CGNI(X)/Ur = {[A]yt | A = (Ar, Arr, Are, Ar) € CGNI(X)}, (20) 
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CGNI(X)/Ujr = {[Alus, | A = (Ar, Arr, Ar, Ar) € CGNI(X)}, (21) 
CGNI(X)/Lp = {[A]p: | A = (Ar, Arr, Arr, Ar) € CGNI(X)}, (22) 

and 
CGNI(X)/Lip = {[A]zt, | A = (Ar, Arr, Arr, Ar) € CGNI(X)}, (23) 


respectively. Let CI(X) denote the family of all commutative ideals of X and let t € [0,1]. Define maps 


ft: CGNI(X) > CI(X)U{@}, Aw U,(T,F), (24) 

gt: CGNI(X) > CI(X)U {O}, At U,(IT, 1), (25) 

a, : CGNI(X) > CI(X) U{O}, Ar L,(F,6), (26) 
and 

Br: CGNI(X) > CI(X) U{@}, Ar La(IE,f). (27) 


Then the definitions of f, g+, a and B; are well. 


Theorem 10. Suppose t € (0,1), the definitions of ft, g+, a: and Bt are as above. Then the maps ft, gt, x: and 
Bt are surjective from CGNI(X) to CI(X) U {@}. 


Proof. Assume t € (0,1).We know that 0. = (07, 0;7,11¢,1£) isin CGNI(X) where 07, Orr, 172 and 1g 
are constant functions on X defined by Or(x) = 0, Orr(x) = 0, 1yf(x) = 1 and 1f(x) = 1 forall x € X. 
Obviously f;(0.) = Uo. (T,t), g:(O.) = Up_ (IT, t), a:(0.) = Lo_(F,t) and 6;(0.) = Lo_ (IF, t) are 
empty. Let G(# ©) € CGNI(X), and consider functions: 


1 ifx-éeG, 
Gr: X— [0,1], Gr { 0 otherwise, 


1 ifxeG, 


Cees { 0 otherwise, 


GriX [01], Go { t hata 


otherwise, 
and 


0 ifxeG, 


Grp: X > [0,1], Gr { 1 otherwise. 


Then Gy = (Gr,Gr;r,Gre,Gpr) is a commutative generalized neutrosophic ideal of X, and 
fi(Gr) = Uc_(T,t) =.iG, gt(Gr) = Uc_(IT,t) =G, a(Gr) = Lo. (F,t) = Gand Br(Gx) = 
Lc_(IF,t) = G. Therefore ft, 9+, a: and B; are surjective. 














Theorem 11. The quotient sets 


CGNI(X)/Uf, CGNI(X)/U};, CGNI(X)/L and CGNI(X)/Li¢ 


154 


Symmetry 2018, 10, 350 


are equipotent to CI(X) U {@}. 


Proof. For t € (0,1), let ff (resp, gf, af and Bf) be a map from CGNI(X)/Uf 
(resp., CGNI(X)/Ut,, CGNI(X)/Lt and CGNI(X)/Lt,) to CI(X) U {@} defined by f* ([Alus) = 


f(A) (resp., gf ([Aluz,) = ge(A) , af ([Alip) = a4(A) and BF ([A]zs,) = Br(A)) for all A = (Ar, 
Arr, AIE, Ap) €E CGNI(X). If U,(T,t) = Up(T,t), U,(IT,t) = Up(IT,t), La(F,t) = Lp (F,t) 
and La(IF, t) = Lg(IF,t) for A = (Az, Alt, AIE, Ag) and B = (Br, Brr, Be, Bre) in CGNI(X), 
then (A,B) € Uf, (A,B) € Uj,, (A,B) € Lh and (A,B) € Li,. Hence [Alu = [Blut (Alu: = (Blu, 
[A}re = [Blt and [A]re. = [Blt Therefore f;' (resp, gf, af and f/f) is injective. Now let 
G(4 @) € CGNI(X). For Gy = (Gr, Grr, Gz, Ge) € CGNI(X), we have 


fi (IG-lus) = f(G-) = Uc. (Tt) = G, 
gt ([G~luy,.) = g+(G~) = Uc_(IT,t) = G, 


of ([Gu]y,) = a1(G.) = Le (Ft) =G 
and 
Bi (IGuluj,) = Br(G~) = Le. (IF) = G. 


Finally, for 0. = (Or, Orr, 11¢,1f) € CGNI(X), we have 


ff (IO-lup) = fe(O~) = Uo.(T. t) =@ 
gi ([0Jur,) = gr(0~) = Uo.(IT, t) = @, 


at ([0~1.:) = a;(0.) = Lo (F,t) =@ 
and 


Br ([0~1s..) = By(0~) = Lo_ (IF, t) = @. 











Therefore, f;* (resp, g;, af and B7) is surjective. 





Vt € [0,1], define another relations R' and Q' on CGNI(X) as follows: 
(A,B) ER! & Uag(T,t)OLa(E,t) = Up(T,t) OLB(E, t) 
and 
(A,B) € Q' & Ua(IT,t) LACIE, t) = Ug(IT, t) N La(IF, t) 


for any A = (Ar, Arr, Aj, Af) and B = (Br, Byr, Br, Bg) in CGNI(X). Then R‘ and Q! are 
equivalence relations on CGNI(X). 
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Theorem 12. Suppose t € (0,1), consider the following maps 
gt: CGNI(X) > CI(X) U {OD}, Ar f(A) Na4(A), (28) 
and 
$s CGNI(X) 3 CI(X) U{O}, Ars @(A)N B,(A) (29) 
for each A = (Ar, Arr, Arr, Ar) € CGNI(X). Then gy; and yy are surjective. 
Proof. Assume f € (0,1). For OJ = (07, 0;7,17¢,1r) € CGNI(X), 
gr(O~) = fr(OrV) Nas(OV) = Uo. (T,t) A Lo. (F,t) = @ 
and 
Yr(O~) = gt(O~) A Be(O~) = Uo. (IT, t) N Lo. (IF, t) = O. 
For any G € CI(X), there exists GU = (Gr, Grr, Grp, Ge) € CGNI(X) such that 
pr(Gr) = fi(Ge) Nat(G~) = Ug_(T, t) OLe_(F,t) = G 
and 


Pr(G~) = 8t(Gr) N Br(Gr) = Ug_ (IT, t) NLg_ (IF, t) = G. 











Therefore g; and y; are surjective. 





Theorem 13. For any t € (0,1), the quotient sets CGNI(X)/R' and CGNI(X)/Q¢' are equipotent to 
CI(X) U {@}. 


Proof. Let t € (0,1) and define maps 

gy : CGNI(X)/R’ > CI(X) U{@}, [A] (A) 
and 

pt : CGNI(X)/Q‘ > CI(X) U {@}, [A]gr + oi(A). 

If 9} ([A]gt) = @f ([B] ae) and y} ([Alor) = yt ({Blg.) for all [A]gr, [Bl pe € CGNI(X)/Rt and 
[A]ge, [Blot E CGNI(X)/Q', then f;(A) N a:(A) => fi(B) ial a1(B) and (A) N Br (A) = gt(B) M Br (B), 
that is, Ua(T,t) WL4(E,t) = Up(T,t) A La(E,t) and U4 (IT, t) A La(IE,t) = Up(IT,t) A Lp(IE,t). 
Hence (A,B) € R', (A,B) € Q'. So [Ala = [Blrt, [Ale = [Ble, which shows that gj and yy are 
injective. For 0. = (07,077,117, 1p) € CGNI(X), 

Pt (O~] Rt) = pr(Or) = fr(Or) NM ar(O~) = Uo. (Or, t) A Lo. (Ir, t) = D 
and 
YF ([O-1o:) = Yew) = ge(0~) 9 Br(O~) = Uo..Orr,#) MLo.. (Are, #) = @. 
If G € CI(X), then G. = (Gr, Gyr, Giz, Gr) € CGNI(X), and so 


9 ([Gr] ae) = pr(Gr) = fr(Gr) Nate(Gr) = Ue_ (Gr, t) NL, (Gz, t) = G 
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and 


YF ([G-lgt) = pe(Ge) = ge(G~) 9 Br(Ge) = Us. (Grr, t) MLc.. (Gir, t) = G. 











Hence 9; and yp; are surjective, and the proof is complete. 





4. Conclusions 


Based on the theory of generalized neutrosophic sets, we proposed the new concept of 
commutative generalized neutrosophic ideal in a BCK-algebra, and obtained some characterizations. 
Moreover, we investigated some homomorphism properties related to commutative generalized 
neutrosophic ideals. 

The research ideas of this paper can be extended to a wide range of logical algebraic systems such 
as pseudo-BCI algebras (see [1,16]). At the same time, the concept of generalized neutrosophic set 
involved in this paper can be further studied according to the thought in [11,17], which will be the 
direction of our next research work. 
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Abstract: Competition among different universities depends largely on the competition for talent. 
Talent evaluation and selection is one of the main activities in human resource management (HRM) 
which is critical for university development. Firstly, linguistic neutrosophic sets (LNSs) are introduced 
to better express multiple uncertain information during the evaluation procedure. We further merge 
the power averaging operator with LNSs for information aggregation and propose a LN-power 
weighted averaging (LNPWA) operator and a LN-power weighted geometric (LNPWG) operator. 
Then, an extended technique for order preference by similarity to ideal solution (TOPSIS) method 
is developed to solve a case of university HRM evaluation problem. The main contribution and 
novelty of the proposed method rely on that it allows the information provided by different decision 
makers (DMs) to support and reinforce each other which is more consistent with the actual situation 
of university HRM evaluation. In addition, its effectiveness and advantages over existing methods 
are verified through sensitivity and comparative analysis. The results show that the proposal is 
capable in the domain of university HRM evaluation and may contribute to the talent introduction 
in universities. 


Keywords: linguistic neutrosophic sets; multi-criteria group decision-making; power aggregation 
operator; extended TOPSIS method 





1. Introduction 


Human resource management (HRM) refers to a process of hiring and developing employees to 
enhance the core competitiveness of an organization [1]. Acting as the root of national competitiveness, 
a success in HRM may bring benefit to both the organization and employee well-being; thus, effective 
HRM has received a higher demand and recognition during the 21st century. Over the past three 
decades, theory and research on HRM has made considerable progress in various fields, such as 
tourism industries, health services and universities [2-5]. For example, Zhang et al. [5] investigated a 
case of HRM for teaching quality assessment using a multi-criteria group decision-making (MAGDM) 
framework. This framework aimed to improve the teaching quality of college teachers and further 
enhance the competitiveness of colleges and universities. Apart from the classroom teaching quality 
evaluation problems in universities, talent introduction also plays a significant role in universities’ 
HRM. Particularly, selecting or evaluating these applicants by inappropriate methods may lead 
to a failure in HRM and even influence the overall efficiency of the university. Since various 
applicants and influential criteria are usually involved in the evaluation procedures of HRM by several 
decision makers (DMs), the evaluation should be recognized as a multi-criteria group decision-making 
(MCGDM) problem. 


Symmetry 2018, 10, 364; doi:10.3390/sym10090364 159 www.mdpi.com/journal/symmetry 


Symmetry 2018, 10, 364 


The theory of fuzzy set (FS) can handle uncertainty and fuzziness. The neutrosophic set (NS) [6] 
was initially proposed to express membership, nonmembership and indeterminacy, which is a 
generalization of FS [7]. Later, many extensions emerged to tackle real engineering and scientific 
problems [8], among which the popularly used forms are the simplified neutrosophic set (SNS) [9] 
and the single-valued trapezoidal neutrosophic set (SVTNS) [10-12]. These extensions have been 
successfully applied in various domains, including green product development [13], outsourcing 
provider selection [14], clustering analysis [15,16]. 

However, on some real occasions, people may tend to provide their evaluation information using 
natural languages rather than the above extensions which are too complex to obtain. For example, 
people can give some linguistic terms like “excellent”, “medium” or “poor” to evaluate the performance 
of a company staff based on various criteria. Moreover, it may be also difficult for a single person 
to evaluate all alternatives under each influential aspect due to the high complexity of decision 
environments. Therefore, the linguistic MCGDM under fuzzy environments has received extensive 
research attention and gained many excellent results [17]. Up to now, various extensions have been 
studied in depth to describe linguistic information, such as hesitant fuzzy linguistic term set and 
some of its extended forms [18-22], linguistic intuitionistic fuzzy set (LIFS) [23,24], Z-number [25], 
and probabilistic linguistic term set [26,27] etc. However, the drawback of these extensions for 
linguistic MCGDM is that they cannot cover the inconsistent linguistic decision information which 
will appear with increasing complexity of the internal and external decision-making environments. 
Another example is that when one DM was asked to give some evaluations on a teacher from overseas 
under the aspect teaching skill, the DM may describe his or her bad judgments on the teaching 
attitude but the good or neutral aspects of the teacher’s teaching capacity and teaching method as well. 
An example of that can be seen from the evaluation: “The teacher is rather average in writing and oral 
language, and he is able to tailor his teaching method to different students. But my only complaint 
is that the teacher is a little strict in teaching attitude”. It can be noted that the above evaluation 
includes positive, neutral and negative information all at once. Therefore, this poses a great challenge 
for linguistic MCGDM methods on how to capture such inconsistent information. 

To tackle the above problem, Fang and Ye [28] proposed the linguistic neutrosophic set (LNS), 
which was generalized from the concept of LIFS [23,24]. By contrast, one LNS is represented by three 
independent functions of truth-membership, indeterminacy-membership, and falsity-membership in 
the form of linguistic terms. Thus, the LNS has its prominent advantages in depicting inconsistent 
and indeterminate linguistic information, and several scholars have extended the LNS in several 
aspects, such as aggregation operators and similarity (or distance) measures. Li et al. [29] introduced a 
linguistic neutrosophic geometric Heronian mean (LNGHM) operator and a linguistic neutrosophic 
prioritized geometric Horonian mean (LNGHM) operator. Fan et al. [30] merged the LNSs with 
Bonferroni mean operator and proposed a linguistic neutrosophic number normalized weighted 
Bonferroni mean (LNNNWBM) operator and a linguistic neutrosophic number normalized weighted 
geometric Bonferroni mean (LNNNWGBM) operator. Shi and Ye [31] introduced two cosine similarity 
measures of LNSs to tackle MCGDM problems. Liang et al. [32] defined several distance measures of 
LNS and presented an extended TOPSIS method under the LNS environment. 

To facilitate the mathematical operation, several quantification tools of natural language have 
been introduced, such as 2-type [33], triangular (or trapezoidal) fuzzy number [34,35], cloud model [36] 
and symbol model [37,38]. These models have greatly contributed to the ease of computation for 
linguistic information; however, they cannot cover all types of problems and have some limitations to 
be addressed. To tackle the limitations of prior research, Wang et al. [39] introduced a series of linguistic 
scale functions (LSFs) for converting linguistic information into real numbers. Through this model, 
flexibility of modeling information has been greatly enhanced by considering different semantic 
situations and loss and distortion of information has been mitigated to a great extent. Thus, we apply 
the LSPs to tackle linguistic neutrosophic information in this paper. 
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The power averaging (PA) operator, proposed by Yager [40], has been used as one effective 
information aggregation tool in solving MCDM [41-43] problems since its appearance. Unlike other 
common aggregation tools, such as weighted averaging [44] and ordered weighted averaging [45,46], 
which implicate the independent hypothesis among inputs. The PA operator allows the information 
between inputs to support and reinforce each other. In the HRM evaluation problems, it is very suitable 
for PA operator to integrate evaluation information of different teams of DMs, as these DMs are not 
completely independent and the PA operator can measure their support degree among one another. 

TOPSIS method was first presented by Huang and Yoon [47]. It considered that the better scheme 
would be closer to ideal solution [48]. Due to the inevitable vagueness inherent in decision information, 
fuzzy TOPSIS and its extensions have been deployed [49-51] in real world applications. Considering 
the advantages of this method, an extended TOPSIS technique is introduced to evaluate alternatives. 

As discussed above, our study developed an integrated method by combining PA operator 
with LNSs and constructing an extended TOPSIS technique to tackle the university HRM evaluation 
problem. The novelties and contributions of the proposal are listed as following. (1) New algorithms 
for LNNs based on LSFs is defined, which can reflect differences between various semantics. 
(2) Based on LSFs and the new operations, a generalized distance measure for LNNs is introduced, 
which can be reduced to Hamming distance and Euclidean distance of LNNs. The proposed distance 
measure is more flexible than prior studies because of the application of LSFs and novel operations. 
(3) Considering the fact that DMs in case of university HRM evaluation may support each other, 
this paper merges the PA operator with LNSs to tackle information fusion. The proposed method can 
improve the adaptability of LNNs in real decision. 

The context in the rest of this paper is as follows: Section 2 defines some operations and distance 
measurements of LNSs. Section 3 proposes two aggregation operators for LNSs and investigates their 
properties. Next, the detailed procedures for a linguistic MCGDM problem are given in Section 4. 
Then, a case of university HRM evaluation problem verifies the feasibility and validity of our method 
in Section 5. Finally, Section 6 presents the conclusion and future work. 


2. New Operations and Distance Measure for LNNs 


After introducing the concepts of linguistic term set (LTS) and LNS, this section defines some 
new operations and a distance measure for LNNs based on the Archimedean t-norm and t-conorm. 
For better representation, some preliminaries about LSFs and the Archimedean t-norm and t-conorm 
are provided in Appendix A and Appendix B, respectively. 


2.1. Linguistic Neutrosophic Set 


H = {h,|t =0,1,--- ,2t,t © N*} isa discrete term set, which is finite and totally ordered. Herein, 
N* presents a positive integers’ set, h; is the value of a linguistic variable. Thus, the linguistic variable 
h, in H meets the following two properties [34]: (1) The LTS is ordered: h; < hy if and only if t < v, 
where (hz, hy € H); and (2) With existing of a negation operator neg(hr) = hot) (t,v =0,1,--+ ,2t). 

In order to preserve as much of the given information and avoid information loss, Xu [52] 
extended H = {h;|t =0,1,--- ,2t} into a continuous LTS H = {h;|1 < t < L}, which satisfies the 
properties of discrete term set H. When h; € H, hz is called the original linguistic term; otherwise, 
h, is called the virtual linguistic term. 


Definition 1 ([28,29]). Let X be a universe of discourse and H = {hg|ho < hy < hoz,0 € [0,2¢] }, and the 
LNSs can be defined as follows: 


a= {(x,hp,(x), h(x), he, (x))|x EX}, (1) 


where 0 < Ty +Ig+Fy < 6¢ and the values hp,(x),hy,(x),h, (x) € H represent the degrees of 
truth-membership, indeterminacy-membership, and falsity-membership, respectively. 
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Noteworthy, if there contains only one element in X, @ is called a LNN, for notational simplicity, 
it can be denoted by @ = (hr,,hy,,hp,). 


2.2. New Operations for LNNs 


According to the LSFs in Appendix A and the Archimedean t-norm and t-conorm presented in 
Appendix B, some novel operations for LNNs are defined as follows. 


Definition 2. Let aq = (ht, hry, hg.) and b = (ietys tae; ) be two arbitrary LNNs, and € > 0; then the 
operations for LNNs are defined as follows: 


aA@b *—1 f* (lrg) +f" (hr) 4-1 f(g) +F* (Ing) *—1 fi (te,) +f" (ite, ) ‘ 
(1) aa = (4 (2 *(hr, )f* tah (pete, )) f 1+(1-f*(he,)) 1-f*(he)) if 


























#))( 
— ect f' (lit) +f (Ier,) al f (lg) +F* (In) wal flies) +h (ie) \\ 
(2) a@b (7 (= +(0-F (hr) )G- f(r.) if af (hn) FP (n,) | (i, )F (i) if 1+ f*(lig) (Iz, ) ; 
[gual (+f (lng) =(0-F' (lg) pat (___20F* 0) 6 of 2UF*(tm))6 
6) @ (7 (eet +P ree) F (= Fy lrmae)F = momar) 
- _ wa 2m) gaa (tf (hn) 0-F(m))! 
me (7 'z Flin, HFC a? (aie x): 





1 CAF (tg) -C-F (tmg))®) 
f ( ere yan 


(5) neg(@) = (hp,, 1 —Ny,,hr,). 


— 


Example 1. Let H = {ho,!y,hg,hg,h4,hs,he} ={very poor, poor, slightly poor, fair, slightly good, 
goad, ae @ = (h3,hz,h2), b = (hy,h3,h3), and € = 2, ifa = 14, and fi(hy) = Oy = 
= (x = 0,1,--- ,2t). The calculated results are as follows: 

(1) @@b = (Ia29,h375,h3.75); 

(2) 7@b = (Itg.75,h4.29,h4.29); 

(3) a = (hag, lo.s6, ho.46); and 

(4) = (h1.2,h3,6,h36). 


Theorem 1. Let a, b, and C be three LNNs, and € > 0; then the following equations are true: 
(1) 7@b=b0a; 

Q) (aob) et=70 (b@2); 

(3) @@b=b8aG; 

(4) (@ab @t=78 (ba); 

(6) ¢a@¢b=C(b@a); and 


(6) (aab)° =i @bs. 


’ 


S 
as 


Theorem 1 holds according to Definition 2, so the proof is omitted here. 
2.3. Distance between Two LNNs 


Definition 3. Let aq = (ht, hi, he,) and b = (iit, ha he, ) be two arbitrary LNNs, f* is a LSF. Then, 
the generalized distance measure between @ and b is defined as follows: 
tae 1 
a(@b) = 3( 


f(r) — f° (hg) [+ [Pe eag) —F* (hy) | + 











f(b) —F(t5)[) Q) 
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When A = 1, the above distance measure can be reduced to the Hamming distance; when A = 2, it can be 
reduced to the Euclidean distance. We can see that Equation (2) is a generalized form of distance measure. 


Theorem 2. Let @ = (hr,,hy,,hz,), b= (iin, Ihe, ) and ¢ = (hr, hy,, hg.) be three arbitrary LNNs, then, 
the following properties are required for the generalized distance measure in Definition 3. 


(1) d(a,b) > 0; 
(2) d(a,a) =0 
(3) d( 


Gb) = Alb, a); and 
(4) d(a,e) < d(a,b) + d(b,2). 


Theorem 2 is proved in the Appendix C for better representation. 


3. Linguistic Neutrosophic Aggregation Operators 


Yager [40] introduced the PA operator to allow input arguments to support each other. Thus, 
the traditional PA operator are first reviewed; then, the LNPWA and LNPWG operators are proposed 
in an environment featuring LNNs. 


Definition 4 ([40]). Let a;(j = 1,2,--- ,1) be a collection of positive values and O, be the set of all given 
values; then the PA operator is the mapping PA : OQ” — O,, which can be defined as follows: 


n 1+ G(a;) 
PA(a1,a2,-++ ,an) = Doz La, (3) 


i=l Y (1+ G(aj)) 


j= 








B 


where 


= ¥ Sup (aj (4) 


i=1i¥j 
Sup(aj,a;) represents the support for a; from a;, and meets the following properties: 
(1) Sup(aj,aj) 
(2) me aj) = 
(3) Sup(aj,a;) > 


€ (0,1); 
Sup(aj,a;); and 
Su oe when d(aj, aj) < d(aj,a,), and d(aj,a;) is the distance between a; and aj. 


aj,a 


3.1. Linguistic Neutrosophic Power Weighted Averaging Operator 


This subsection extends the traditional PA operator to LNN. Then, a LNPWA operator is proposed 
and discussed. 


Definition 5. Let Gj = (hrj, hyj hej) (j =1,2,...,n) bea set of LNNs. Then, the LNPWA operator can be 
defined as 








1+ G(a;))a; 
LNPWA (41, a2, - a fin) D — n 1 ( J ja be (5) 
j=1 
a> w(1+6(@)) 
j= 
n 
where w = (wy, wz, ..., Wyn)? is the weight vector of j, wi € (0,1), and Vw, = 1, G(a;) = 
i=1 


Limti¢j w;Sup(a;,a;), Sup(a;,a;) is the support for a; from a;, which also satisfies the similar properties 
in Definition 4. 
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Theorem 3. Let a; = (hr,j hg Mj) (j =1,2,...,n) bea set of LNNs, and w = (w ,W2,..., Wy)? is the 
n 
weight vector of aj, w; € [0,1], and x w; = 1. Then, the aggregated result using Equation (5) is also a LNN. 


For notational simplicity, we assume that ¢; = w;(1 + G(a)) / y w;(1+ G(a)). 














j=l 
LNPWA(a,a fin) = 
4 f(a oro fit (om)! = 2i(F(M,))" 
( Torey hrm)” erro | 6 
_( 2hlers))! 
rl sereararoor |) 


“Appendix D” details the proof of Theorem 3. 


The traditional PA operator has the properties of idempotency, monotonicity, and boundedness. 
It can be proved that the LNPWA operator also satisfies these properties. 
Theorem 4. Let a; = (hj Nigjs Iraj) ( j=1,2,...,n) bea set of LNNs, and w = (wy,W,.. ., Wn)? is the 
weight vector of aj, w; € [0,1], and 2 wi =1. I Supliy i) = Oor Sup(aj,a;) =k (k € [0,1]) for all a; and 
a;. Hence, the LNPWA operator lie to the linguistic neutrosophic weighted averaging (LNWA) operator. 














j 
joa Here” oor)” 
mr (i,)) "400-7 (nr,)) ae laa (7) 
( stir)" shirts”) 
i = wi ot w , i 7 me ; Hh a 
HF (hg) (ra) FF (tn) +A (a) 


The proof for Theorem 4 is similar to the proof for Theorem 3; thus, it is omitted here. 


3.2. Linguistic Neutrosophic Power Weighted Geometric Operator 


Definition 6. Let Gi; = (hr,j Mj hj) (j = 1,2,...,n) bea set of LNNs. Then, the LNPWG operator can be 
defined as 





ee _ _, w(1+G(a 
LNPWG (a, @2,-++ ,fin) = & (a) = if @) , (8) 
il y w;(1 + G(a)) 
j=l 
where w = (wy,W,...,Wy)! is the weight vector of a;, w; € [0,1], and 2 w; = 1, G(aj) = 


Bie fj w;jSup(aj,a;), Sup(aj,a;) is the support for a; from a; and also satisfies the ramen in Definition 4. 


Theorem 5. Let aj = (ht,j, hr hej) (j =1,2,...,n) bea set of LNNs, and w = (wy,W2,.. ., Wy)? is the 
n 


weight vector of aj, w; € [0,1], and X w; = 1. Then, the aggregated result using Equation (8) is still a LNN, 


For notational simplicity, we assume that ¢; = w;(1 + G(aj)) / = w;(1+ G(aj)). 
= 
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LNPWG(a,@2,+°* ,@n) = 

















. 2fi(F*(I))” a ELF (hy) —L(0-F (hg)? 
("ertorheoor | erearierer)! 
(fier (0) fOr bn) 
ae Vircerrcey ar tees) ) 


i 
qe 
1 
Me 


The proof of Theorem 5 is also omitted duo to the same way as Theorem 3. 


4. MCGDM Method Based on the LNPWA and LNPWG Operators 


In this part, a MCGDM method based on the LNPWA and LNPWG operators is developed to 
solve university HRM evaluation problems. 

For a MCGDM problem with a finite set of m alternatives, let D = {D,,D2,...,Ds} be the set of 
DMs, A = {Aj, A2,..., Am} be the set of alternatives, and C = {C,C2,...,Cy} be the set of criteria. 
Assume that the weight vector of the criteria is @ = (@1,@y,. , ., @y) C such that @; € {0,1] and 

n 

yy @; = 1. Analogously, the weight vector of the DMs is specified as w = (wW1,W2,..., ws)', where 
j=l 

Ss 
we > 0,and ){ we = 1. The evaluation values provided by the DMs are transformed into LNNs, 
k=1 

and at = (thay Wi iis Hh aj )o (k =1,2,...,8;7 =1,2,...,n;i=1,2,...,m) represents the evaluation 
value of DM D,;(k = 1,2,...,s) for alternative aj(i = 1,2,...,m) on criteria Ci = 1, 2,4iN 

The detailed procedures of the MCGDM method involve the following steps: 


Step 1: Normalize the decision matrices. 


In general, criteria can be divided into two categories: benefit type and cost type. Using 
operation (5) in Definition 2, the cost criteria can be transformed into benefit ones as follows: 


k pk. pk hip ppiterionie: 
A (thi Nh ij ha) for benifit criterion Cj (10) 
ij k k yk : ’ 
Mp ijr 1= Hh ptt a) otherwise 


Step 2: Obtain the weighted decision matrices. 


Using operations in Definition 2, the weighted decision matrices can be constructed by multiplying 
the given criteria weight vector into the decision matrices. 


Step 3: Calculate the supports. 


Utilizing the distance measure defined in Definition 3, the support degrees can be obtained by 
Equation (11): 


Sup (rit 72) = 1 — d(rit 2) = 1,2,-++ mj = 1,2,--+ mkt kp = 1,2,--+ 48) (11) 


Step 4: Calculate the weights associated with “i (ky =1,2,-+-,s). 
k iors : r 
Ni: = Wey (1+ GF) / LI We, (1+ GF) a 
k= 


where G(r, ) = y= ko Ak, Wg, SUP (Thy, Tky), and wz, is interpreted as the weight of DM Dy,,. 
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Step 5: Obtain the comprehensive evaluation information. 


Using Equation (5) or Equation (9), the normalized evaluation information provided by DMs can 


be aggregated, and the integrated decision matrix R = [rij] mxn Can be obtained. 


Step 6: Determine the ideal decision vectors of all alternative decisions. 


After aggregating the DMs’ evaluation information into the decision matrix R = [rij oe which is 
as follow: 

Ci Ge #4 CG) 

Ay TM M2 0+) Mn 
Ag To. Yon + Fon |, (13) 

R= [ri] mxn : : : 
Am Tm1 m2 *** mn 
We can determine the ideal alternative vector A* among all the alternatives below: 
bind Cc 

Cy Cy in (14) 


AY = (lt, hip, Mx), (ty/Nig hry), ees (ty higshe)) 


Similarly, the negative ideal alternative vector AZ can be obtained by the negation of A*, which has 
the maximum separation from A*, as follows: 


Ci Co ee Ch (15) 
Ac = (Chit. Migs hey), (NI. Mig Hey), agiay (NT, My, Mey )) 
In addition, we can obtain the left maximum separation from A* denoted as A*~: 
Cy Co oe Cn 
_ : (16) 
A =~ (Cray Mi yays ne, ys Cty as Nyy Weg) a Chg Ny, hey.,)) 


where Wj, = min{hr,,_,\, Bi, = max{i,,_}, and HE; = max{he,,_,}. 


In the same way, we can also obtain the right maximum separation from A* denoted as A**: 


Cy Co wa Ch 


OPS Cte iti : Uti Migttig ly <u Upciycine yy? 9” 


where AT ga; = max Itr,.,,}, Hye; = min{h,..,}, and HR at = min{ hir,.,, }- 
Step 7: Calculate the separations of each alternative decision vector from the ideal decision vector. 


Utilizing the distance measure in Definition 3, we can calculate the separations between each 
alternative vector and the ideal decision vectors of all alternative decisions, they are respectively 
represented as follows: 


1 



































d(Aj, A*) = ae f* (ltr) — f° (ht) “+r (11) — F* (ty) “+r (z,;) — f° (I) ee (18) 
j= 
d(Aj, AZ) = aa f* (hry) — f*(hn) if + f* (Ins) — f*(hn,) ‘ a f* (ey) — f* (he, ) iy) ie (19) 
iF 





n 
d(Aj, A*-) = 
jal 


F(t) —F (te) +L City) Flee )[) 20) 





f (t,;) =i" (tr4.-,) i + 


( 





1 
3 
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F(t) —F (be) +L my) (lee) @D 





(Aj, A**) = 3( f (tr, ) fF (tr,.-,) ’ * 


j=l 





Step 8: Calculate the relative closeness of each alternative decision. 
The relative closeness of each alternative decision can be obtained using the following formula: 


d(A;, At) +d(Ai,A*) + d(A;,A**) 
d(Ai, A*) + d(Aj, Ag) + d(Aj, A*) + d(A;, A**) 








Ij (22) 


Step 9: Rank all the alternatives. 


According to the relative closeness of each alternative decision I;, we can rank all the alternatives. 
The larger the value of J;, the better the alternative A; is. 


5. A Case of Human Resource Management Problem 


5.1. Problem Definition 


The present study focuses on a case of HRM problem in a Chinese university to test the proposed 
MCGDM method. Specifically, the school of management in the university plans to introduce talents 
from home and abroad to strengthen discipline construction and try to realize the goal of building 
a high-level innovative university. Three teams of DMs are assembled as a committee and will 
take the whole responsibility for this recruitment process, these teams are university presidents D,, 
deans of management school Dz, and human resource officers D3, respectively. After strict first 
interview, six candidates A;(i = 1,2,...,6) remain for the second review. Before the evaluation 
procedures, an appropriate evaluation index system should be constructed through literature review 
and expert consultation. In the literature research, Abdullah et al. [1] and Chou et al. [53] identified 
three dimensions and eight criteria for the HRM evaluation problem; the three dimensions used in 
their work were infrastructures, input and output. Zhang et al. [5] constructed an evaluation index 
system of classroom teaching quality; dimensions included in their work were usage of teaching 
attitude, teaching capacity, teaching content, teaching method and teaching effect. We can see that 
different evaluation index systems serve for different purposes of HRM evaluation in various industries. 
This study mainly tackles the HRM evaluation for talent introduction in universities which exists in 
real-life decision environments. According to Ref. [54], experts agree on the four criteria included in 
the evaluation index system for the evaluation of HRM, they are teaching skill (C)), morality (C2), 
education background (C3) and research capability (C4), respectively. A brief description of each 
criterion is shown as follows. 

Teaching skill is an overall reflect of one teacher’s classroom teaching quality which includes 
several sub-attributes, such as teaching attitude, teaching capacity, teaching content, teaching method 
and teaching effect. 

Morality refers to the teachers’ morality in this study. It is a kind of professional morality of 
teachers which takes up the first place of education and can greatly affects the education’s level and 
quality as a whole. More specifically, the teachers’ morality includes the moral consciousness, moral 
relations and moral activity of the teachers in universities. 

Education background is an overview of a person’s learning environment and learning ability. 
It includes the person’s educational level, graduate school, major courses, academic achievements, 
and some other highlights. 

Research capability denotes the scientific research ability that is required for scientific research 
or the research competence someone shows during the process of scientific research. The former is 
closer to the potential, including someone’s abilities in logical thinking, writing and oral language, etc., 
whereas the latter emphasizes someone’s practical scientific research capacity. 
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With the reform of education and fierce competition among universities, the current form 
of university education needs more and more modern teachers with the above four abilities. 
Therefore, this study applies the above four criteria for the case of HRM evaluation, and the 
six candidates A;(i = 1,2,...,6) are evaluated by the three teams of DMs under each criterion. 
The weight vector of criteria was assigned by DMs as @ = (0.3, 0.12, 0.31, 0.27)7, and the weight 


vector of DMs was w = (3. iy ae In addition, the LTS was denoted as H = {ho,hy,--- ,he}= 
{extremely poor, very poor, poor, medium, good, very good, extremely good}. By interviewing the DMs 
one by one anonymously, all of their linguistic assessments for each alternative under each criterion are 
collected together. During this process, DMs in each group are isolated and don’t negotiate with each 
other at all. Consequently, the decision information is provided independently in the form of linguistic 
terms. Take the evaluation value a, = (hs,h3,hz) as an example, which represents the evaluation 
value of DM D, for alternative A; under criterion C). Since the criterion C; (teaching skill) includes 
various aspects, such as teaching attitude, teaching capacity, teaching content, teaching method and 
teaching effect, the group of DMs D; may hold inconsistent linguistic judgments for alternative A; 
with respect to Cj. After collecting all the linguistic assessments for alternative A,, the linguistic 
neutrosophic information @1, = (is, l3, hz) is obtained by calculating the weighted mean values of 
all the labels of linguistic terms with respect to active, neutral and passive information, respectively. 
Similarly, the overall evaluation information provided by the teams of DMs can be represented in the 


form of LNNs in Tables 1-3. 


Table 1. Evaluation information of Dj. 





dD, Cy Cy C3 C4 
Ay (hs, lg, hz) (hs, hg, ho) (hs, h3, ho) (hs, h3, hz) 
A2 (hs, h3, hy) (hs, hg, ho) (hs, h3, ho) (ho, 113, ho) 
A3 (hs, lt, hz) es hg, No) (hs, h3, ho) (hs, hg, ho) 
A4 (hs, 3, hz) (hs, 13, ho) (hs, lg, hz) (hs, hg, ho) 
As (hs, tg, hz) (hs, lg, hz) (hs, h3, h2) (ho, hg, hz) 
Ae (hg, hg, hz) (hs, 13, ho) (hs, lt3, ho) (ho, hg, hz) 
Table 2. Evaluation information of D>. 
Dp Cy Cy C3 Cy 





Ay (he, h3, ho) (hs, h3, hz) (hs, h3,h2) (hs, h3, ho) 
A2 (hs, h3, ho) (hs, h3, ho) (hs, h3, ho) (hs, h3, ho) 
Az (hs,hts,o) (ts, It3,hg) (Its, 3, ha) (ts, ho, Ito) 
Ag (hte, ht3,ho) (he, tg, ta) (5,3, tn) (hs, tg, ha) 
As (Its, h5,ho) (hts, ht3, to) (he hg, to) (ho, tg, ha) 
A6 (hs, h3, h) (hs, h3, lg) (he, h3, hz) (hs, hg, I) 





Table 3. Evaluation information of D3. 


D3 Cy G3 C3 C4 


Ay (hg, hg, ho) (ts, hg, ho) (he, h3,h2) (hts, hg, hg) 
Az — (hs,hz,hz) —(hts,h3,ho) (ts, 13,2) (ts, hg, hz) 
A3 (hs, h3, hz) (hs, h3, Ng) (he, h3, lo) (hs, h3, lg) 
Ag (hs, h3, hz) (hs, h3, lo) (he, h3,h2) (ho, h3, ha) 
) ) ) ) 
) ) ) ) 





As (hs, hg, hy (hs, hg, ho (he, hg, hy (hs, hg, he 
A6 (hs, hg, hy (eee (hs, h3, ho leds 


5.2. Evaluation Steps of the Proposed Method 


The following steps describe the procedures of evaluation for all candidates, and the ranking 
order of the six alternatives can be obtained. For simplicity of calculation, we chose the LSF f;. 
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Step 1: Normalize the decision matrices. 


It is obvious that all the four criteria are of the benefit type; then, there is no need for normalization. 


Step 2: Obtain the weighted decision matrices. 


Using operation in Definition 2, the weighted decision matrices can be constructed in Tables 4—6: 


Table 4. Weighted evaluation information of D}. 











Dy Cy Co C3 C4 

Ay — (h2.9696, 115.0201, 114.579) (10.8573, 15.6051, 110) (hz.1327,ha.9s81,ho) (111.8772, 15.1166, ha.7165) 

Az — (ht2.9696,/15.0201, 13.9304) —_(/t0.8573, 115.6051, 10) (12.1327, ha.9881, Ito) (ho, 115.1166, ho) 

A3 (2.9696, 5.0201, 114.579) ——_(/t0.8573, 5.6051, 110) (h2.1327/ ha.9881, Ito) (ho, 3.1166, ho) 

Ag —_(h2.9696, 5.0201, 14.579) (to.g573/ 4.6051, 0) (112.1327, ta.9881, 114.5335) (ho, 1s.1166, ho) 

As (htz.9696, 5.0201, 114.579) (110.8573, 5.6051, 115.4224) (112.1327, 4.9881, 114.5335) — (Mo, 115.1166, 114.7165) 

A6 (he, hs,0201, !14.579) (ho.573, 115.6051, /10) (hz,1327, Na.9881, ho) (ho, hs.1166,ha.7165) 
Table 5. Weighted evaluation information of Dp. 

D2 Cy C2 C3 C4 

Ay (he, hs.0201, ho) (ho 8573, 15.6051, 115.4224) (112.1327, ta.9881, 114.5335) (111.8772, 115.1166, ho) 

A2 (12.0696, 115.0201, /t0) (ho.3573, 115.6051, lo) (12.1327, ha.9881, 110) (111.8772, 115.1166, Ito) 

A3 (2.0696, 45.0201, ho) (ho.3573/ 15.6051, /10) (112.1327, 14.9881, 114.5335) (11.8772, ho, ho) 

Ag (hg, 15,0201, 4.579) (he, hs.6051, 5.4224) (2.1327, 4.9881, 4.5335) (11.8772, 45.1166, 114.7165) 

As (112.0696, 115.6974, lt) (10.3573, 115.6051, lo) (hg, l14.9881, lo) (ho, 115.1166, 4.7165) 

Ag —_(ht2.0696, 115.0201, 114.579) (/to.8573, 115.6051, 10) (he, haossi, 4.5335) (111.8772 15.1667 4.1228) 
Table 6. Weighted evaluation information of D3. 

D3 Cy Cy C3 C4 

Ay (he, hs.0201, ho) (ho.3573/ 115.6051, lo) (hie, ha.9gs1, 114.5335) (11.8772, 15.1166, 10) 

Az —_(h.9696, 5.0201, 14.579) (to.g573/ 45.6051, 10) (42.1327, ha.9881, 114.5335) (111.8772, 5.1166, 114.7165) 

A3 (2.0696, 5.0201, 114.579) ——_(/t0.8573, 5.6051, 110) (hg, 114.9881, lo) (111.8772, 115.1166, to) 

Ag (htz.9696, 5.0201, 114.579) (/to.8573, 5.6051, 110) (hg, 114.9881, 14.5335) (ho, 115.1166, 4.7165) 

As (htz.9696, 5.0201, 114.579) (/t0.8573, 5.6051, 110) (he, Na.9gsi,'a.5335) (111.8772, 5.1166, 114.7165) 

Ag —_(h2.0696, 115.0201, 114.579) (Ito, hs.6051/ 5.4224) (h,1327, Na.9881, ho) (11.8772, 15.1166, 10) 


Step 3: Calculate the supports. 


Utilizing the distance measure defined in Definition 3 and Equation (11), the supports can be 
obtained. Here, we assume that A = 2 in the distance measure. 


. 0.6647 0.6988 0.7481 0.738 | 
0.7816 1 1 0.8957 
0.7456 1 0.7481 0.7157 
sup(r) Nir Hh) = = sup (77 Nir mh) = ~ | 0.7816 0.5848 1 We : 
0.7428 0.6988 0.6689 
| 0.7816 1 0.6689 saa | 
[0.6647 1 0.6689 0.738 
0.964 1 0.7481 oe | 
1 1 0.7852 
sup(r}, 3) =OnP (4, “) ~ 1 1 0.7852 aA 
1 0.6988 0.7852 0.8957 
| 0.7816 0695 1 0.718 
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a 3 pe 
sup(7, i) = sup (3, Vi 


1 0.6988 
0.7456 1 
) _ 0.7456 1 
0.7816 0.5848 
0.7428 1 
1 0.695 


0.7852 
0.7481 
0.6689 
0.7852 
0.7481 
0.6689 


1 


Step 4: Calculate the weights associated with ni (ky = 1,2,--+,8). 


The weights can be calculated by Equation (12) as follows: 





0.738 
0.7157 
0.8957 
0.8957 

0.771 


| 











170 


0.317 0.3406 0.3295 0.3208 0.3415 0.3188 0.3382 0.3396 
0.3394 0.3333 0.3393 0.3367 0.3238 0.3333 0.3393 0.3381 
1 _ | 0.3394 0.3333 0.3382 0.3402 2 _ | 0.3212 0.3333 0.3295 0.3197 a) 
‘hij 0.3385 0.3437 0.3384 0.3252 |’ Mi 0.323 0.3126 0.3384 0.3381 |’ 
0.3395 0.3188 0.3323 0.3357 0.3211 0.3406 0.3295 0.3357 
L 0.323 0.3407 0.3414 0.3349 0.3385 0.3407 0.3172 0.3388 
[ 0.3415 0.3406 0.3323 0.3396 
0.3368 0.3333 0.3213 0.3252 
3 _ | 0.3394 0.3333 0.3323 0.3402 
i ~ | 0.3385 0.3437 0.3232 0.3367 
0.3395 0.3406 0.3382 0.3286 
| 0.3385 0.3186 0.3414 0.3263 
Step 5: Obtain the comprehensive evaluation information. 
Using Equation (5) or Equation (9), the integrated decision matrix R = [i] msen are 
calculated below: 
(i) When using Equation (5), the results are listed in Table 7. 
Table 7. Comprehensive evaluation information by LNPWA operator. 
Dy Cy Cy C3 Cy 
Ay (he, 115.0201, ho) (ho.3573, 115.6051, lo) (hg, lt4.9881, ho) (111.8772, 15.1166, Ito) 
Ag (h,0696, 115.0201, ho) (ho.573, 115.6051, 10) (hz,1327, I14.9881, ho) (11.2689, 115.1166, 10) 
A3 (h2,0696, 115.0201, ho) (ho.3573, 115.6051, ho) (he, ha.9gsi, ho) (11.8772, ho, ho) 
Ag (he, hts,201, 14.579) (he, hs,6051, ho) (he, ha 9881, 114.5335) (111.2689, 115.1166, 10) 
As (12.0696, 115.2356, Ho) (ho.g573, 115.6051, 110) (he, ha.98si, ho) (1.6358, 115.1166, 14.7165) 
Ag —_(ht2.0696, 15.0201, 14.579) (Ito 5864, 115.6051, 110) (he, ha.98si, ho) (11.2721, 115.1166, 110) 
(ii) When using Equation (9), the results are listed in Table 8. 
Table 8. Comprehensive evaluation information by LNPWG operator. 
D2 CQ Co C3 C4 
Ay (hass87/hs.0201/!11.8471) —_ (Ho.8573 15.6051, 112.6567) (13.1737, Na.ogsi,lts.4741) (41.8772, 5.1166, 11.9671) 
Az ——_(h.9696, 5.0201, 113.2402) (ho 8573, 15.6051, /1o) (Az.1327/ ha.9881/ 1.8396) (ho, 15.1166, /11.9918) 
A3 ——_(h2.9696, 115.0201, 113.5544) (ho.8573, 15.6051, /t0) (13,1737, 4.9881, 11.8834) (11.8772, ha.1s2, ho) 
Ag (13,0839, 5.0201, 4.579) (1.7569, 115.6051, 12.6119) (3.1414, /14.9881, 114.5335) (ho, 5.1166, 113.6868) 
As (ht2.0696/ 15.3227, 13,5549) (ho.g573,/15.6051/ 12.6553) (ha 5051, /14.9881, 113.4741) (ho, hs.1166/ 4.7165) 
Ag (13,0839, 5.0201, 4.579) (ho, 115.6051, 112.6553) (h3,1201/ 4.9881, 1.8174) (ho, 15.1166, /13,3929) 
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Step 6: Determine the ideal decision vectors of all alternative decisions. 


(i) When using Equation (5), we can determine the ideal alternative vectors among all the 
alternatives respectively as follows: 

A= ((he, ho, ho), (he, ho, ho), (he, ho, ho), (he, ho, ho) ), 

Ay = ((ho, he, he), (ho, he, he), (ho, he, he), (ho, he, he)), 

A*~ = ((h2,9696, 15.2356, Na.579), (Ho.5864, /15.6051, 110), (2.1327, ha.9881, 14.5335), (110.6358, 115.1166, /14.7165) ), and 

A** = ((he,hs.o201, No), (he, 115.6051, to), (he, ha.9gs1, to), (111.8772, ho, ho) ). 

(ii) When using Equation (9), the results are: 

A* = ((he, ho, ho), (he, ho,ho), (he, ho, ho), (he, ho,ho)), 

Az = ((ho, he, he), (ho, he, he), (ho, he, he), (Ho, He, Ne) ), 

A*~ = ((h2,0696, 5.3227, ha.579), (Ho, 15.6051, 112.6119), (2.1327, ha.9881, 4.5335), (10, 115.1166, 14.7165) ), and 

A** = ((ha.5387, 115.0201, 1.8417), (1.7569, 15.6051, Ho), (ha.4051/ 114.9881, !11.8174), (111.8772, Na.182, No) )- 


Step 7: Calculate the separations of each alternative decision vector from the ideal decision vector. 
The separations between each alternative and the ideal decision vector by the LNPWA and 


LNPGA operators are shown in Tables 9 and 10, respectively. 


Table 9. Separations by the LNPWA operator. 





Distance d(Aj;,A* ) d(Aj,Aé ) d(A;,A*~ ) d(A;,A** ) I; 
Ay 2.1903 2.1162 1.6257 1.7055 0.7132 
Ad 2.3229 2.0653 1.5863 1.7175 0.698 
A3 1.3743 2.8968 2.3562 0 0.7926 
Ag 2.3229 2.0653 1.5863 1.7175 0.698 
As 2.9288 0.561 0 2.3562 0.499 
A6 2.3222 2.0656 1.5864 1.7174 0.6981 


Table 10. Separations by the LNPWG operator. 





Distance d(A;,A* ) d(Aj;,Aé ) d(A;,A*~ ) d(A;,A** ) I; 
Aj 2.2863 1.5118 1.1097 0.7259 0.5942 
Ag Ze 1.3681 0.9082 0.9641 0.5445 
A3 1.9575 2.1815 1.7206 0 0.6659 
Ag 2.9016 0.8254 0.3432 1.4138 0.4709 
As 3.0628 0.5194 0 1.7205 0.4224 
A6 2.8615 0.9176 0.4412 1.3295 0.4844 


Step 8: Calculate the relative closeness of each alternative decision. 


The results of relative closeness of each alternative decision are shown in the last column of 
Tables 9 and 10. 


Step 9: Rank all the alternatives. 


According to the relative closeness of each alternative decision I;, we can rank all the alternatives. 
When using LNPWA operator, the ranking result is Az > A, > Ag > Az = Ag > As, whereas when 
using LNPWG operator, the result turns out Az > A; > Az > Ag > Ag > As. There is a subtle 
distinction between the results obtained by the LNPWA and LNPWG operators, but the alternative A3 
remains the most performant and competitive candidate. 
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5.3. Sensitivity Analysis and Discussion 


The aim of sensitivity analysis is to investigate the effects of different semantics and the distance 
parameter A on the final ranking results of alternatives. To do so, the calculated results are shown in 
Tables 11 and 12 and Figures 1 and 2, respectively. 


0.8 
0.6 
0.4 
OD 





Al A2 A3 A4 AS A6 


Figure 1. Ranking results by the LNPWA operator. 








0.8 
| 
0.6 wl 
mf2 
0.4 
af3 
0.2 
0 
Figure 2. Ranking results by the LNPWG operator. 
Table 11. Results of different LSFs f* (A = 2). 
Alternatives 
Ranking Results 





Ay Ay Ag Ag As Ag 


fr ENPWA 0.713 0.698 0.793 0.698 0.499 0.698 Ag > Ay > Ag > Ap = Ag > As 
1 LNPWG 0.594 (0.544 «0.666 «=«0.471_-—«s«0.422,-—s«0A84.— Ag + Ay + Ap > Ag + Ag > As 


fe ENPWA 07 069 0.773 (0.69 0.48 0.69 Ag > Ay > Ag > Ap > Ag > As 
2 LNPWG 0.578 0.549 0.64. «0.447, 0.401.- 0.462, Ag + Ay + Ap > Ag > Ag> As 


fi LNPWA 0.721 0.704 0.806 = 0.704 (0.514 —0.704 A3 > Ay > Ag > Az = Ag > As 
7 LNPWG_ 0.608 = (0.54— (0.684 0.486 —(0.439 (0.496 A3 > Ay > Ap > Ag > Ag > As 
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It can be seen from Table 11 and Figures 1 and 2 that the alternative A3 remained to be the best 
one, and As was consistently identified as the worst choice no matter how the aggregation operator 
or semantics change. When using the LNPWA operator, the ranking result remains A3 > A, > 
Ag > Ag = Ag > As. The difference in semantics slightly influenced the values of Jj, but did not 
result in different ranking orders. Similarly, when using the LNPWG operator, the ranking result 
always is A3 > Ay > Az > Ag > Ay > As. It is clear that the ranking results varied when using 
different aggregation operators. This may be caused by the distinct inherent characteristic of these 
two operators, since the LNPWA operator is based on the arithmetic averaging, whereas the LNPWG 
operator is based on the geometric averaging. This demonstrates that the ranking results have stability 
by our proposed method in some degree. 

The following Table 12 the influence of the distance parameter A on the final ranking results of 
alternatives when the semantics were fixed as f* = fy. It can be seen that the ranking results kept the 
same as A3 > Aj > Az > Ag > Ag > As when using the LNPWG operator. However, results by the 
LNPWA operator change among A3 > A; > Az > Ag > Ag > As, A3 > Ay > Ag > Az = Ag > AZ 
and A; > Ag > Az = Ag > A3 > As. Thus, we can conclude that the differences in the aggregation 
operators and the parameter A could influence the evaluation results, DMs should choose appropriate 
parameter A and aggregation operators according to their own inherent characteristics. 


Table 12. Results of different parameter A(f* = f/). 





A fii 

Ranking by LNPWA operator Ranking by LNPWG operator 
1 A3 > Ay > Ag > Ap = Ag > As5 A3 > Ay > Az > Ag > Ag > As5 
2 A3 > A, > Az > Ag > Ag > AB A3 > Ay > Az > Ag > Ag > A5 
3 A3 > Ay > Az > Ag > Ag > As5 A3 > Ay > Az > Ag > Ag > As5 
4 A3 > A, > Ag > Ap = Ag > A5 A3 > Ay > Az > Ag > Ag > As 
i} Ag > Ay + Ag = Ag = Ag > As A3 > Ay > Az > Ag > Ag > As5 
6 A3 > A, > Ag > Ap = Ag > A5 A3 > Ay > Az > Ag > Ag > A5 
7 Ay > A3 > Ag > Ap = Ag > AS A3 > Ay > Az > Ag > Ag > As5 
8 Ay > Ag > Az = Ag > Ag > As A3 > Ay > A2> Ag > Ag > A5 
9 Ay > Ag > Az = Ag > Az > AZ A3 > Ay > Az > Ag > Ag > As 


= 
oO 


Ay > Ag > Az = Aq > Az > As5 A3 > Ay > Az > Ag > Ag > As 


5.4, Comparison Analysis and Discussion 


This subsection conducts a comparative study to validate the practicality and advantages of the 
proposed method in the LNS contexts, and the results are shown in Table 13. Brief descriptions about 
the comparative methods are as follows. 

(1) Weighted arithmetic and geometric averaging operators of LNNs [28]: the concept of LNNs 
was first proposed by Fang and Ye [28]. In their study, two aggregation operators including the 
LNN-weighted arithmetic averaging (LNNWAA) operator and LNN-weighted geometric averaging 
(LNNWGA) operator are utilized to derive collective evaluations. Then, based on their proposed score 
function and accuracy function of LNNs, the ranking order of alternatives is obtained. 

(2) Bonferroni mean operators of LNNs [30]: the LNNNWBM operator and LNNNWGBM 
operator are proposed to aggregate evaluations to obtain the collective LNN for each alternative. 
Subsequently, the results are derived by expected value. 

(3) An extended TOPSIS method [32]: a weighted model based on maximizing deviation is used 
to determine criteria weights. Subsequently, an extended TOPSIS method with LNNs is proposed to 
rank alternatives. 
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Table 13. Comparison results with the existing methods. 





MCGDM Ranking Results 
Proposed method by LNPWA operator A3 > Ay > Ag > Az = Ag > As 
Proposed method by LNPWG operator Aj > Ay > Ap > Ag > Ag > As 
LNNWAA operator [28] A3 > Ay > Ap> Ag > A5 > Ag 
LNNWGA operator [28] Aj > Ay > Ap > Ag > Ag > As 
LNNNWEM operator [30] (p = q = 1) A, > A3 > Ag > Az > A5 > Ag 
LNNNWGBM operator [30] (p = q = 1) A, > A3> Ag > Ap > Ag > As 


An extended TOPSIS method [32] (A = 2) A3 > Ay > Ag > Ag = Ag > As 


As shown in Table 13, different methods resulted in different ranking results, but the optimal 
candidate remained to be A3, despite the results obtained by the Bonferroni mean operators of 
LNNs [30]. The main reasons for these differences may be as follows: (1) The operations for LNNs 
between this study and the comparative methods are remarkably different. The operations in the 
existing methods [28,30,32] just considered the linguistic variables’ labels which may cause information 
loss and distortion. (2) Different aggregation operators and ranking rules might also cause different 
ranking results. Specifically, the LNNWAA and LNNWGA operators defined in [28] were respectively 
based on the arithmetic mean and geometric mean operators, whereas the Bonferroni mean operators 
of LNNs [30] implicated the interactive hypothesis among inputs. Unlike the existing aggregation tools, 
the proposed PA operator for LNNs allows the information provided by different DMs to support and 
reinforce each other, and it is a nonlinear weighted average operator. 

From above discussions, the unique features of the proposal and its main advantages over others 
can be simply summarized below. 

(1) The comparative methods [28,30,32] dealt with the LNNs only considering the labels of 
linguistic variables while ignoring the differences in various semantics. It has been contended that the 
same linguistic variable possesses different meanings for different people and has diverse meanings for 
the same person under various situations [55]. Therefore, directly using the labels of linguistic variables 
may lead to information loss during information aggregation. To cover this challenge, this study 
redefines the operations for LNNs based on the LSFs and Archimedean t-norm and t-conorm, which 
increases the flexibility and accuracy of linguistic information transformation. 

(2) The extended TOPSIS method [32] only considered two relatively positive and negative ideal 
solutions to determine the values of correlation coefficient for each alternative. By contrast, this study 
takes both the relatively and absolutely positive and negative ideal solutions into account. Therefore, 
the ranking result by this proposed method may be somewhat more comprehensive than the existing 
method [32]. 

(3) For information fusion, all the existing methods [28,30,32] failed to consider the support 
degree among different DMs during the aggregation processes. Although it is true that different 
aggregation operators cater to different practical decision situations, the proposed PA operators within 
LNN contexts are more feasible in dealing with the university HRM evaluation problem in this study. 


6. Conclusions and Future Work 


Talent introduction plays an important role in the long-term development of a university. This is 
closely related to the university’s discipline development and comprehensive strength. Therefore, 
there is a need for proper HRM evaluation that uses group decision-making methods efficiently 
in order to utilize human resources. This study recognized the HRM evaluation procedures as a 
complex MCGDM problems within the LNNs’ circumstances. Through merging the PA operator 
with LNSs, we developed two aggregation operators (LNPWA and LNPWG) for information fusion. 
Then, we made some modifications in the classical TOPSIS method to determine the ranking order of 
alternatives. The strengths of the proposed method have been discussed via comparative analysis. 
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Nevertheless, this study also holds several limitations which can suggest several avenues for 
future research. First, the information fusion process adds to the computational complexity of the 
obtained results because the proposed LNPWA and LNPWG operators are both nonlinear weighted 
average operators, where the weights associated with each DM should be calculated by their input 
arguments. Fortunately, the pressure from complex computation can be remarkably eased with the 
assistance of programming software. Second, with the rapid development of information technology, 
it is also possible to extend the current results for other management systems under the network-based 
environments [56,57]. 

By analyzing the achieved results, the practical implications of our research may be summarized 
in two aspects. On the one hand, this study proposes a novel linguistic neutrosophic MCGDM method 
which contributes to expanding the theoretical depth of university HRM. It may offer comprehensive 
supports for decision-making of modern universities’ talent introduction. In addition, the developed 
method can also be further expanded to solving group decision-making problems in other fields, 
such as tourism. On the other hand, this study further explores the application of linguistic MCGDM 
methods in HRM. The obtained knowledge can be very helpful to improve the performance of the 
human resource of universities accordingly. 
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Appendix A. Linguistic Scale Function 
By means of literature review, we can gather the following choices acting as LSFs. 
(1) The LSF f; is based on the subscript function sub(h;) = T: 


x 


fillts) = Ox = 5 (x =0,1,--+ ,2t), Os € [0,1]. (Al) 


The above function is divided on average. It is commonly used for its simple form and easy 
calculation, but it lacks a reasonable theoretical basis [58]. 


(2) The LSF fp is based on the exponential scale: 





at —at¥- (y =0,1,--+,t) 


fally) == | eae 
alea¥ 2 (y = ¢41,t42,--- ,2) 


(A2) 





Here, the absolute deviation between any two adjacent linguistic labels decreases with the increase 
of y in the interval {0, ¢], and increases with the increase of y in the interval [f + 1, 2¢]. 


(3) The LSF f3 is based on prospect theory: 


(2) = aad 
fall) =O2= 4 9 Zax (z=0,1,---,t) 
+(@-#) (z=t+1,t+2,--+ ,26) 


2tY 


(A3) 





Here, 6, y € [0,1], and when 6 = y = 1, the LSF f3 is reduced to f;. Moreover, the absolute 
deviation between any two adjacent linguistic labels increases with the increase of y in the interval 
[0, t], and decreases with the increase of y in the interval [f + 1, 2¢]. 
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Each of the above LSFs fj, f2, and f3 can be expanded to a strictly monotonically increasing and 
continuous function: f* : 5 — R* (R* = {r|r > 0,r € R}), which satisfies f*(sr) = @;. Therefore, 
the inverse function of f*, denoted as f*—!, exists due to its monotonicity. 


Appendix B. The Archimedean T-norm and T-conorm 


According to Reference [59], a t-norm T(x,y) is called Archimedean f-norm if it is continuous 
and T(x,x) < x, for all x € (0,1). An Archimedean t-norm is called a strict Archimedean t-norm 
if it is strictly increasing in every variable for x,y € (0,1). In addition, a t-conorm S(x,y) is called 
Archimedean f-conorm if it is continuous and S(x,x) > x, for all x € (0,1). An Archimedean t-conorm 
is called a strict Archimedean t-conorm if it is strictly increasing in every variable for x,y € (0,1). 

In this study, we apply one well-known Archimedean t-norm and t-conorm [60], as S(x,y) = 
(x+y)/(1+ xy) and T(x,y) = xy/[1+ (1—x)(1— y)], respectively. 








Appendix C. The Proof of Theorem 2 


Proof. It is clear that properties (1)—(3) in Theorem 2 hold. The proof of property (4) in Theorem 2 is 
shown below. 
First, the distances d(a@,¢), d(a,b) and d(b,¢) can be easily determined respectively as follows: 


d(H, 2) = §(|f* (lrg) — f° (here) |” + [F* (ltr) — F* (hae) |* + Lf (lteg) — F* (he) |") 
d(a,b) = 3( f*(l,) — f* (he, ’ + |f* (Iti) — f* (Tuy) ’ + |f*(he,) — f* (he) ") pant 
d(b,2) = 3(|F* (ls) — f* (hr) : aa) — f* (Ay) f* (hr,) — f* (he) ve 
Since |a + b| < |al + |b], then |f* (Irr,) — f* (hrz)| = [f* (ler) — f* (Tex, ) +F*(Ier,) — f* (here) 
f* (hx,) — f* (hr, ) ae (hr, — f* (Ar) f*(h2,) — f* (7,) | ee (hy, — f* (hr) | 
f* (itm) — f*(ler,)| < |F* (nrg) — F* (Ier,) | + | F* (r,) — f(r) 
Similarly, we can obtain | f*(hy,) — f*(hz)| < |f* (hy) —f* (1,)| + 
[F* (he,) — F* (he) S| f* (sg) — F* (tg,) | + [F* () — P(e) 
Then 
3 ([f* (hr) — F*(ler,) * + [F* (leg) — F* (lrg) |* + LF (lteg) — F* (tee) |") * 
4(|en) (on) + [ed — (hy) + Le ond) — (0) + 


1 
A A A\ i 
a(e(lr,) — Fer) |' + [Fe (ig) — Feng) + ) 
Thus, property (4) in Theorem 2 holds. 
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Appendix D. The Proof of Theorem 3 


n 
For ease of computation, we assume that ¢; = wj(1+ G(a))/ © w;(1 + G(a)) . In the following 
j=l 


steps, Equation (5) will be proven using mathematical induction on n. 
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(1) Utilizing the operations for LNNs defined in Definition 2, when n = 2, we have 


LNPWA (Aq, @) = 1 ® Coa = 
(a(t plea) (t f(t)" (1 Sen) 
(rl oa))F a) HEL OPO) 
ja( ball og” 
(2-F+(hig.))"* (24° (hag) 2+(F* (a ye “(gg)” 
)) 





a 








(A4) 





2(F* (has) ((hen)) 


PN EGC FC) CF Om) OO 





(AS) 




















Thus, when n = 2, Equation (5) is true. 


(2) Suppose that when n = k, Equation (5) is true. That is 


(A6) 














Then, when n = k + 1, the following result can be obtained 





LNPWA(A1,f,- a = LNPWA(a,a,-++ 4p) ® Chey 18k 
form) 11 (1-F*(tg ui 

= io a ae 
ne TI f° (lrg 





= io 





(a a aferoas 
fo Kk z & fa a k ia jj Jo 
TL (2-F* (ing) IL (F* (hg) )? . flies) TNF (he, ))' 
fo (A+f* (gen) (1- ff (Ht ye 2(F*( a 1) ))e 
(14-f+(Ierg)) + (1—-F* (Ig) (2—F* (Rages 8+ (F (Bigegs ) (A7) 
fet 2(F htt) 
OF (ren Pa a 


“( 
) k+1 

)9 TL (1-f* (lrg) 
) 

‘) 














“(e : Ti (+s* (hr) ut 
Bore TOL Cray) 


; (F° (hy) : 2TL(F (Hx) 
fr k+l g, if k+l z q ) 
Femeariveo? THF (tg) +11 (te)! 
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Then, when n = k + 1, Equation (5) is true. Therefore, Equation (5) is true for all n. 
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Abstract: The uncertainty and concurrence of randomness are considered when many practical 
problems are dealt with. To describe the aleatory uncertainty and imprecision in a neutrosophic 
environment and prevent the obliteration of more data, the concept of the probabilistic single-valued 
(interval) neutrosophic hesitant fuzzy set is introduced. By definition, we know that the probabilistic 
single-valued neutrosophic hesitant fuzzy set (PSVNHFS) is a special case of the probabilistic interval 
neutrosophic hesitant fuzzy set (PINHFS). PSVNHFSs can satisfy all the properties of PINHFSs. 
An example is given to illustrate that PINHFS compared to PSVNHFS is more general. Then, PINHFS 
is the main research object. The basic operational relations of PINHFS are studied, and the comparison 
method of probabilistic interval neutrosophic hesitant fuzzy numbers (PINHFNs) is proposed. Then, 
the probabilistic interval neutrosophic hesitant fuzzy weighted averaging (PINHFWA) and the 
probability interval neutrosophic hesitant fuzzy weighted geometric (PINHFWG) operators are 
presented. Some basic properties are investigated. Next, based on the PINHFWA and PINHFWG 
operators, a decision-making method under a probabilistic interval neutrosophic hesitant fuzzy 
circumstance is established. Finally, we apply this method to the issue of investment options. 
The validity and application of the new approach is demonstrated. 


Keywords: probabilistic single-valued (interval) neutrosophic hesitant fuzzy set; multi-attribute 
decision making; aggregation operator 





1. Introduction 


In real life, uncertainty widely exists, like an expert system, information fusion, intelligent 
computations and medical diagnoses. When some decision problems need to be solved, establishing 
mathematical models of uncertainty plays an important role. Especially when dealing with big data 
problems, the uncertainty must be considered. Therefore, to describe the uncertainty of the problems, 
Zadeh [1] presented the fuzzy set theory. Next, many new types of fuzzy set theory have been 
developed, including the intuitionistic fuzzy set [2], hesitant fuzzy set (HFS) [3], dual hesitant fuzzy 
set (DHFS) [4], interval-valued intuitionistic fuzzy set (IVIFS) [5,6], necessary and possible hesitant 
fuzzy sets [7] and dual hesitant fuzzy probability [8]. The fuzzy set theory is a useful tool to figure 
out uncertain information [9]. In addition, Fuzzy set theory has also been applied to algebraic 
systems [10-13]. 
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Simultaneously, in actual productions, statistical uncertainty needs to be considered. The 
probabilistic method is not always effective when we deal with epistemic uncertain problems [14]. 
Thus, those problems makes researchers attempt to combine fuzzy set theory with probability 
theory as a new fuzzy concept. For example, (1) probability theory as a method of knowledge 
representation [15-18]; (2) increase the probability value when processing fuzzy decision making 
problems [19-21]; (3) through the combination of stochastic simulation with nonlinear programming, 
the fuzzy values can be generated [22,23]. In [24], Hao et al. lists a detailed summary. In the 
probabilistic fuzzy circumstances, probabilistic data will be lost easily. Thus, under the fuzzy linguistic 
environments [25-27], Pang et al. [28] established a new type of probabilistic fuzzy linguistic term 
set and successfully solved these issues. In some practical issues, it is necessary to fully consider 
the ambiguity and probability. In 2016, Xu and Zhou [29] produced the hesitant probabilistic fuzzy 
set (HPFS). Then, Hao et al. [24] researched a new probabilistic dual hesitant fuzzy set (PDHFS) and 
applied it to the uncertain risk evaluation issues. 

In [30], Smarandache introduced the neutrosophic set (NS) as a new type of fuzzy set. The NS A 
includes three independent members: truth membership T,4(x) € [0,1], indeterminacy membership 
I4(x) € [0,1] and falsity membership F(x) € [0,1]. NS theory has been widely used in algebraic 
systems [31-36]. Next, some new types of NS were introduced, like single-valued NS (SVNS) [37] 
and interval NS (INS) [38]. Ye utilized SVNS theory applied to different types of decision making 
(DM) issues [39-41]. In [42], Ye presented a simplified neutrosophic set (SNS). Xu and Xia utilized HFS 
theory for actual life productions [43-46]. Next, in a hesitant fuzzy environment, a group DM method 
was introduced by Xu et al. [47]. However, there are some types of questions that are difficult to solve 
by HFS. Thus, Zhu [4] introduced a DHFS theory. Then, Ye [48] established a correlation coefficient 
of DHFS. When decision makers are making decisions, DHFS theory cannot express the doubts of 
decision makers, completely. Next, in 2005, a single-valued neutrosophic hesitant fuzzy set (SVNHFS) 
was established by Ye [49], and interval neutrosophic hesitant fuzzy set (INHFS) was introduced by 
Liu [50]. Recently, neutrosophic fuzzy set theory has been widely researched and applied [51-55]. 

The aleatory uncertainty needs to be considered under the probabilistic neutrosophic hesitant 
fuzzy environments. Recently, fuzzy random variables have been used to describe probability 
information in uncertainty. However, in the above NS theories, the probabilities is not considered. 
Thus, if a neutrosophic multi-attribute decision making (MADM) problem under the probabilistic 
surroundings needs to be solved, the probabilities as a part of a fuzzy system will be lost. Until 
now, this problem has not given an effective solution. Peng et al. [56] proposed a new method: 
the probability multi-valued neutrosophic set (PMVNS). The PMVNS theory successfully solves 
multi-criteria group decision-making problems without loss of information. Then, we offer the notion 
of probabilistic SVNHFS (the probabilistic interval neutrosophic hesitant fuzzy set (PINHFS)) based on 
fuzzy set, HFS, PDHFS, NS and IVNHES. To solve the MADM problems under the probabilistic interval 
neutrosophic hesitant fuzzy circumstance, the concept of PINHFS is used. By comparison, we find that 
the application of PINHFS is wider than that of the probabilistic single-valued neutrosophic hesitant 
fuzzy set (PSVNHFS), and it is closer to real life. Thus, we can study the case of the interval. 

The rest of the paper is organized as follows: Section 2 briefly describes some basic definitions. 
In Section 3, the concepts of PSVNHFS and PINHFS are introduced, respectively. Next, PINHFS 
is the main research object. The comparison method of probabilistic interval neutrosophic hesitant 
fuzzy numbers (PINHFNs) is proposed. In Section 4, the basic operation laws of PINHEN are 
investigated. The probabilistic interval neutrosophic hesitant fuzzy weighted averaging (PINHFWA) 
and the probability interval neutrosophic hesitant fuzzy weighted geometric (PINHFWG) operators 
are established, and some basic properties are studied in Section 5. In Section 6, a MAMD method 
based on the PINHFWA and PINHFWG operators is proposed. Section 7 gives an illustrative example 
according to our method. To explain that PINHFS comparedto PSVNHFS is more extensive, in Section 8, 
the PSVNHFS being a special case of PINHFS, the probabilistic single-valued neutrosophic hesitant 
fuzzy weighted averaging (PSVNHFWA) and probabilistic single-valued neutrosophic hesitant fuzzy 
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weighted geometric (PSVNHFWG) operators are introduced and a numerical example given to 
illustrate. Last, we summarize the conclusion and further research work. 


2. Preliminaries 


Let us review some fundamental definitions of HFS, SVNHFS and INHFS in this section. 


Definition 1. ([3]) Let X be a non-empty finite set; an HFS A on X is defined in terms of a function h(x) 
that when applied to X returns a finite subset of [0, 1], and we can express HFSs by: 


A = {(x,ha(x))|x € X}, 


where h 4 (x) is a set of some different values in [0, 1], representing the possible membership degrees of the element 
x € X to A. We call ha(x) a hesitant fuzzy element (HFE), denoted by h, which reads h = {A|A € h}. 


Definition 2. ([49]) Let X be a fixed set; an SVNHFS on X is defined as: 


N = {(x, F(x), i(x), f(x))|x € X} 


in which E(x), i(x) and f(x) are three sets of some values in [0, 1], denoting the possible truth-membership 
hesitant degrees, indeterminacy-membership hesitant degrees and falsity-membership hesitant degrees of 
the element x € X to the set N, respectively, with the conditions 0 < 6,y,4 <1and0 < 6+ +77 +y7+ <3, 
where 2 € Fx), € i(x),q € f(x), 6+ © F(x) = User) maxd, y* € i(x) = nex) MAX, 
nt € f(x) = Une f(x) maxy for x € X. 


Definition 3. ([50]) Let X be a non-empty finite set; an interval neutrosophic hesitant fuzzy set (INHFS) on X 
is represented by: 


A = {(x,Ta(x),I4(x), Fa(x))|x € X}, 


where Ta(x) = {&|& € Ta(x)}, La(x) = {BIB © IA(x)} and Ta(x) = {FF © Fa(x)} are three sets of 
some interval values in real unit interval [0, 1], which denotes the possible truth-membership hesitant degrees, 
indeterminacy-membership hesitant degrees and falsity-membership hesitant fuzzy degrees of element x € X 
to the set A and satisfies these limits: & = [a', a4] C [0,1], B = [B*,B“] © (0,1), 7 = [v4.74] © [0,1] 
and 0 < supi* + supB* + supy* < 3, where Rt = Uperax) max{a}, Bt = Upeta(x) max{ B} and 
t= Unerai max{ 7} for x € X. 


3. The Probabilistic Single-Valued (Interval) Neutrosophic Hesitant Fuzzy Set 


In this section, the concepts of PSVNHEFS and PINHFS are introduced. Since PINHFS is more 
general than PSVNHES, the situation of PINHFS is mainly discussed. 


Definition 4. Let X be a fixed set. A probabilistic single-valued neutrosophic hesitant fuzzy set (PSVNHFS) 
on X is defined by the following mathematical symbol: 


NP = {(x,(x)|P"(x), i(x)|P"(x), F(x)|P/(x))|x € X}.- (1) 


The components #(x)|P#(x), i(x) |P! (x) and f (x) |PF (x) are three sets of some possible elements where 
#(x), i(x) and f(x) represent the possible truth-membership hesitant degrees, indeterminacy-membership 
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hesitant degrees and falsity-membership hesitant degrees to the set X of x, respectively. P!(x), P'(x) and pf (x) 
are the corresponding probabilistic information for these three types of degrees. There is: 











P . 7 a a, af 
O<a,B,y<10<dtt+yt+yt+ <3;Pfe [0,1),F) < (0,1, Pf € [0,1]; P=1 RH =1 BR =1 
a=1 b=1 c=1 
where ¢ © (2), B € i(x),y € f(x), wt € P(e) == Ue mame, 6 € @) = Useicxy maxB, 


yt Eft (x) = Uyef(x) maxy, PE € PI, Pi e Pi, pf e Pf. The symbols #, #i and #f are the total numbers 
of elements in the components #(x)|P! (x), i(x)|P#(x) and f(x)|PF (x), respectively. 


For convenience, we call 7p = (i(x)|P#(x), i(x)|Pi (x), f (x)|Pf (x)) a probabilistic single-valued 
neutrosophic hesitant fuzzy number (PSVNHEN). It is defined by the mathematical symbol: fi = 
{HP "iP", fIPP}. 

Next, a numerical example about investment options is used to explain the PSVNHFS. 


Example 1. OF four investment selections Aj, select the only investment option of an investment company. 
The investment corporation wants to have an effective evaluation and to choose the best investment opportunity; 
thus, the decision maker needs to use the PSVNHFS theory. According to the practical situation, there are three 
main attributes: (1) Cy is the hazard of investment; (2) Cp is the future outlook; (3) C3 is the environment index. 
Thus, the data on these four options are represented by SVNHFES, as illustrated in Tables 1-4. Every table is 
called a probabilistic single-valued neutrosophic hesitant fuzzy decision matrix (PSVNHFDM). 


Table 1. A probabilistic single-valued neutrosophic hesitant fuzzy decision matrix (PSVNHFDM) D, 
with respect to A}. 





Attributes Investment Selection A; 
Cy { {0.3|0.2, 0.4|0.3, 0.5|0.5}, {0.1|1}, {0.3]0.6, 0.4]0.4} } 
Co {{0.5]0.5, 0.6|0.5}, {0.2|0.2, 0.3|0.8}, {0.3]0.4, 0.4|0.6} } 
C3 { {0.2|0.1, 0.3|0.9}, {0.1]0.3, 0.2|0.7}, {0.5]0.2, 0.6|0.8} } 





Table 2. PSVNHFDM D) with respect to Ap. 





Attributes Investment Selection A, 
Cy { {0.6|0.1, 0.7|0.9}, {0.1|0.4, 0.2|0.6}, {0.2]0.5, 0.3|0.5} } 
Co { {0.6|0.2, 0.7|0.8}, {0.1|1}, {0.3]1} } 
C3 {{0.6|0.3,0.7|0.7}, {0.1|0.6,0.2|0.4}, {0.1|0.7, 0.2|0.3}} 


Table 3. PSVNHFDM D3 with respect to A3. 








Attributes Investment Selection A3 
Cy {{0.5]0.5, 0.6|0.5}, {0.4|1}, {0.2]0.2, 0.3|0.8} } 
Co {{0.6|1}, {0.3|1}, {0.4]1}} 
C3 { {0.5|0.6, 0.6|0.4}, {0.1|1}, {0.3]1} } 


Table 4. PSVNHFDM D, with respect to Aq. 








Attributes Investment Selection A4 
Cy {{0.7|0.4,0.8|0.6}, {0.1|1}, {0.1|0.1, 0.2|0.9} } 
Co {{0.6|0.6, 0.7|0.4}, {0.1|1}, {0.2]1}} 
C3 {{0.3|0.9,0.5|0.1}, {0.2|1}, {0.1|0.1, 0.2|0.8, 0.3|0.1}} 
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In general, in the real world, if the three types of hesitant degrees of the PSVNHFS are interval 
values, this is a special case of INHFS. This kind of interval is more able to express the problems that 
people encounter when making choices in real life. However, the PSVNHFS is not an effective tool to 
solve this problem. Thus, we need to propose a new method to solve this problem. Then, the SVNHFS 
can be used as a special case of the probabilistic interval neutrosophic hesitant fuzzy circumstance. 
Thus, the probabilistic interval neutrosophic hesitant fuzzy set (PINHFS) is proposed and studied. 
The advantages of this are: SVNHFS can be studied in a wider range; the scope of application is also 
broader and closer to real life. Hence, we will give the concept of PINHFS. Simultaneously, in the rest 
of this paper, we take PINHFS as an example to conduct research. 


Definition 5. Let X be a fixed set, a probabilistic interval neutrosophic hesitant fuzzy set (PINHFS) on X is 
defined by the following mathematical symbol: 


N = {(x,T(x)|P" (x), I(x)|P! (x), F(x)|P* (x)) |x © X}. 


The components T(x)|P7 (x), I(x)|P!(x) and F(x)|P* (x) are three sets of possible elements where T(x), 
I(x) and F(x) are three sets of some interval values in the real unit interval [0, 1], which denotes the possible 
truth-membership hesitant degrees, indeterminacy-membership hesitant degrees and falsity-membership hesitant 
fuzzy degrees of element x € X to the set N, respectively. P™(x), P'(x) and PF (x) are the corresponding 
probabilistic information for these three types of degrees. There is: 


& = [a", a4] C [0,1], B = [p*, BY] C [0,1], 7 =e 1] ‘ 1];0 < supat + supB* + supy* < 3; 


€ [0,1], Py € [0,1], PF € [0,1], Le=1 bm=1, be 


where & € T(x), B € I(x) and 7 € F(x). &* = Upery x) max{i}, Bt = User,(x) max{ Bt, and 7+ = 
Uyera(x) max{ 7}. PT € PT, P} € Pl, PF € PF. The symbols #T, #1 and #f are the total numbers of elements 
in the Dane T(x)|P? (x), I(x)|P!(x) and F(x)|PF (x), respectively. 


For convenience, we call n = (T(x)|P7(x),1(x)|P!(x),F(x)|P*(x)) a probabilistic interval 
neutrosophic hesitant fuzzy number (PINHEN). It is defined by the mathematical symbol: n = 
{T|P7,1|P!, F|PF} 

Ital = a, pl Bu, vb = 7", the PINHES is transformed into the PSVNHES. 

Therefore, we know PINHFS is more general than PSVNHFS. PSVNHFS can satisfy all 
the properties of PINHFS. Thus, this paper mainly studies PINHFS. 








Definition 6. For a PINHFN n, where a = 1,2,...,#T, b = 1,2,...,#1, c = 1,2,..., #E, the score function s(n) 
is defined as: 








re vari (ak + al) Pr + yh (2 (P+ BSR + PHF (2— (4k 4 Ba))Pe Q) 





where #T, #I and #f are the total numbers of elements in the components T(x)|P™(x), I(x)|P!(x) and 
F(x)|P* (x), respectively. 


Definition 7. For a PINHEN n, where a = 1,2,...,#T, b =1,2,...,#1, c = 1,2,..., #E, the deviation function 
d(n) is defined as: 





a(n) = Lenulaa tag! — 2s(n))?- Pa + Cpe (2 — By — Boi — 2s(m))? «Py + Leen (2 — ve — Bel —25(n))? PE oy 
4 
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where #T, #1 and #f are the total numbers of elements in the components T(x)|P™(x), I(x)|P!(x) and 
F(x)|PF (x), respectively. 


Definition 8. Let ny and nz be two PINHFNs, the comparison of the method for ny and ng is as follows: 


(1) If s(ny) > s(n2), then ny > no; 
(2) If s(ny) = s(nz),d(n1) > d(n2), then ny > no; 
(3) If s(n) = s(n2),d(n,) = d(nz), then ny = no. 


4. Some Basic Operations of PINHFNs 
Definition 9. Let ny = {T,|P™, ,|P4, F,|P"} and nz = {To|P™, bh|P®, Fy|P™} be two PINHENs, then: 





@ (m= UU {lPE, [1-61 — BEIPE, ma |PDY, 
&€T, Piel neh 
(2) Anz = A U6 
me ae ral cet) {Bt | ei, 
ff €T2,0 Ely, fla EF 
in Opel A}, 
2 
(3) my Ung = 7 U 7 {{@ Ul = Ba ciate {B10 |" Th aS, 
8 €Ty BET, F2€F,,f.€T2,0Eh, fin Fy UP yy Py 
pil pe2 
{711 fil2| sine} 
(4) (m= Ue), ANP}, {1 — (1 — Bh), - 1 — BEY IPL}, 
&€T, Piel ner 
{(1-(1-f),1- (= PIPE, 
(5) A(m) = U {{[1— (1— Ab), 1— (1 ab POY, (BE, (BE ATEE EOE, (ADAPT B 


&€T, Piel. neh 


(6) m@Ong= U {{lok + nk — abyb, of + qh! — ody | Pl Ps}, 
@€T, Pichi. 1eh, 
92 €T2,62 €Ip,flg Fy 


I, F. 
{[ 105, ‘allerae {lyres vt Hy alls ohh 


Ty pT: 

7) m@m= UYU {{lapny, a7 ng']|P,*Po?}, 
mT, picl,1eF, 
7j2€T2,02€ Ip ,fizE Fa 


I 
{pp ey = Pree, Pr + 68! — piOy|P; "Py by 
{lop tea — tes, vil + od — eS IPP 2th, 


where ph; Ph and pp are hesitant probabilities of & € T,, By € ly and 7 € F,, respectively. P2?; Pp 
and pp are corresponding hesitant probabilities of ff € T2, 82 € In and fiz € Fy. 


Theorem 1. Let n, and n2 be two PINHENSs, then (11)°, 11 Anz, 1 U ng, (n4)4, A(nq), ny © nz and ny ®@ ng 
are PINHFNs. 
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Proof. By Definition 5, Definition 9, it is easy to prove the result. 














Theorem 2. Let m = (T%)|P",h|P2,F|P"), nm = (To|P?,b|P?,E|P2) and nz = 
(T3|P7, I3|P8, F3|P'3) be three PINHENs, A, Ay, Az > 0, then: 


(1) 
(2) 
(3) 
(4) 
(5) 


Ny ON2 = n2 ON; Ny B Nz = N72 @ Ny, 

(1 © nz) ® nz = ny @ (nz @ ng); (11 ® nz) ® ng = nj @ (nz @ ns), 
A(ny ice) n2) = A(n1) ice) A(nz), 

(1 ® ng)* = (14)* ® (np), 

(my )*1¥42 = (11) @ (1m1)*2; (Ay + Az), = Aq (m1) @ Ag(11). 








Proof. If ie oe PR and i | are probabilities of & € Ty, Bi € l, and 7% € Fi, respectively. Py 2. Pp and 
PP are corresponding probabilities of flo € Tr, 62 € In and fiz € Fh. Py - PS and PS are corresponding 
probabilities of ¢3 € T3, 63 € Iz and 3 € F3, then we have: 


(1) 
(2) 


(3) 


By Definition 9, we can get that (1) is true. 


(ny ® nz) @ n3 = U {{lat + (ny + &3 — xe) - 


a €T, Bi €l,71€F, 
72 €T2,62 € In, fl2€ Fa 
63€73,03 13,3 F3 





atl + (yh! + a — yall) — all (yh! + a! 
{[Bk (ekok), BY (vos )]|PD (PEPS)}, 


{AE (uk g5), AY (ue ph) |PE (P22 P53?) }} 
= ny ® (nz @n3). 


Similarly, we can obtain (nj ® nz) ® n3 = nj ® (nz @ n3). 


at (yx +25 — 9x65), 


qe CEP (PPEP iy, 


A(my ® ng) = Uo {tft = 2 = (ak +g = ayy 4,1 — 1 = (a + gt — og) APD PTo2} 


i €T Beh 1€A, 
92 €T2,02€ In, fl2€ Fy 


{((B1)* (02), (BEY (OUP PP} (U7) (So) ed LP Ps? } 


= U {{(1— (1— ag), 1— (1 af APY C16), (BE 


4 €T Bich neh 


IPP Y ot) of APH 


® U {{(1— (1 9b)*,1— (1 = IPP}, CE )*, (OS) 11}, (18), HTP 


f2€T2,82€ I, fl2eF 


A(ny) ® A(ng). 
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(4) 
(ny @ m)* = Uk fConk)*, (od PRP}, 
eT, Piel, neh, 
Hz €T2,02 € Ip, flz € Fy 
(l=G= (6h = pe 1-0 er ee pee 
(i=0=GFd =) 1-0-6F 48 eee 
= Uo kat) Co PAP {1-1 - ph)4,1- a — pe) Pay, 
a €T,, pi eh.n1eh 
(i=G@<74=G=9 1} 
@ UU lek, ah) PP} {fa - (1 —08)4,1- (1 — oF] B23, 
ff €T2,82€ lp, fla Fp 
{f1— (4 —45)4,1- (1 — pA PP 
= (m)* ® (1g). 
(5) 


(myer? = U {{ (ah) 472, (aff) +42]| PI}, {[1 — (1 — phy t2,1 - (1 — py +2] piy, 
m ET, Piel, 16F 


{[1— (1 — yy 42,1 — (1 — ote] PY 


U {{o PB} {(. = (= By) IPB A= = 90) 1PB 


meT  Pich,j1eh 


@ U {4((at)*, (a!) ] Pt}, {[1 — (1 — Bt)*2,1 — (1 — pe) 11Pr}, 


4 €T,, Piel, 71€h 


(t= Gaeta ey 


= (m)" @ (m)”. 





Similarly, we have (Aj + Az) = A1(m1) © A2(n1). 











Theorem 3. Let n 1 and nz be two PINHFNs, A > 0, then: 


(1) ((m)°)A = (A 
(2) A(m)e = 
(3) (ny) @ n2° = (ny @ n2)°, 

(4) (ny)° @ (nz)° = (my Bz). 


Proof. pr a ph and Pr ' are hesitant probabilities of & € Ty, B1 € I, and 71 € Fi, respectively. Py’ a pp 
and PP are corresponding hesitant probabilities of #2 € To, 62 € In and fiz € Fy. Then: 
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(1) 
(my Y=( UO ftlrteYepy {ia — pt 1 — peer}, fat, ol||Prt}}) 
m€T, Beh. neh 
= Ul, EP (it — (82), - (BEBE 
a €T, Biehl, W1eh 
(1 — (a —oh)4,1- 1 — oP} 
=(AC UO flat ob) Pity. (6h, BYE. i Pit) 
& €T, Piel, 1€F 
= (A(m))°. 
(2) 
Mmyo=A YY fart eet} 2 — BY — BYIIP DY (lot, ot} }) 
&€T, Biehl, W1€F 
= U {{1-(1—9h)4,1- Go PIPE 1a - BY, a - BE IPE, 
ay Ey By Cit/Ye Cf 
{[(ok)*, (a )YPO}} 
= ( U {{[(ak)*, (Py {1 - (1 - 6h)4,1- 1 — BEB, 
a EE By i Ve Eft 
{i-Gd—)4,1- (1-92 APE 
= ((m))°. 
(3) 


(my e(mye=( UO lat oT fi — 61 Bre}, flat, eV ]/PO}}) 
i €T, pich WER 


oC Ute dey, (2 — 6,1 - oP}, {ink P23) 
92 €Te,82€h, jin 


Fy pF: 
= Uo Ck ek — rte vt + ot — 1 INP Ps? 
& €T, beh. 1eh, 
ja €T2,02 € In, fig eFy 





{1 — p5)(1 — 08), (1 — pa — PEPPY, {lakyk, of SPD Py} 


Ty pT: Lh pk 
=( UC fatng, oeg'ng Pp Pa? }, {Br + 62 — BrO3, By + 05! — By'05']|P;' Ps? }, 
4 €T,pieh 1h, 
912€T2,62 € In flz€F 
{lot + 0b — reed, ott + oS! — A WSIIPE PS? }})° 


= (ny @ nz)’. 
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(4) 
(m1)° @ (ni2)° = ( U {{lot EP}. {11 — BY, 1 — BrP}. (lat, @Y)Pr }}) 


mT, Piel, Weh 


@( U {{(o3, SIPS}, {[1 — 03,1 — ox) |PP 3, {lpz, nz! )IPs23}) 
92 €T2,62€ h, fixe Fe 
= Us ehlertad reat Pr Ps}, (1 — By 634, 1 — Breed Pt Ps"), 
meT, Beh, HEA, 
7[2€12,02€ hy, fixe Fr 





La yk \ Uy) pT pT: 
{lay + 92 any, oy! + ys! at! qy']| PE Ps? }} 





| ae eee 1 uu Ty pT: LoL plu ypu Li pl: 
= ( U {{lar + 12 any, ot! t ns ay x ]|Py' Py}, {[B1 92, By 92 ||Py'Po*}, 
met Beh, neh, 
2 €T2,62€h,fixeFr 


acicemcealiciecaeen 


= (11 @ n2)°. 














The PSVNHFS also satisfies the above properties, and the process of the proof is omitted. 


5. The Basic Aggregation Operators for PINHFSs 


Definition 10. Let nj (x =1,2,--+ ,X) bea non-empty collection of PINHFNs, then a probabilistic interval 
neutrosophic hesitant fuzzy weighted averaging (PINHFWA) operator can be indicated as: 


PINHFWA (ny, 12,-+- nx) = QB wj(n;) 








j=1 
x 2 xX +f 
Uitt=([t—a i= [oe Le (4) 
j=l - j=l 


x x x eB 
{11 (67) TI 67)" utd ATO Tey 
j iF 


i= J 





a 





where [aj ae] = &; € T;, [B;, Bi) = Bj € Ij, yy 77] = Ve8, Pi ae and P; i are i hesitant 
probabilities i € Tj, Bj € I, and 7; € Fj. j =1,2,--- ,X, w; is the weight of n; and = w; = 1. Ifall 


wights are +, then the PINHFWA operator reduces to the probabilistic interval apes hesitant fuzzy 
averaging ( PINHFA) operator: 


1 
PINHEA(n1,no,-»- nx) =@ x(t) 








j=1 
x 1 x 1 xX 7: 
Udh-T1a-4))2,1-[]0=27)2 1/1124. (6) 
j=1 j=1 j=1 
1 x 1 - I x 1 x 1 x F; 
(Chop? Thay iT Le! yop? oe iLL. 
a j=l j=l j=l j=l j=l 
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we 7 T; ‘al Li 7 F; 
Theorem 4. ee Let nj = {{aj|Py"}, {BilP;’}, {4%1P; yy and my; = 
{{9jlP; Ti {82|P) }, {ij IF 7 }} be two collections of PINHFNs; w;(j = 1,2,---,X) is weight, and 
Ta 0) = 1 fe! =P", pi =i, pli = pi and a+ < nF, ad < yt, Bi > OF, pi > oH, vy > up, 
Yj > we, then: 





PINHFWA(n1,n2,--+ ,nx) < PINHFWA(mj, m,--- ,mx). (6) 


Proof. Since at < ny, at ali< ny, Bi > 0, pit > ov, > Me, a > pit for all j, we have: 
17 = ab) <1 Y= yh), 1 TT a)" <1 1 =; 

HCAs)" > THe)", TUBE)" > THe)" 

Taf) > (HF), Ty) = TH). 








T TT 2% ne 
Simultaneously, we have P; : P,? , P? P? , Pi 








pi , 80 We can obtain: 


; Tj : iF ; F; 
(1—TN(1 — @F)%) TP,’ — TBF) TP?’ — T1(y7) 4 TL P;"} Ss 
T* It Ft 
(1 —TI(1 _ mj) TP, J ~T1(97)" T1P;! T(ej) TP; : 
: Ee : F; 
(1 Ty — ay) Ty — Tyee) TTP! — TN)" TTP} < 
It F* 
(1-111 = 97)" ye — TNF) TTP! HE) TTP’, 
then by the score function 6 and Definition 8, we have PINHFWA(nj,12,---,nx) < 
PINHFWA(my,1mp,- ++ , Mx). 














T; ~ z , . 
Theorem 5. (Boundedness) Let nj = {{ajlPi"}, {BilP'i}, {4;|Pi}} be a PINHEN (j = 1,2,-++ ,X), &j € 
Tj, Bo € 1,9 © Fj, PM, Pi and pi are hesitant probabilities of &j, Bj and ¥;, respectively. 1; (j =1,2,--- ,X) 
is a weight, and ry w= 1. If 
N~ = {{{min {ol}, min{al!}\|min{P:"}}, {{max{B)}, max {pl }]|max{P}}, {[max{y!}, max{y!}]|max{P.’}}}, 
N+ = {{[max{al}, max{al}]|max{P,’}}, {[min {pl}, min{ BU }||min{P! }}, {min {yh}, min{y!}]|min{P,’}}}. 
Then: 
PINHFWA(N—) < PINHFWA(n,n2,--- ,1x) < PINHFWA(N7™) (7) 


Proof. For all PINHFNs 1, we have: 

min {a} < ar < max{ar}, min{ai"} < ai < max{ar}; 

min{ Br} < Bi < max{ Br}, min{ pH} < bi < max{ BH}; 

min{y+} < v < max{y;}, mint yt} < a < max{yt!}; 

T; T; T; I L 
min{ P."} < Ee < max{P.’}, min{P.’} < ye < max{P.’}, 

F F F 
min{ P."} < Pi < max{P;"}. 
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Thus, 


1-JJa- ay *% >1-TJa- min{a;})*i =1-—(1—min{at})E% = min{a;}, 

1-]Ja- af *% >1-TJ[a- dau ty “} =1—(1—min{al})E = min{oj"}, 
TL(6)" < [](mnax{ p43)" = (max{pt})E* = max{pty, 

TLBY) < []lmax{p4})% = (max p=") = max{ py, 

[108 < [fomax{ab})" = (max fy })E% = max{oF}, 

I] ( 


(4% < Ty (max fy} })% = (max{h JE" = max{y}. 





Next, by Definition 10, we have: 
NHPFWA(N =Ul{lmin{ar}, min{a‘"}}| W[]min{p? A, {[max{B;}, max{ BH }] HT] max Ph, 
{[max{7}, [max{y;" HIT] max(p; "}}} 


By score function 6 and Definition 8, we can obtain PINHFWA(N 7) < 
PINHFWA(n,,nz,--- ,1x). Similarly, we have PINHFWA(ny,N2,--- ,nx) < PINHFWA(N7). 














Theorem 6. she Ifnj = {{{ak, 0 4]|Pi}, {[p", BYy|Poh {lot yU|Path, 7 = 1,2,--°,X, w; is 
the weight of nj, Ba w; = 1, then: 

PINHFWA(ny,np,--- nx) = {{[a", 04] PL}, {18° BY] Poh, {ly ]Pat}- (8) 
Proof. Since nj = {{[a", 04 ]|P,}, {[B", BU]|Po}, {[y4, 7“ ]|P3} }, thus we have: 

1-]]JQ we 1-(1 

[](8h)* = (pty = Be TTB" 1. = Pe 
Tl)" = PE ah TTY = (EM = 7", 
hen =@ NE" = ao = ae =P, [ [By = G7 =. 

















, 


ae al, i T1Ga gly 1 (1 gl yLvj al. 


It is easy to get: 


PINHFWA(vip,,tipy,- + ,tipy) = {{[a* a" ]|Pi}, {[B", BYP}, {9% y"]IPs 














Theorem 7. (Commutativity) If A = {ny,n2,--- ,nx} isa collection and B = {m,,mp,--- ,mx} is anew 
permutation of A, then: 


PINHFWA(n1,12,--+ ,Nx) = PINHFWA(m1,1m,--- ,mx). 














Proof. By Definition 10, it is easy to prove it. 


192 


Symmetry 2018, 10, 419 


Definition 11. Let nj (j = 1,2,--+,X) be a non-empty collection of PINHFNs; a probability interval 
neutrosophic hesitant fuzzy weighted geometric (PINHFWG) operator can be indicated as: 


x 
PINHFWG(ny,nz,--+ ,nx) = &) w;(n;) 
j=l 





_|* 


=UUll 


J 


x X + xX xX Dae 3 
(op) TD Cap TT, £00 he=6)74= 110 BTL e (9) 
I= i= i= 


ja jel 


Il 
B 


x Xx ce 
(=== a= ea 
4 


j=l j=l 





4 tT ph Fj 
where [ai at] = &; €T;, [B¥, Bi] = 6; € Ij, ly, 7] =P Eide - Pe and P;? are corresponding hesitant 


% x 
probabilities of &;, Bj and ¥;.j =1,2,-+- ,X, w; is the weight of nj and Y) w; = 1. Ifall wights are +, then 
j=l 


the PINHFWG operator converts to the probabilistic interval neutrosophic hesitant fuzzy geometric (PINHFG) 
operator: 











x 
1 
PINHFG(n1,n,--- ,nx) =®& xm) 
j=l 
Sa ee Se x rr x fig et 
= Ute) Te) 2112}. (2 -T1G- 67)%.1-T]a- 6 )2[[ 27}, ao) 
j=l j=l j=l j=l j=l j=l 
x pet x ee ae 
(1—[Ja—9p*1-[fa— Tey. 
j=l j=l j=l 
oe 4 T; ash I 7 Es 
Theorem 8. (Monotonicity) Let nj = {{aj1Pp"}, {Bil Pi} LLP) and = mj = 
Th has I Fe 
{{HjlPi’ \, {63|P;! }, {alP;’ }} be two collections of PINHFNs; w;(j = 1,2,---,X) is weight, and 
fie yo Tj _ pl pi — pli ph — ph Leigh phe yl pl Ss pb. AUS Gl nk wb 
ya ER! = 8), PSP) Pl SP! mda < gh al <i ph Sot, Be > Ot as > 
Vr > ui, then: 
PINHFWG(ny,n2,--+ ,nx) < PINHEFWG(my,mz,--- ,mx). (11) 











Proof. This is similar to Theorem 4. 





Theorem 9. (Boundedness) Let nj = {{alPi}, {BPW}, {HP} } be a PINHEN (j = 1,2,--+ , X), & € 
Tj, Bo € Ij, YE Fi, PM, Pil and Pi are hesitant probabilities of &j, Bj and Vie respectively. Wj (j =1,2,--- ,X) 
is a weight, and ry w= 1 If 

P~ = {{[min{ah}, min{al!}||min{P;}}, {[max{ pr}, max{pY}]|max{P! }}, {[max{ yh}, max{y}}]|max{P:’}}}, 
pt= {{{max{al}, max{all}]|max{Pr}},{{min{ Bt}, min{ BU}]|min{P.}}, {min{yh}, min{ yt}]min{ Pi }}}, 


then: 


PINHFWG(P~) < PINHFWG(ny,np,--: ,nx) < PINHFWG(P*) (12) 











Proof. This is similar to Theorem 5. 
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Theorem 10. pa pias [fnj = = {{[ak, 0 ]| Py}, {[B", BU|| Po}, f(t, IPs} i = 1,2,--+ ,X, w; is 
the weight of nj, yy w; = 1, then: 


PINHFWG(m, 1g,--- , nx) = {{[o",0"]|Py}, {[B", BI Poh. {ys ]P3}}- (13) 








Proof. This is similar to Theorem 6. 








Theorem 11. (Commutativity) If A = {11,n2,--- ,nx} isa collection and B = {m,,mp,--++ ,mx} is anew 
permutation of A, then: 


PINHFWG(ny,12,--+ ,Nx) = PINHFWG(mj, m,--- , mx). 














Proof. We can obtain it by Definition 13. 


Lemma 1. [3] Let x; > 0, w; > 0,i=1,2,--- ,n and VL, w; = 1, then: 
n 


TI ye < Ym, 


i=1 


Theorem 12. If nj = {{%|P; ny, {BP}, {¥,|P5 '}} is a collection of PINHFNs and j = 1,2,- ++ , X, tw; is 
the weight of nj, w; > 0 and Ex 1 Wj = 1, then: 


PINHFWG(n1, n2,- “e /nx) = PINHFWA(n,12,- ae /nx), 
PINHEFG(ny,no,--+ ,nx) < PINHFA(ny,n2,--+ nx). 


Proof. Since &; = [a7 a uy, Bj = [B}, BH), Vj= eraaeall ah, ot € [0,1]. Thus, By Lemma 1, we have: 


T[(a})"' < Vo war 1 Ya ar) < 
T1071)" < Vows 1 Val atl) < 


Thus, we can obtain: 














Teh" Te’ < a-TJa-eh) TP, 
Te" 112) £0-—[1G=27)%) Mee 
Similarly, we can also get: 
Teh 112’ < @-Tla-sh™) 12, eT’ < a-T]a- se) TY, 
Moh" 11? < a-Ta-) 1 Wot) 112" < @-Ta- "Ty. 
Next, by the score function 6, we know: 
PINHEWG(m,19,--- ,nx) < PINHFWA(m1,1,-++ , nx). 


Similar to the above process of the proof, we know inequality PINHFG(n1,12,---,nx) < 
PINHFA(n,,np,- ++ ,Nx) is right. 














6. MADM Based on the PINHFWA and PINHFWG Operators 


In this section, the PINHFWA and PINHFWG operators are used to solve MADM problems with 
probabilistic interval neutrosophic hesitant fuzzy circumstances. 
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Let A = {Aj,A2,---,Am} be a collection of options and C = {C1,Co,--+,Cn} be a set of 
attributes. In order to assess Ay, (fh = 1,2,--- ,M) with the attribute C;, (k = 1,2,--- , N) represented 
by the PINHEN 1,4 = {Thx|P™, Ing|P™, Fix|P/™}, next, we can construct a probabilistic interval 
neutrosophic hesitant fuzzy decision matrix (PINHFDM) D = (mpx)mxn (h = 1,2,---,M;k = 
1,2,--- ,N). The weight vector of C is w = (w1,W2,--- , Wn). Then, the evaluation steps can select an 
optimal option: 


e Step 1. Use the PINHFWA or PINHFWG operator to aggregate N PINHENs for an alternative Aj, 
h=1,2,++* ,M. 

e Step 2. Calculate the score values of all PINHFNs; if we get the same for s(), then we need to 
compare the deviation values. 

e = Step 3. Rank and select the optimal option Ay. 


7. Illustrative Example 


The background of the numerical case comes from Example 1. Therefore, this section is not 
covered in detail. The weight vector of C is w = (0.35, 0.25, 0.4). Thus, four PINHFDMs are established, 
illustrated in Tables 5-8. 


Table 5. A probabilistic interval neutrosophic hesitant fuzzy decision matrix (PINHFDM) Dj with 
respect to A}. 





Attributes Investment Selection A; 
Ci {£(0.3, 0.4]|0.1, (0.4, 0.4]|0.1, (0.4, 0.5]|0.8}, {[0.1,0.2]|1}, {0.3,0.4]|1}} 
Co {{[0.4, 0.5]|0.5, [0.5, 0.6]]|0.5}, { [0.2, 0.3]|1}, {[0.3, 0.3]|0.7, [0.3, 0.4]|0.3} } 
C3 {{[0.2, 0.3] |1}, {[0.1, 0.2]|1}, {[0.4, 0.5}|0.7, [0.5, 0.6]|0.3}} 





Table 6. PINHFDM D) with respect to Ap. 





Attributes Investment Selection A, 
Cy {{[0.6,0.7]|1}, {[0.1,0.2]|1}, {[0.1, 0.2]]0.2, (0.2, 0.3]|0.8}} 
C2 {{[0.6, 0.7]|1}, {[0.1, 0.1]|1}, {[0.2,0.3]|1}} 
C3 {{[0.6, 0.7]|1}, {[0.1, 0.2]|1}, {[0.1, 0.2]|1}} 


Table 7. PINHFDM D3 with respect to A3. 








Attributes Investment Selection A3 
Cy {{[0.3, 0.4] 0.3, [0.5, 0.6]|0.7}, {[0.2, 0.4]|1}, {[0.2, 0.3]|1}} 
Co {{[0.5, 0.6]|1}, {[0.2, 0.3]|1}, {[0.3, 0.4]|1}} 
C3 {{[0.5, 0.6]|1}, { [0.1, 0.2]|0.4, [0.2, 0.3]|0.6}, {[0.2, 0.3]|1}} 


Table 8. PINHFDM D, with respect to Ag. 








Attributes Investment Selection A4 
Cc {{[0.7, 0.8] |1}, {[0,0.1]|1}, {[0.1,0.2]|1}} 
Co {{[0.6, 0.7] |1}, {[0,0.1]|1}, {[0.2,0.2]|1}} 
C3 {{[0.3, 0.5] |1}, {[0.2, 0.3]|1}, {[0.1, 0.2]|0.2, [0.3, 0.3]|0.8}} 


e Step 1. Select the PINHFWA operator to aggregate all PINHFNs of iy, (h = 1,2,3,4;k = 1,2,3) 
to obtain the collective PINHEN ny, (it = 1,2,3,4) for the alternative Aj, (h = 1,2,3,4). 
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ny = PINHFWA(n1, 112,113) 
= { {[0.2895, 0.3903]|0.05, [0.3212, 0.4234]|0.05, (0.3268, 0.3903] |0.05, (0.3568, 0.4234] |0.05, 
(0.3268, 0.4280] |0.4, [0.3568, 0.4590]|0.4}, 
{[0.1189,0.2213]|1}, 
{[0.3366, 0.407]|0.49, [0.368, 0.4378] |0.21, (0.3366, 0.4373] |0.21, (0.368, 0.4704]|0.09}; 
ny = PINHFWA(ny1, 122,123) 
= {{[0.6,0.7]|1}, {[0.1, 0.1682]|1}, {[0.1189, 0.2213]]0.2, [0.1516, 0.2551]|0.8}}; 
n3 = PINHFWA(n31, 132, 1133) 
= {{[0.4375, 0.5390]|0.3, (0.5, 0.6]|0.7}, { {0.1516, 0.2821]|0.4, (0.2, 0.3318]|0.6}, { {0.2213, 0.3224]|1}}; 
ng = PINHFWA(1q1, 142,143) 
= {{0.5476, 0.6807]|1}, {[0, 0.1552]|1}, { [0.1189, 0.2]|0.2, (0.1845, 0.2352]|0.8}}. 


e Step 2. By (2), count the score values of all PINHENs ny (h = 1,2,3,4), 


ny = 0.6104, n2 = 0.7731, n3 = 0.6711, ip, = 0.7789. 
e Step 3. Rank the PINHFNs by Definition 8; we have: 
Aq > Ar > A3 > At. 


Thus, we know that Ag is the best choice. 
Next, we will make use of the PINHFWG operator to solve the MADM problem. 


e Step 1’. Aggregate PINHFNs ny (h = 1,2,3,4;k = 1,2,3) by taking advantage of the PPNHFWG 
operator to get the collective PINHFN ny, for Aj. 


ny = PINHFWG(141, 112,113) 
= {{[0.2741, 0.377]|0.05, (0.2898, 0.3946]|0.05, (0.3031, 0.377} |0.05, [0.3205, 0.3946] |0.05, 
(0.3031, 0.4076]|0.4, [0.3205, 0.4266]|0.4} 
{[0.1261, 0.2263]|1}, 
{[0.3419, 0.4203]|0.49, [0.3881, 0.4698]]0.21, [0.3419, 0.4422]|0.21, [0.3881, 0.4898]|0.09} }; 
ny = PINHFWG(np1, 122,123) 
= {{[0.6,0.7]|1}, {[0.1, 0.1761]|1}, {[0.1261, 0.2263] |0.2, (0.1614, 0.2616]|0.8} }; 
n3 = PINHFWG(n31, 132,133) 
= {{[0.4181, 0.5206]|0.3, [0.5,0.6]|0.7}, {{0.1614, 0.3004]|0.4, (0.2000, 0.3368] |0.6}, 
{[0.2263, 0.3265]|1}}; 
ng = PINHFWG(n41, 142,143) 
= {{[0.4799, 0.6411]|1}, {[0.0854, 0.1861]|1}, {[0.1261, 0.2000]|0.2, (0.2097, 0.2416]|0.8}}. 





e Step 2’. By Definition 6, we have: 
ny = 0.595, nz = 0.7692, n3 = 0.6653, ng = 0.7372. 
e = Step 3’. Rank A;, (h = 1,2,3,4) on the basis of Step 2’, 


Az > Aq > A3 > Aj. 
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Thus, Ag is the best choice. 


8. The Basic Aggregation Operator for PSVNHFS 
In this subsection, we construct the PSVNHFWA operator and the PSVNHFWG operator. 
The comparison method of PIVNHENs is proposed. 


Definition 12. Let ip, (x = 1,2,--- ,X) be a non-empty collection of PSVNHENSs , then a PSVNHFWA 
operator can be indicated as: 


PSVNHEWA(rip,, 1ipy,--- ,1?py) = ® wx (tp,) 
(14) 


= Ulla -[]a-«9" Detain Can cease rae caaa 














7 br va . . . ‘ee xX 
where a; Fi, Bj Ur Vj fil 1,2,--+ ,X, w; is the weight of tip; and & w= 1. 


Definition 13. Let 1p, (x = 1,2,--- ,X) be a non-empty collection of PSVNHFNs, then the PPVNHFWG 
operator can be indicated as: 


PSVNHFWG(tip,, tipy,- ++ , px) = ® w;(1p;) 
a (15) 
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where w; € tj, Bj € 1), Yj € fi, ij = 1,2,--- ,X, w; is the weight of vip; and % wj=1. 


Since the PSVNHEN is a special case of PINHEN, thus the score function s(1p), deviation function 
d(1p) and sorting method can utilize Definition 6, Definition 7 and Definition 8, respectively. In order to 
solve the MADM problem of the probabilistic single-valued neutrosophic hesitant fuzzy circumstance, 
the algorithm can use the same method described in Section 6. Next, The application can use 
Example 1. 


e Step 1. Select the PSVNHFWA operator to aggregate all PSVNHENs of (1p) nx. (4 = 1,2,3,4;k = 
1,2,3) to obtain the PSVNHEN rip, (i = 1,2,3,4) for the option A; (i = 1,2,3,4). 


rip, = {{0.3212|0.01, 0.3568|0.015, 0.3966|0.025, 0.3580|0.01, 0.3917|0.015, 0.4293|0.025, 0.3565|0.09, 
0.3903|0.1350, 0.4280|0.2250, 0.3914]0.09, 0.4234|0.1350, 0.4590|0.2250}, {0.1189|0.06, 0.1569|0.14, 0.1316|0.24, 
0.1737|0.56}, {0.368|0.048, 0.407|0.032, 0.3955|0.072, 0.4373|0.048, 0.3959|0.192, 0.4378|0.128, 0.4254|0.288, 
0.4704|0.192}} 

ip) = {{0.6|0.006, 0.6435|0.014, 0.6383|0.054, 0.6776|0.126, 0.6278|0.024, 0.6682|0.056, 0.6634|0.216, 0.7|0.504}, 
{0.1|0.24, 0.132|0.16, 0.1275|0.36, 0.1682|0.24}, {0.1677|0.35, 0.2213]0.15, 0.1933|0.35, 0.2551 |0.15} }; 

rips = {{0.5271|0.3, 0.5675|0.2, 0.5627|0.3, 0.6|0.2}, {0.2138|1}, {0.2797|0.2, 0.3224|0.8} }; 

ip, = {{0.5476|0.216, 0.6045|0.024, 0.579|0.144, 0.632|0.016, 0.6074) 0.324, 0.6569|0.036, 0.6347|0.216, 
0.6807|0.024}, {0.132|1}, {0.1189|0.01, 0.1569|0.08, 0.1846]0.01, 0.1516|0.09, 0.2|0.72, 0.2352|0.09}}. 





e Step 2. By (2), count the score values of all 1#p, (h = 1,2,3,4), 
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s(1ip,) = 0.6108, s (tip) = 0.7839, s(1ip3) = 0.6776, s(tip,) = 0.7579. 
e Step 3. Rank the PSVNHENs by Definition 8; we have. 
Az > Aq > A3 > At. 
Thus, we know that Ag is the best choice. 


Next, we will make use of the PSVNHFWG operator to solve Example 1. 


e Step 1’. Aggregate PSVNHENs tip,k (h = 1,2,3,4;k = 1,2,3) by taking advantage of 
the PSVNHFWG operator to get the 1p, for Ay. 


rip, = {{0.2898|0.01, 0.3409|0.09, 0.3033|0.01, 0.3568|0.09, 0.3205|0.015, 0.377]0.135, 0.3355|0.015, 0.3946|0.135, 
0.3466|0.025, 0.4076|0.225, 0, 3627|0.025, 0.4266|0.225}, {0.1261|0.06, 0.1663]0.14, 0.1548|0.24, 0.1937|0.56}, 
{0.3881|0.048, 0.4404|0.192, 0.4113|0.072, 0.4615|0.288, 0.4203|0.032, 0.4698]0.128, 0.4422|0.048, 0.4898|0.192}}, 

1ipy = {{0.6|0.006, 0.6382|0.014, 0.6236|0.024, 0.6632|0.056, 0.6333|0.054, 0.6735]0.126, 0.6581|0.216, 0.7|0.504}, 
{0.1]0.24, 0.1414|0.16, 0.1363]0.36, 0.1761|0.24}, {0.1889|0.35, 0.2263]0.15, 0.226|0.35,0.2616|0.15}}. 

tips = {{0.5233|0.3, 0.5629]0.2, 0.5578|0.3, 0.6|0.2}, {0.2666|1}, {0.2942|0.2, 0.3265|0.8}}. 

tip, = {{0.4799|0.216, 0.5887|0.024, 0.4988|0.144, 0.6119|0.016, 0.5029|0.324, 0.6169|0.036, 0.5226|0.216, 0.6411|0.024}, 
{0.1414|1}, {0.1261|0.01, 0.1663|0.08, 0.2097|0.01, 0.1614|0.09, 0.20.72, 0.2416|0.09} }. 


e = Step 2’. By Formula (2), we have: 
s(1ip,) = 0.5507, s(1ip,) = 0.7741, s(1ip3) = 0.6568, s(1ip,) = 0.7248. 
e = Step 3’. Rank Aj, (t = 1,2,3,4) by Definition 8, 
Az > Aq > A3 > Aj. 
Thus, Az is the best choice. 


In order to demonstrated the effectiveness of our approaches, a comparison was established with 
other methods. They are shown in Tables 9 and 10. 


Table 9. Comparison of the results obtained by different methods under the single-valued neutrosophic 
hesitant fuzzy circumstance. 





Method Sort of Results Best Alternative Worst Alternative 
SVNHEWA operator [49] Ag > Az > A3 > Ay A3 Ag 
SVNHEWG operator [49] Ap > Ag > A3 > Aq Ap Ay 

PSVNHFWA operator Ag > Ag > A3 > Ay Ag Aj 
PSVNHFWG operator Ag > Ag > Az > Ay Ag Ay 





Table 10. Comparison of the results obtained by different methods under the interval neutrosophic 
hesitant fuzzy circumstance. 





Method Sort of Results Best Alternative Worst Alternative 
GWA operator(1 < A < 39) [50] A3 > A, > Az > Ag A3 Ag 
PINHFWA operator Ag > Ag > A3 > Ay Ag Ay 
PINHEWG operator Ay > Ag > Az > Ay Ay Ay 
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In [49], Ye introduced the single-valued neutrosophic hesitant fuzzy weighted averaging 
(SVNHFWA) and single-valued neutrosophic hesitant fuzzy weighted geometric (GSVNHFWG) 
operators and applied them to the single-valued neutrosophic hesitant fuzzy circumstance. In [50], Liu 
proposed the generalized weighted aggregation (GWA) operator and established the MADM method 
under the interval neutrosophic hesitant fuzzy circumstance. However, probability is not considered 
in [49,50]. The ranking results are presented in Table 9 and Table 10. According to the Table 9, Ap is 
always the best choice, A; is always the worst option. According to the Table 10, the best option is Aq 
under the group’s major points, whereas the best selection is Az under the individual major points. 
A, is always the worst choice. Apparently, the SVNHFS, IVHFS and PSVNHFS are special cases of 
PINHFS. Thus, the PINHFS is is wider than other methods. 


9. Conclusions 


In this paper, as a generation of fuzzy set theory, a new concept of PSVNHFS (PINHFS) is 
proposed based on the NHS and INS. The score function and the deviation function are defined. 
A comparison method is proposed. PSVNHFS is a special case of PINHFS; thus, PINHFS has a wider 
range of applications. Therefore, this paper mainly discusses the situation of the interval. Then, 
some basic operation laws of PINHFNSs are introduced and investigated. Next, the PINHFWA and 
PINHFWG operators are presented, and some properties are studied. PSVNHFSs also satisfies the 
properties mentioned above. We can determine the optimal alternative by utilizing the PINHFWA 
(PINHFWG) operator. Finally, a numerical example was given. It is proven that the new approach is 
more flexible and suitable for practical issues. In addition, an example raised in this paper is to explain 
that PINHFS is more general than PSVNHFS. In the future, others aggregation operators of PINHFNs 
can be researched, and more practical applications in other areas can be solved, like medical diagnoses. 
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Abstract: In this paper, Bol-Moufang types of a particular quasi neutrosophic triplet loop (BCI-algebra), 
chritened Fenyves BCI-algebras are introduced and studied. 60 Fenyves BCI-algebras are introduced 
and classified. Amongst these 60 classes of algebras, 46 are found to be associative and 14 are 
found to be non-associative. The 46 associative algebras are shown to be Boolean groups. Moreover, 
necessary and sufficient conditions for 13 non-associative algebras to be associative are also obtained: 
p-semisimplicity is found to be necessary and sufficient for a F3, Fs, Fy2 and Fss algebras to be 
associative while quasi-associativity is found to be necessary and sufficient for Fig, Fs2, Fs, and Fs9 
algebras to be associative. Two pairs of the 14 non-associative algebras are found to be equivalent 
to associativity (F52 and Fss, and Fs5 and Fs9). Every BCl-algebra is naturally an Fs, BCl-algebra. 
The work is concluded with recommendations based on comparison between the behaviour of identities 
of Bol-Moufang (Fenyves’ identities) in quasigroups and loops and their behaviour in BCI-algebra. 
It is concluded that results of this work are an initiation into the study of the classification of finite 
Fenyves’ quasi neutrosophic triplet loops (FQNTLs) just like various types of finite loops have been 
classified. This research work has opened a new area of research finding in BCI-algebras, vis-a-vis the 
emergence of 540 varieties of Bol-Moufang type quasi neutrosophic triplet loops. A ‘Cycle of Algebraic 
Structures’ which portrays this fact is provided. 


Keywords: quasigroup; loop; BCI-algebra; Bol-Moufang; quasi neutrosophic loops; Fenyves identities 





1. Introduction 


BCK-algebras and BCI-algebras are abbreviated as two B-algebras. The former was raised in 1966 
by Imai and Iseki [1], Japanese mathematicians, and the latter was put forward in the same year by 
Iseki [2]. The two algebras originated from two different sources: set theory and propositional calculi. 

There are some systems which contain the only implicational functor among logical functors, 
such as the system of weak positive implicational calculus, BCK-system and BCI-system. Undoubtedly, 
there are common properties among those systems. We know that there are close relationships 
between the notions of the set difference in set theory and the implication functor in logical systems. 
For example, we have the following simple inclusion relations in set theory: 


(A=B)-(A=C)CC-B8. A-—(G=B)CB. 
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These are similar to the propositional formulas in propositional calculi: 





(pP>7q7(q>r)> (por), pr((p>4q)>4), 


which raise the following questions: What are the most essential and fundamental properties of these 
relationships? Can we formulate a general algebra from the above consideration? How will we find 
an axiom system to establish a good theory of general algebras? Answering these questions, K.Iseki 
formulated the notions of two B-algebras in which BCI-algebras are a wider class than BCK-algebras. 
Their names are taken from BCK and BCI systems in combinatory logic. 

BCI-Algebras are very interesting algebraic structures that have generated wide interest among 
pure mathematicians. 


1.1. BCI-algebra, Quasigroups, Loops and the Fenyves Identities 


We start with some definitions and examples of some varieties of quasi neutrosophic triplet loop. 


Definition 1. A triple (X,*,0) is called a BCI-algebra if the following conditions are satisfied for any 
x,y,z EX: 

1. ((x*y) * (x *z)) *(z¥y) =0; 

2. «xeQ=% 

3. xxy=Oandy*x=0=>x=y. 


We call the binary operation + on X the multiplication on X, and the constant 0 in X the zero 
element of X. We often write X instead of (X,*,0) for a BCI-algebra in brevity. Juxtaposition xy will at 
times be used for x * y and will have preference over * ie., xy * Z = (x * y) ¥Z. 


Example 1. Let S be a set. Let 25 he the power set of S, — the set difference and © the empty set. Then 
(2°; —,@) is a BCI-algebra. 


Example 2. Suppose (G,-,e) is an abelian group with e as the identity element. Define a binary operation * on 
G by putting x * y = xy~1. Then (G,*,e) is a BCI-algebra. 


Example 3. (Z,—,0) and (R — {0},+,1) are BCI-algebras. 


Example 4. Let S be a set. Let 2° be the power set of S, A the symmetric difference and © the empty set. Then 
(25, A,®) is a BCL-algebra. 


The following theorems give necessary and sufficient conditions for the existence of a BCI-algebra. 


Theorem 1. (Yisheng [3]) 
Let X be a non-empty set, * a binary operation on X and 0 a constant element of X. Then (X,*,0) isa 
BCI-algebra if and only if the following conditions hold: 


((x * y) * (x *Z)) *(z*Yy) = 0; 
(x* (x*y)) ¥y =0; 

x*x = 0; 

x*y =Oandy*x =Oimply x =y. 


He Ge Does 


Definition 2. A BCI-algebra (X,*,0) is called a BCK-algebra if 0 * x = 0 for all x € X. 


Definition 3. A BCI-algebra (X,*,0) is called a Fenyves BCI-algebra if it satisfies any of the identities of 
Bol-Moufang type. 


The identities of Bol-Moufang type are given below: 
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Fi: 
Fh: 
Fs: 
Fy: 
Fs: 
Fes 
Fy: 
Fg: 
Fo: 


xy * ZX = (xy * z)x 
xy * ZX = (x * yz)x (Moufang identity) 
xy * ZX = x(y * zx) 
xy * ZX = x(yz * x) (Moufang identity) 


(xy *z)x = (x y2)x 

(xy * z)x = x(y * zx) (extra identity) 
(xy * z)x = x(yz * x) 

(x * yz)x = x(y * zx) 

(x * yz)x = x(yz * x) 


x(y * ZX) = x(yz * x) 


2 XY XZ = (xy * X)zZ 
2 XY * XZ = (x * yx)z 
2 XY *XZ = 


x(yx * Z) (extra identity) 
x(y * xz) 


2 (xy * x)zZ = (x * yx) 


2 yx * ZX = (yx *z)x 
2 yx * zx = (y * xz)x (extra identity) 
2 yx * ZX = y(xz* x) 
2 yx * ZX = y(x * zx) 


> (yx * z)x = (y* xz)x 
(yx * z)x = y(xz * x) (right Bol identity) 
(yx * z)x = y(x * zx) (Moufang identity) 
(y * xz)x = y(xz * Xx) 
(y * xz)x = y(x * ZX) 
y(xz* x) = y(x * zx) 


Consequent upon this definition, there are 60 varieties of Fenyves BCl-algebras. Here are some 


examples of Fenyves’ BCI-algebras: 


Example 5. Let us assume the BCI-algebra (G, *,e) in Example 2. Then (G, *,e) is an Fg-algebra, Fyg-algebra, 


2 yx * xZ = (yx * x)z 
2 yx * xz = (y * xx)z 
2 yx * xZ = y(xx * Zz) 
2 yx * xZ = y(x * xz) 


> (yx *x)zZ = (y* xx)z 
(yx * x)z = y(xx * z) (RC identity) 
> (yx * x)z = y(x * xz) (C identity) 
(y * xx)z = y(xx *Z) 
> (y* xx)z = y(x * xz) (LC identity) 
> y(xx *Z) = y(x * xz) 


: xX * YZ = (x * xy)z (LC identity) 
2 XX * YZ = (xX *Y)Z 
2 XX * YZ = x(x * YZ) 


XX * YZ = x(xY *Z) 

(x * xy)z = (xx * y) 

(x * xy)z = x(x * yz) (LC identity) 
2 (x* xy)zZ = x(xy *Z) 

(xx * y)z = x(x * yz) (LC identity) 

(xx * y)z = x(xy *Z) 

x(x * YZ) = x(xy *Z) 


2 YZ*XX = (yZ*xX)x 
Fsp: 
: yZ* xx = y(zx * x) (RC identity) 
2 YZ*XX = y(z* xx) 


YZ* XX = (Y *ZX)X 


> (yZ*x)x = (y* zx)x 
(yz * x)x = y(zx * x) (RC identity) 
(yz * x)x = y(z* xx) (RC identity) 
(y * zx)x = y(zx * x) 
(y * zx)x = y(z¥* xXx) 
y(zx * x) = y(z* xx) 


Fy9-algebra, F39-algebra, Fag-algebra, F5-algebra, Fs4-algebra, F59-algebra. 


Example 6. Let us assume the BCI-algebra (25,—,®) in Example 1. Then (25, 


Fs-algebra, Fy-algebra, Fo9-algebra, Fyy-algebra, Fyg-algebra, Fs4-algebra and Fs55-algebra. 


Example 7. The BCI-algebra (28, A,®) in Example 4 is associative. 


Example 8. By considering the direct product of the BCI-algebras (G, x,e) and (25, —, 


Remark 1. Direct products of sets of BCI-algebras will result in BCI-algebras which are F,-algebra for 


distinct i's. 


Definition 4. A BCI-algebra (X,*,0) is called associative if (x * y) *z = 


Definition 5. A BCI-algebra (X,*,0) is called p-semisimple if 0 * (0* x) = x forallx EX. 
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—,@) is an Fs-algebra, 


®) of Example 2 and 
Example 1 respectively, we have a BCI-algebra (G x 28, (*,—), (e, 2)) which is a Fy9-algebra and a F4g-algebra. 


* (y * Z) forall x,y,z € X. 
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Theorem 2. (Yisheng [3]) Suppose that (X,*,0) is a BCI-algebra. Define a binary relation < on X by which 
x < y ifand only if x * y = 0 for any x,y € X. Then (X,<) is a partially ordered set with 0 as a minimal 
element (meaning that x < 0 implies x = 0 for any x € X). 


Definition 6. A BCI-algebra (X,*,0) is called quasi-associative if (x * y) *z < x* (y *z) forall x,y,z € X. 


The following theorems give equivalent conditions for associativity, quasi-associativity and 
p-semisimplicity in a BCI-algebra: 


Theorem 3. (Yisheng [3]) 
Given a BCI-algebra X, the following are equivalent x,y,z € X: 


1. X is associative. 
2, OFX =X: 
3. xxy=y*xxVx,yeEX. 


Theorem 4. (Yisheng [3]) 
Let X be a BCI-algebra. Then the following conditions are equivalent for any x,y,Z,u € X: 


. X is p-semisimple 

(x * y) * (z*uU) = (x*z) * (y*U). 

Ox (y*x) = xy. 

. (xy) *(x*Z) = ZY. 

z*x =zx*y implies x = y. (the left cancellation law i.e., LCL) 
. x*Y =O implies x = y. 


DARwWNS 


Theorem 5. (Yisheng [3]) 
Given a BCI-algebra X, the following are equivalent for all x,y € X: 


1. X is quasi-associative. 

2. x* (O*«y) =O implies x x y = 0. 
3. O¥x =0* (0x). 

4. (Oxx)*x=0. 


Theorem 6. (Yisheng [3]) 
A triple (X,*,0) is a BCL-algebra if and only if there is a partial ordering < on X such that the following 
conditions hold for any x,y,z € X: 


1. (xx y) *(x¥Z) Czy; 


2. xe (x*y) <y; 
3. x* y = 0 ifand only if x < y. 


Theorem 7. (Yisheng [3]) 
Let X be a BCI-algebra. X is p-semisimple if and only if one of the following conditions holds for any 
x,y,z € X: 
1. x*zZ=y*z implies x = y. (the right cancellation law i.e., RCL) 
2. (y* x) *(Z* xX) =y*z. 
3. (xy) * (x*z) =O (y*z). 


Theorem 8. (Yisheng [3]) 
Let X be a BCI-algebra. X is p-semisimple if and only if one of the following conditions holds for any x,y € X: 


1. x*(O*xy) =y. 
2.0*x=0 => x=0. 
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Theorem 9. (Yisheng [3]) Suppose that (X,*,0) is a BCI-algebra. X is associative if and only if X is 
p-semisimple and X is quasi-associative. 


Theorem 10. (Yisheng [3]) Suppose that (X,*,0) is a BCI-algebra. Then (x *y) *z = (x*z) *y for all 
x,y,z € X. 


Remark 2. In Theorem 9, quasi-associativity in BCI-algebra plays a similar role to that which weak associativity 
(i.e., the F; identities) plays in quasigroup and loop theory. 


We now move on to quasigroups and loops. 


Definition 7. Let L be a non-empty set. Define a binary operation (-) on L. If x-y € L for all x,y € L, (L,-) 
is called a groupoid. If in a groupoid (L, -), the equations: 


a-x=b and y-a=b 


have unique solutions for x and y respectively, then (L,-) is called a quasigroup. If in a quasigroup (L,-), there 
exists a unique element e called the identity element such that for all x € L,x-e =e-x = x, (L,-) is called 
a loop. 


Definition 8. Let (L,-) be a groupoid. 
The left nucleus of L is the set Ny(L,-) = Na(L) = {a € L:ax-y=a-xyV x,y € L}. 
The right nucleus of L is the set Np(L,-) = Np(L) = {ae L: y-xa=yx-aV x,y € L}. 











The middle nucleus of L is the set Ny(L,-) = Ny(L) = {a © L: ya-x =y-axV x,y € L}. 
The nucleus of L is the set N(L,-) = N(L) = Na(L,-) OA Np(L,-) A Ny (L,-). 

The centrum of L is the set C(L,-) = C(L) = {a € L: ax = xaV x € L}. 

The center of L is the set Z(L,-) = Z(L) = N(L,-)NC(L,-). 


In the recent past, and up to now, identities of Bol-Moufang type have been studied on the 
platform of quasigroups and loops by Fenyves [4], Phillips and Vojtechovsky [5], Jaiyeola [6-8], 
Robinson [9], Burn [10-12], Kinyon and Kunen [13] as well as several other authors. 

Since the late 1970s, BCI and BCK algebras have been given a lot of attention. In particular, 
the participation in the research of polish mathematicians Tadeusz Traczyk and Andrzej Wronski 
as well as Australian mathematician William H. Cornish, in addition to others, is causing this 
branch of algebra to develop rapidly. Many interesting and important results are constantly 
discovered. Now, the theory of BCI-algebras has been widely spread to areas such as general 
theory which include congruences, quotient algebras, BCI-Homomorphisms, direct sums and direct 
products, commutative BCK-algebras, positive implicative and implicative BCK-algebras, derivations 
of BCI-algebras, and ideal theory of BCI-algebras ([1,14-17]). 


1.2. BCI-Algebras as a Quasi Neutrosophic Triplet Loop 


Consider the following definition. 


Definition 9. (Quasi Neutrosophic Triplet Loops (QNTL), Zhang et al. [18]) 
Let (X,*) be a groupoid. 


1. If there exist b,c € X such that ax b = aandaxc = b, then a is called an NT-element with (r-r)-property. 
Tf every a € X is an NT-element with (r-r)-property, then, (X,*) is called a (r-r)-quasi NTL. 

2. — If there exist b,c € X such that a* b = aandcx*a=b, then a is called an NT-element with (r-l)-property. 
If every a € X is an NT-element with (r-l)-property, then, (X,*) is called a (r-l)-quasi NTL. 

3. — If there exist b,c € X such that b *a = aandc *a = b, then a is called an NT-element with (I-l)-property. 
If every a € X is an NT-element with (I-l)-property, then, (X,*) is called a (I-l)-quasi NTL. 
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4. If there exist b,c € X such that bx a =aandaxc = b, then a is called an NT-element with (-r)-property. 
Tf every a € X is an NT-element with (l-r)-property, then, (X,*) is called a (I-r)-quasi NTL. 

5. If there exist b,c € X such thata*b = b*a = aandaxc = b, then a is called an NT-element 
with (Ir-r)-property. If every a € X is an NT-element with (lr-r)-property, then, (X,*) is called a 
(Ir-r)-quasi NTL. 

6. If there exist b,c € X such thataxb = b*¥a = aandcxa = b, then a is called an NT-element 
with (Ir-l)-property. If every a € X is an NT-element with (Ir-l)-property, then, (X,*) is called a 
(Ir-l)-quasi NTL. 

7. If there exist b,c € X such thata*xb = aanda*xc = cx*a = b, then a is called an NT-element 
with (r-Ir)-property. If every a € X is an NT-element with (r-lr)- property, then, (X,*) is called a 
(r-Ir)-quasi NTL. 

8. If there exist b,c € X such thatb*a = aanda*xc = cx*a = b, then a is called an NT-element 
with (I-Ir)-property. If every a € X is an NT-element with (I-lr)-property, then, (X,*) is called a 
(I-Ir)-quasi NTL. 

9. If there exist b,c € X such thata*b =b*a=aanda*c=c*a=b, thena is called an NT-element 
with (Ir-lr)-property. If every a € X is an NT-element with (Ir-Ir)-property, then, (X,*) is called a 
(Ir-Ir)-quasi NTL. 





Consequent upon Definition 9 and the 60 Fenyves identities F;, 1 < i < 60, there are 60 
varieties of Fenyves quasi neutrosophic triplet loops (FQNTLs) for each of the nine varieties of 
QNTLs in Definition 9. Thereby making it 540 varieties of Fenyves quasi neutrosophic triplet loops 
(FQNTLs) in all. A BCI-algebra is a (r-r)-QNT, (1-l)-QNTL and (r-Ir)-QNTL. Thus, any F; BCl-algebra, 
1 <i < 60 belongs to at least one of the following varieties of Fenyves quasi neutrosophic triplet 
loops: (r-r)-QNTL, (r-I)-QNTL and (r-Ir)-QNTL which we refer to as (r-r)-FQNTL, (r-I)-FONTL 
and (r-lr)-FQNTL respectively. Any associative QNTL will be called quasi neutrosophic triplet 
group (QNTG). 

The variety of quasi neutrosophic triplet loop is a generalization of neutrosophic triplet group 
(NTG) which was originally introduced by Smarandache and Ali [19]. Neutrosophic triplet set (NTS) 
is the foundation of neutrosophic triplet group. New results and developments on neutrosophic triplet 
groups and neutrosophic triplet loop have been reported by Zhang et al. [18,20,21], and Smarandache 
and Jaiyéola [22,23]. 

It must be noted that triplets are not connected at all with intuitionistic fuzzy set. Neutrosophic 
set [24] is a generalization of intuitionistic fuzzy set (a generalization of fuzzy set). In Intuitionistic 
fuzzy set, an element has a degree of membership and a degree of non-membership, and the deduction 
of the sum of these two from 1 is considered the hesitant degree of the element. These intuitionistic 
fuzzy set components are dependent (viz. [25—28]). In the neutrosophic set, an element has three 
independent degrees: membership (truth-t), indeterminacy (i), and non-membership (falsity-f), 
and their sum is up to 3. However, the current paper utilizes the neutrosophic triplets, which are 
not defined in intuitionistic fuzzy set, since there is no neutral element in intuitionistic fuzzy sets. 
In a neutrosophic triplet set (X,*), for each element x € X there exists a neutral element denoted 
neut(x) € X such that x * neut(x) = neut(x) *x = x, and an opposite of x denoted anti(x) € X 
such that anti(x) * x = x *anti(x) = neut(x). Thus, the triple (x,neut(x),anti(x)) is called a 
neutrosophic triplet which in the philosophy of ‘neutrosophy’, can be algebraically harmonized 
with (t,i, f) in neutrosophic set and then extended for neutrosophic hesitant fuzzy [29] set as proposed 
for (t,i, f )-neutrosophic structures [30]. Unfortunately, such harmonization is not readily defined in 
intuitionistic fuzzy sets. 


Theorem 11. (Zhang et al. [18]) A (r-Ir)-QNTG or (I-Ir)-QNTG is a NTG. 


This present study looks at Fenyves identities on the platform of BCI-algebras. The main objective 
of this study is to classify the Fenyves BCI-algebras into associative and non-associative types. It will 


207 


Symmetry 2018, 10, 427 


also be shown that some Fenyves identities play the roles of quasi-associativity and p-semisimplicity , 
vis-a-vis Theorem 9 in BCI-algebras. 


2. Main Results 


We shall first clarify the relationship between a BCI-algebra, a quasigroup and a loop. 


Theorem 12. 


1. A BClalgebra X is a quasigroup if and only if it is p-semisimple. 
2. A BCTalgebra X is a loop if and only if it is associative. 
3. An associative BCI algebra X is a Boolean group. 


Proof. We use Theorem 3, Theorem 7 and Theorem 4. 


1. From Theorems 7 and 4, p-semisimplicity is equivalent to the left and right cancellation laws, 
which consequently implies that X is a quasigroup if and only if it is p-semisimple. 

2. One of the axioms that a BCI-algebra satisfies is x * 0 = x for all x € X. So, 0 is already the right 
identity element. Now, from Theorem 3, associativity is equivalent to 0 * x = x for all x € X. So, 
0 is also the left identity element of X. The conclusion follows. 

3. Ina BCl-algebra, x * x = 0 for all x € X. And 0 is the identity element of X. Hence, every element 
is the inverse of itself. 














Lemma 1. Let (X,*,0) be a BCL-algebra. 


1. 0€Np(X). 
2. O€ Na(X),N,(X) implies X is quasi-associative. 
3. If0 € Na(X), then the following are equivalent: 


(a) X is p-semisimple. 

(b) xy =Oy-x forall x,y € L. 

(c) xy =O0x-y forall x,y € L. 
4, If0 € Na(X) or 0 € N,(X), then X is p-semisimple if and only if X is associative. 
If0 € N(X), then X is p-semisimple if and only if X is associative. 
6. If (X,*,0) is a BCK-algebra, then 


on 


(a) OE N,(X). 
(b) 0€ N,(X) implies X is a trivial BCK-algebra. 


7. The following are equivalent: 
(a)  X is associative. 


(b) x € N,(X) forall x € X. 
(c) x € No(X) forall x € X. 


(d) x €N,(X) forallx € X. 
(ec) OEC(X). 
(9) xEC(X 


) for all x € X. 
(g) x €Z(X) forall x € X. 
(h) O€ Z(X). 

(i) X isa (Ir-r)-QNTL. 

(j) X isa (Ir-l)-QNTL. 

(k)  X isa (Ir-Ir)-QNTL 


8. If (X,*,0) is a BCK-algebra and 0 € C(X), then X is a trivial BCK-algebra. 


Proof. This is routine by simply using the definitions of nuclei, centrum, center of a BCI-algebra and 
QNTL alongside Theorems 3-10 appropriately. 
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Remark 3. Based on Theorem 11, since an associative BCI-algebra is a (r-lr)-QNTG, then, an associative 
BCI-algebra is a NTG. This corroborates the importance of the study of non-associative BCI-algebra i.e., 


weak associative laws (F;-identities) in BCI-algebra, as mentioned earlier in the objective of this work. 


Theorem 13. Let (X,*,0) be a BCI-algebra. If X is any of the following Fenyves BCI-algebras, then X 
is associative. 


1. Fy-algebra 11. Fyg-algebra 21. Fy6-algebra 31. F37-algebra 41. Fso-algebra 
2. Fo-algebra 12. Fys-algebra 22. Fo7-algebra 32. Fg-algebra 
3. Fy-algebra 13. Fy6-algebra 23. Fyg-algebra 33, Fyg-algebra 42. F51-algebra 
4. Fe-algebra 14. Fy7-algebra 24. F39-algebra 34. Fy-algebra 
5. Fy-algebra 15. Fig-algebra 25. F3,-algebra 35. Fy3-algebra 43. Fss-algebra 
6. Fo-algebra 16. Fyo-algebra 26. F39-algebra 36. Fyg-algebra 44. Fs7-algebra 
7. Fyo-algebra 17. Foo-algebra 27. F33-algebra 37. F45-algebra 
8. Fy-algebra 18. F53-algebra 28. F34-algebra 38. Faz-algebra 45. Fsg-algebra 
9. Fyp-algebra 19. Fog-algebra 29. F35-algebra 39. Fyg-algebra 

10. Fy3-algebra 20. Fo5-algebra 30. F36-algebra 40. Fy9-algebra 46. Feo-algebra 

Proof. 

1. Let X be an Fy-algebra. Then xy * zx = (xy * z)x. With z = y, we have xy * yx = (xy * y)x which 
implies xy * yx = (xy*x)y = (xx*y)y = (Ox y)y = 0 (y *y) (since 0 € N,(X); this is achieved 
by putting y = x in the F, identity) = 0 « 0 = 0. This implies xy * yx = 0. Now replacing x with y, 
and y with x in the last equation gives yx * xy = 0 implying that x * y = y * x as required. 

2. Let X be an Fy-algebra. Then xy * zx = (x * yz)x. With y = z, we have xz* zx = (x¥*zz)x = 
(x *0) * x = x * x = 0 implying that xz * zx = 0. Now replacing x with z, and z with x in the last 
equation gives zx * xz = 0 implying that x * z = z * x as required. 

3. Let X bea Fy-algebra. Then, xy * zx = x(yz* x). Put y = x and z = 0, then you get 0 * 0x = x 
which means X is p-semisimple. Put x = 0 and y = 0 to get 0z = 0 * 0z which implies that X is 
quasi-associative (Theorem 5). Thus, by Theorem 9, X is associative. 

4. Let X be an Fg-algebra. Then, (xy *z)x = x(y* zx). Put x = y = 0 to get 0z = 0 * 0z which 
implies that X is quasi-associative (Theorem 5). Put y = 0 and z = x, then we have 0 * x = x. 
Thus, X is associative. 

5. Let X be an Fy-algebra. Then (xy *z)x = x(yz*x). With z = 0, we have xy * x = x(y*X). 
Put y = x in the last equation to get xx * x = (x * xx) implying 0* x = x. 

6. Let X be an Fo-algebra. Then (x * yz)x = x(yz* x). With z = 0, we have (x * y) xx = x(y* x). 
Put y = x in the last equation to get (x * x)x = x(x * x) implying 0* x = x. 

7. Let X be an Fyg-algebra. Then, x(y * zx) = x(yz* x). Put y = x = z, then we have x * Ox = 0. So, 
Ox = 0 = x = 0. which means that X is p-semisimple (Theorem 8(2)). Hence, X has the LCL by 
Theorem 4. Thence, the Fy9 identity x(y * zx) = x(yz* x) => y* zx = yz * x which means that X 
is associative. 

8. Let X be an Fy-algebra. Then xy * xz = (xy * x)z. With y = 0, we have x * xz = xx *z. Putz =x 
in the last equation to get x = 0 * x as required. 

9. Let X be an Fyp-algebra. Then xy * xz = (x * yx)z. With z = 0, we have xy * x = x * yx. Puty =x 
in the last equation to get xx * x = x * xx implying 0 + x = x as required. 

10. Let X be an Fy3-algebra. Then xy * xz = x(yx * z). With z = 0, we have (x * y)x = x * yx which 
implies (x * x)y = x * yx which implies 0 * y = x * yx. Put y = x in the last equation to get 
O* x = x as required. 

11. Let X be an Fyg-algebra. Then xy * xz = x(y * xz). With z = 0, we have xy * x = x * yx. Puty =x 
in the last equation to get 0 * x = x as required. 

12. Let X be an Fi5-algebra. Then (xy * x)z = (x * yx)z. With z = 0, we have (xy * x) = (x * yx). 
Put y = x in the last equation to get 0 * x = x as required. 

13. Let X be an Fyg-algebra. Then (xy * x)z = x(yx *z). With z = 0, we have (xy * x) = (x * yx). 


Put y = x in the last equation to get 0 * x = x as required. 
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14. 


15. 


16. 
17. 


18. 


19, 


20. 


21. 


22. 


23. 


24. 
25. 


26. 


27: 


28. 


29. 


30. 


31. 


32. 


33. 


Let X be an Fy7-algebra. Then (xy * x)z = x(y * xz). With z = 0, we have (xy * x) = x(y * x). 
Put y = x in the last equation to get 0 * x = x as required. 

Let X be an Fyg-algebra. Then (x * yx)z = x(yx * z). With y = 0, we have (x * Ox)z = x(Ox * z). 
Since 0 € Nj(X) and 0 € N,,(X), (these are obtained by putting x = 0 and x = y respectively 
in the F,g-identity), the last equation becomes (x0 * x)z = x(0* xz) = x0* xz = x * xz which 
implies 0 * z = x * xz. Put x = z in the last equation to get 0 + z = z as required. 

This is similar to the proof for Fi9-algebra. 

Let X be an Fy9-algebra. Then yx * zx = (y* xz)x. Put y = x,z = 0, then 0x = 0 * Ox which 
implies that X is quasi-associative. By Theorem 10, the Fy) identity implies that yx + zx = yx * xz. 
Substitute x = 0 to get yz = y * 0z. Now, put y = z in this to get z * 0z = 0. So,0z =O > z= 0. 
Hence, X is p-semisimple (Theorem 8(2)). Thus, by Theorem 9, X is associative. 

Let X be an Fp3-algebra. Then yx * zx = y(xz * x). With z = 0, we have yx * Ox = y(x * x) which 
implies yx * 0x = y. Since 0 € Ny(X), (this is obtained by putting z = x in the Fy3-identity), 
the last equation becomes (yx * 0) * x = y which implies (yx * x) = y. Put x = y in the last 
equation to get 0 * y = y as required. 

Let X be an Fog-algebra. Then yx * zx = y(x * zx). With z = 0, we have yx * Ox = y(x * Ox). 
Since 0 € Ny (X),(this is obtained by putting x = 0 in the Fy4-identity), the last equation becomes 
((yx)O * x) = y(x0 * x) which implies yx * x = y. Put y = x in the last equation to getO0*y = y 
as required. 

Let X be an Fys-algebra. Then (yx * z)x = (y* xz)x. Put x = 0, then yz = y * 0z. Substitute z = y, 
then y * Oy = 0. So, Oy = 0 > y = 0. Hence, X is p-semisimple (Theorem 8(2)). Hence, X has the 
RCL by Theorem 7. Thence, the Fys identity (yx * z)x = (y * xz)x implies yx * z = y * xz. Thus, 
X is associative. 

Let X be an Fo¢-algebra. Then (yx * z)x = y(xz * x). With z = 0, we have yx * x = y. Putx = yin 
the last equation to get 0 * y = y as required. 

Let X be an Fo7-algebra. Then (yx * z)x = y(x * zx). Putz = x = y, then Ox * x = 0 which implies 
X is quasi-associative. Put x = 0 and y = z to get z+ 0z = 0. So, 0z = 0 > z = 0. Hence, X is 
p-semisimple (Theorem 8(2)). Thus, by Theorem 9, X is associative. 

Let X be an Fog-algebra. Then (y * xz)x = y(xz * x). With z = 0, we have yx * x = y. Putx = yin 
the last equation to get 0 * y = y as required. 

The proof of this is similar to the proof for F;g-algebra. 

Let X be an F3;-algebra. Then yx * xz = (yx * x)z. By Theorem 10, the F31 identity becomes F25 
identity which implies that X is associative. 

Let X be an F3-algebra. Then yx * xz = (y * xx)z. With z = 0, we have yx * x = y. Putx = yin 
the last equation to get 0 * y = y as required. 

Let X be an F33-algebra. Then yx * xz = y(xx * z). With z = 0, we have yx * x = y. Putx = yin 
the last equation to get 0 * y = y as required. 

Let X be an F34-algebra. Then yx * xz = y(x * xz). With z = 0, we have yx * x = y. Putx = yin 
the last equation to get 0 * y = y as required. 

Let X be an F35-algebra. Then (yx * x)z = (y * xx)z. With z = 0, we have yx * x = y. Putx = yin 
the last equation to get 0 * y = y as required. 

Let X be an F3¢-algebra. Then (yx * x)z = y(xx * z). With z = 0, we have yx * x = y. Putx = yin 
the last equation to get 0 * y = y as required. 

Let X be an F37-algebra. Then (yx * x)z = y(x * xz). With z = 0, we have yx * x = y. Putx = yin 
the last equation to get 0 * y = y as required. 

Let X be an Fsg-algebra. Then, yz = y * 0z. Put z = y, then y * Oy = 0. So, Oy = 0 > y = 0. Hence, 
X is p-semisimple (Theorem 8(2)). Now, put y = x, then xz = x * 0z. Now, substitute x = 0 to get 
Oz = 0 + 0z which means that X is quasi-associative. Thus, by Theorem 9, X is associative. 

Let X be an Fyg-algebra. By the F4o identity, y * 0z = y(x * xz). Putz = x = y to get 0 * 0x = 0. So, 
Ox = 0 + x = 0. Hence, X is p-semisimple (Theorem 8(2)). Thus, X has the LCL by Theorem 4. 
Thence, the F4o identity y(xx * z) = y(x * xz) becomes 0 * z = x * xz. Substituting z = x, we get 
Ox = x which means that X is associative. 
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34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 
42. 


43. 


44. 


45. 


46. 


Let X be an Fy;-algebra. Then xx * yz = (x * xy)z. With z = 0, we have 0x y = x * xy. Puty = x 
in the last equation to get 0 * x = x as required. 

Let X be an Fyg-algebra. Then xx * yz = x(x * yz). With z = 0, we have O*y = x(x*y). Putx =y 
in the last equation to get 0 * y = y as required. 

Let X be an Fyg-algebra. Then xx * yz = x(xy *z). With z = 0, we have0*y = x(x*y). Putx =y 
in the last equation to get 0 * y = y as required. 

Let X be an Fys5-algebra. Then (x * xy)z = (xx * y)z. With z = 0, we have x* xy =O*y. Putx =y 
in the last equation to get 0 * y = y as required. 

Let X be an Fy7-algebra. Then (x * xy)z = x(xy *z). With y = 0, we have 0*z = x(x *z). Put 
x = z in the last equation to get 0 * z = z as required. 

Let X be an Fyg-algebra. Then (xx * y)z = x(x * yz). With z = 0, we have 0*y = x * xy. Putx = y 
in the last equation to get 0 * y = y as required. 

Let X be an Fyg-algebra. Then (xx * y)z = x(xy * z). With y = 0, we have 0 *z = x* xz. Putx =z 
in the last equation to get 0 * z = z as required. 

This is similar to the proof for Fi9-algebra. 

Let X be an Fs)-algebra. Then yz * xx = (yz * x)x. With z = 0, we have y = (y* x)x. Putx = yin 
the last equation to get 0 * y = y as required. 

Let X be an Fs3-algebra. Then yz * xx = y(zx * x) which becomes yz = y(zx * x). Putz = x to 
get yx = y * Ox. Substituting y = x, we get x * 0x = 0. So, Ox = 0 > x = 0, which means that X 
is p-semisimple (Theorem 8(2)). Now, put y = 0 in yx = y * Ox to get Ox = 0 « Ox. Hence, X is 
quasi-associative. Thus, X is associative. 

Let X be an F57-algebra. Then (yz * x)x = y(z* xx). With z = 0, we have yx * x = y. Putx = yin 
the last equation to get 0 * y = y as required. 

Let X be an Fsg-algebra. Then (y * zx)x = y(zx*x). Put y = x = z to get x* Ox = 0. So, 
Ox = 0 + x = 0, which means that X is p-semisimple (Theorem 8(2)). Now, put z = x,y = 0 to 
get Ox = 0 * Ox. Hence, X is quasi-associative. Thus, X is associative. 

Let X be an Feo-algebra. Then y(zx * x) = y(z* xx). Put y = x = z to get x* Ox = 0. So, 
Ox = 0 = x = 0, which means that X is p-semisimple (Theorem 8(2)). Hence, X has the LCL by 
Theorem 4. Thence, the Fig identity becomes zx + x = z * xx. Now, substitute z = x to get Ox = x. 
Thus, X is associative. 














Corollary 1. Let (X,*,0) be a BCI-algebra. If X is any of the following Fenyves’ BCI-algebras, then (X,*) is 
a Boolean group. 


Proof. This follows from Theorems 12 and 13. UO 


mR 


1. Fy-algebra 11. Fyg-algebra 21. Fo6-algebra 31. F37-algebra 41. F5o-algebra 
2. Fy-algebra 12. Fy5-algebra 22. Fo7-algebra 32. F3g-algebra 
3. Fy-algebra 13. Fy6-algebra 23. Fyg-algebra 33. Fyo-algebra 42. Fsy-algebra 
4. Fe-algebra 14. Fy7-algebra 24. F39-algebra 34, Fyy-algebra 
5. Fy-algebra 15. Fyg-algebra 25. F3-algebra 35. Fyg-algebra 43. Fos-algebra 
6. Fo-algebra 16. Fo9-algebra 26. F32-algebra 36. Fy4-algebra 44. Fs7-algebra 
7. Fyo-algebra 17. Fo-algebra 27. F33-algebra 37. Fa5-algebra 
8. Fy-algebra 18. Fo3-algebra 28. F34-algebra 38. Fy7-algebra 45. Fsg-algebra 
9. Fyp-algebra 19. Fo4-algebra 29. F35-algebra 39. F4g-algebra 
0. Fy3-algebra 20. Fo5-algebra 30. F36-algebra 40. Fy9-algebra 46. Feo-algebra 








Theorem 14. Let (X,»*,0) be a BCI-algebra. 


1. Let X be an F3-algebra. X is associative if and only if x(x * zx) = xz if and only if X is p-semisimple. 
2. Let X be an Fs-algebra. X is associative if and only if (xy * x)x = yx. 

3. Let X be an Fy-algebra. X is associative if and only if (yx * x)x = x x y. 

4. Let X be an F4z-algebra. X is associative if and only if X is p-semisimple. 


211 


Symmetry 2018, 10, 427 


n 


. Let X bean Fs5-algebra. X is associative if and only if |(y* x) * x] *x =x*y. 
(a) X is an Fs-algebra and p-semisimple if and only if X is associative. 

(b) Let X be an Fg-algebra. X is associative if and only if x(y * zx) = yz. 

. Let X be an Fy9-algebra. X is associative if and only if quasi-associative. 

. X isan Fs9-algebra and obeys y(x * xz) = zy if and only if X is associative. 

. Let X be a F4g-algebra. X is associative if and only if 0(0 * Ox) = x. 

(a) X is an Fsp-algebra and Fs5-algebra if and only if X is associative. 

(b) X is an Fsp-algebra and obeys (y * zx)x = zy if and only if X is associative. 
(c) X is an F55-algebra and p-semisimple if and only if X is associative. 

(d) Let X be an Fs-algebra. X is associative if and only if X is quasi-associative. 
11. (a) X isan Fs9-algebra and Fss5-algebra if and only if X is associative. 

(b) X is an Fsp-algebra and obeys (y * zx)x = zy if and only if X is associative. 
(c) Let X be a Fs6-algebra. X is associative if and only if X is quasi-associative. 
(d) Let X be an Fs9-algebra. X is associative if and only if X is quasi-associative. 


s 


ee 
SoOmoN 


Proof. 


1. Suppose X is a F3-algebra. Then, xy * zx = x(y*zx). Put y = x to getO*zx = x(x * zx). 
Substituting x = 0, we have 0z = 0 * 0z which means X is quasi-associative. Going by Theorem 9, 
X is associative if and only if X is p-semisimple. Furthermore, by Theorem 4(3) and 0 * zx = 
x(x * zx), an F3-algebra X is associative if and only if xy = x(x * zx). 

2. Suppose X is associative. Then 0+ x = x. X is Fs implies (xy * z)x = (x * yz)x. With z = x, 
we have (xy * x)x = (x* yx)x => (xy *x)x = (x* x)yx => (xy*x)x =O* yx => (xy *x)x = yx 
as required. Conversely, suppose (xy * x)x = yx. Putz = x in (xy *z)x = (x * yz)x to get 
(xy *x)x = (x*yx)x => (xy*x)x = (x¥x)yxX > (xy*x)x = Ox yx > yx = 0x yx (since 
(xy * x)x = yx). So, X is associative. 

3. Suppose X is associative. Then x * y = y* x. X is Fy; implies yx * zx = (yx *z)x. With z = x, 
we have (yx * x)x = y* x = x * y as required. Conversely, suppose (yx * x)x =x*y. Putz =x 
in Fo, to get (yx * x)x = y* x. So,x*y = y * x as required. 

4. Suppose X is associative. Then 0*z = z. X is Fy implies xx * yz = (xx *y)z. With y = 0, 
we have 0 « 0z = 0* z = z as required. Conversely, suppose 0 * 0z = z. Put y = 0 in Fy2 to get 
0* Oz = 0*z. So,0* z =z as required. 

5. Suppose X is associative. Then x * y = y * x. X is F55 implies [(y * z) * x] *x = [y* (z*x)] * x. 
With z = x, we have [(y * x) *x] *x = y* x = x* yas required. Conversely, suppose [(y * x) * 
x]*x =xxy. Putz = xin Fs to gety*x = [(y* x) *x] *¥x =x*y. So, y*x =x* yas required. 


The proofs of 6 to 11 follow by using the concerned F; and F; identities (plus p-simplicity by Theorem 12 
in some cases) to get an Fy which is equivalent to associativity by Theorem 13 or which is not equivalent 
to associativity by 1 to5 of Theorem 14. O 








3. Summary, Conclusions and Recommendations 


In this work, we have been able to construct examples of Fenyves’ BCI-algebras. We have also 
obtained the basic algebraic properties of Fenyves’ BCI-algebras. Furthermore, we have categorized 
the Fenyves’ BCI-algebras into a 46 member associative class (as captured in Theorem 13). Members 
of this class include F, Fy, Fy, Fé, F, Fo, Fyo, Fi, Fy, Fy3, Fya, Fis, Fre, Fy, Fig, Fy, Fo, Fo3, Fog, Fos, Fo, 
Fo7, Fog, F30, F31, F32, F33, F34, F35, Fae, F37, F3s, Fao, Far, Fas, Faa, Fas, Faz, Fag, Fag, F50, F51, F53, F57, F5s, 
Feo-algebras; and a 14 member non-associative class. Those Fenyves identities that are equivalent to 
associativity in BCI-algebras are denoted by Vv in the fifth column of Table 1. For those that belong 
to the non-associative class, we have been able to obtain conditions under which they would be 
associative (as reflected in Theorem 14). This class includes F3, Fs, Fg, Fy9, Fo1,Fo9, F39 , Faz, Fao, Fs2, Fsa, 
Fs5, F56, F59-algebras. In Table 1 which summarizes the results, members of this class are identified by 
the symbol ‘{’. 

Other researchers who have studied Fenyves’ identities on the platform of loops, namely Phillips 
and Vojtechovsky [5], Jaiyeola [6], Kinyon and Kunen (2004) found Moufang (Fo, F4, Fi7, Fy), extra 
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(Fe, Fis, F22), Fo, Fis, left Bol (Fig), right Bol (Fa¢), Moufang (F4, Fy7), Fso, F3s, Fae, C (F37), Fas, F39, Fao, 
LC(F39, Far, Fag, Fag), Faz, Faz, Fas, F51, RC(F36, £53, F56, £57), F54, and Feo Fenyves’ identities not to be 
equivalent to associativity in loops. Interestingly, in our study, some of these identities, particularly 
the extra identity (Fe, Fy3, Foo), Fy, Fo, Fis, Fiz, right Bol (Fy¢), Moufang (Fy, Fo7), F30, Fss, Fag, Fo, 
RC (F36, Fs3, F57), C (F37), LC (Far, Fag), Faz, Fas, F51 and Feo have been found to be equivalent to 
associativity in BCI-algebras. In addition, the aforementioned researchers found F,, F3, Fs, Fy, Fg, 
Fio, Fir, Fiz, Fia, Fie, Fis, Foo, Foi, Fos, Foa, Fas, Fos, Foo, Fai, Faz, Fs3, Fsa, Fas, Faz, Fao, Fs0, Fs2, Fos, 
Fsg and Fs9 identities to be equivalent to associativity in loops. We have also found some (F,, Fig, 
Fir, Fiz, Fis, Fie, Fis,F20, Fos, Fea, Fos, Fos, Fai, F32, Fas, Fas, Faz, Fag, F50, F5g) of these identities to 
be equivalent to associativity in BCI-algebras while some others (F3, Fs, Fg, Foo, Foi, Fa9,Fs55, Fs9) 
were not equivalent to associativity in BCl-algebras. 
In loop theory, it is well known that: 


e A loop is an extra loop if and only if the loop is both a Moufang loop and a C-loop. 
e A loop is a Moufang loop if and only if the loop is both a right Bol loop and a left Bol-loop. 
e A loop is a C-loop if and only if the loop is both a RC-loop and a LC-loop. 


In this work, we have been able to establish (as stated below) somewhat similar results for a few 
of the Fenyves’ identities in a BCl-algebra X: 


e X isan F,-algebra and Fj-algebra if and only if X is associative, for the pairs: i = 52, j = 55, 
i= 59, 9 = 55: 


Fenyves [31], and Phillips and Vojtéchovsky [32,33] found some of the 60 F; identities to be 
equivalent to associativity in quasigroups and loops (i.e., groups), and others to describe weak 
associative laws such as extra, Bol, Moufang, central, flexible laws in quasigroups and loops. Their 
results are summarised in the second, third and fourth columns of Table 1 with the use of Vv. In this 
paper, we went further to establish that 46 Fenyves’ identities are equivalent to associativity in 
BCI-algebras while 14 Fenyves’ identities are not equivalent to associativity in BCI-algebras. These 
two categories are denoted by V and f in the fifth column of Table 1. 

After the works of [31-33], the authors in [34-38] did an extension by investigating and classifying 
various generalized forms of the identities of Bol-Moufang types in quasigroups and one sided/two 
sided loops into associative and non-associative categories. This answered a question originally posed 
in [39] and also led to the study of one of the newly discovered generalized Bol-Moufang types of loop 
in Jaiyéola et al. [40]. While all the earlier mentioned research works on Bol-Moufang type identities 
focused on quasigroups and loop, this paper focused on the study of Bol-Moufang type identities 
(Fenyves’ identities) in special types of groupoids (BCI-algebra and quasi neutrosophic triplet loops) 
which are not necessarily quasigroups or loops (as proved in Theorem 12). Examples of such well 
known varieties of groupoids were constructed by Ilojide et al. [41], e.g., Abel-Grassmann’s groupoid. 

The results of this work are an initiation into the study of the classification of finite Fenyves’ quasi 
neutrosophic triplet loops (FOQNTLs) just like various types of finite loops have been classified (e.g., 
Bol loops, Moufang loops and FRUTE loops). In fact, a library of finite Moufang loops of small order is 
available in the GAPS-LOOPS package [42]. It will be intriguing to have such a library of FONTLs. 

Overall, this research work (especially for the non-associative F;’s) has opened a new area of 
research findings in BCI-algebras and Bol-Moufang type quasi neutrosophic triplet loops as shown in 
Figure 1. 
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Table 1. Characterization of Fenyves Identities in Quasigroups, Loops and BCI-Algebras by Associativity. 


Fenyves F,=ASS F;4# ASS Quassigroup F,+ BCI 




















































































































Identity Inaloop Inaloop = Loop => ASS 
F, v v v 
Fy v v v 
B r - t 
Fy v v 
5 y r 
Fe v v v 
Fy v v 
Fg v t 
Fy v v 
Fio v v 
Fy v v ‘4 
Fig v v v 
Fi3 v v v 
Fig v Vv 
Fis v v 
Fig v v 
Fy7 v v v 
Fig v v Vv 
Fig v t 
Fo v v 
Fy, v v t 
Fo v v v 
Fo3 v v 
Fog v v 
Fos v v 
Foe v Vv 
Foz v v Vv 
Fog v v v 
Foo v t 
F39 v v 
F531 v v v 
F39 v v v 
F33 v v 
F3q v v 
F35 v v 
F36 v v 
F37 v v 
Fg v Vv v 
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Table 1. Cont. 




































































Fenyves F,= ASS F;4# ASS Quassigroup F;+ BCI 
Identity Inaloop Inaloop => Loop => ASS 
Fs9 v t 
F4g v Vv 
Fy v v v 
Fup v ft 
Fg v v 
Fag v v 
Fys v v 
Fg v t 
Fyy v v v 
Fag v v 
Fyo v v 
Fs0 v v 
Fs1 v v 
Fo v } 
Fs3 v v v 
Faq v } 
Fs5 v } 
F56 v } 
Fs7 v v 
Fsg v v v 
Fs9 v t 
Feo v v 
$40 Varieties of Quant 
= so eet ie 


Associativity Int=2 
Associativity 


-semisimoticity Assocatvty 


Assocubvaty 


8C) Conditicns 


,] Quasigroup Associativty 
Unique A 
Sotvabitity : 
Varieties of 
Quasigroups 


Associativity 


AMUN 


Figure 1. New Cycle of Algebraic Structures. 
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Abstract: In this paper, we define the neutrosophic valued (and generalized or G) metric spaces for 
the first time. Besides, we newly determine a mathematical model for clustering the neutrosophic big 
data sets using G-metric. Furthermore, relative weighted neutrosophic-valued distance and weighted 
cohesion measure, is defined for neutrosophic big data set. We offer a very practical method for data 
analysis of neutrosophic big data although neutrosophic data type (neutrosophic big data) are in 
massive and detailed form when compared with other data types. 


Keywords: G-metric; neutrosophic G-metric; neutrosophic sets; clustering; neutrosophic big data; 
neutrosophic logic 





1. Introduction and Preliminaries 


Neutrosophic Logic is a neonate study area in which each proposition is estimated to have the 
proportion (percentage) of truth in a subset T, the proportion of indeterminacy ina subset I, and the 
proportion of falsity in a subset F. We utilize a subset of truth (or indeterminacy, or falsity), instead of a 
number only, since in many situations we do not have ability to strictly specify the proportions of truth 
and of falsity but only approximate them; for instance, a proposition is between 25% and 55% true and 
between 65% and 78% false; even worse: between 33% and 48% or 42 and 53% true (pursuant to several 
observer), and 58% or between 66% and 73% false. The subsets are not essential intervals, but any sets 
(open or closed or half open/half-closed intervals, discrete, continuous, intersections or unions of the 
previous sets, etc.) in keeping with the given proposition. Zadeh initiated the adventure of obtaining 
meaning and mathematical results from uncertainty situations (fuzzy) [1]. Fuzzy sets brought a 
new dimension to the concept of classical set theory. Atanassov introduced intuitionistic fuzzy sets 
including membership and non-membership degrees [2]. Neutrosophy was proposed by Smarandache 
as a computational approach to the concept of neutrality [3]. Neutrosophic sets consider membership, 
non-membership and indeterminacy degrees. Intuitionistic fuzzy sets are defined by the degree 
of membership and non-membership and, uncertainty degrees by the 1-(membership degree plus 
non-membership degree), while the degree of uncertainty is evaluated independently of the degree of 
membership and non-membership in neutrosophic sets. Here, membership, non-membership, and 
degree of uncertainty (uncertainty), such as degrees of accuracy and falsity, can be evaluated according 
to the interpretation of the places to be used. It depends entirely on the subject area (the universe of 
discourse). This reveals a difference between neutrosophic set and intuitionistic fuzzy set. In this sense, 
the concept of neutrosophic is a possible solution and representation of problems in various fields. 
Two detailed and mathematical fundamental differences between relative truth (IFL) and absolute 
truth (NL) are: 
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(i) | NL can discern absolute truth (truth in all possible worlds, according to Leibniz) from the relative 
truth (truth in at least one world) because NL (absolute truth) = 1* while IFL (relative truth) = 1. 
This has practice in philosophy (see the Neutrosophy). The standard interval [0, 1] used in IFL 
has been extended to the unitary non-standard interval ]~ 0, 1* [ in NL. Parallel earmarks for 
absolute or relative falsehood and absolute or relative indeterminacy are permitted in NL. 

(ii) There is no limit on T, I, F other than they are subsets of ]~ 0, 1* [, thus: ~0 < inf T + inf1+infF 
< sup T + sup I+ sup F < 3* in NL. This permissiveness allows dialetheist, paraconsistent, and 
incomplete information to be described in NL, while these situations cannot be described in IFL 
since F (falsehood), T (truth), I (indeterminacy) are restricted either to t+i+f=1or to P+P <1, 
if T, I, Fare all reduced to the points t, i, f respectively, or to sup T + sup 1 + sup F = 1 if T, I, Fare 
subsets of [0, 1] in IFL. 


Clustering data is one of the most significant problems in data analysis. Useful and efficient 
algorithms are needed for big data. This is even more challenging for neutrosophic data 
sets, particularly those involving uncertainty. These sets are elements of some decision-making 
problems, [4-8]. Several distances and similarities are used for decision-making problems [9,10]. 
Algorithms for the clustering big data sets use the distances (metrics). There are some metrics used in 
algorithms to analysis neutrosophic data sets: Hamming, Euclidean, etc. In this paper, we examine 
clustering of neutrosophic data sets via neutrosophic valued distances. 

The big data notion is a new label for the giant size of data-both structured and unstructured—that 
overflows several sectors on a time-to-time basis. It does not mean overall data are significant and 
the significant aspect is to obtain desired specific data interpretation. Big data can be analyzed for 
pre-cognition that make possible more consistent decisions and strategic having positions. Doug 
Laney [11] sort to make the definition of big data the three Vs and Veracity widespread: (1) Velocity: 
This refers to dynamic data and captures data streams in near real-time. Data streams in at an 
exceptional speed and must be dealt with in a well-timed mode. (2) Variety: Data comes in all types of 
formats—from structured, numeric data in traditional databases to formless materials. On the one 
hand, variety denotes to the various sources and types of organized and formless data. Storing data 
is made from sources like worksheets and databases. (3) Volume: Organizations gather data from a 
range of sources, including social media, business operations, and data from the sensor or machine to 
machine. (4) Veracity: It mentions to the biases, noise, and anomaly in data. That corresponds with 
the question “Is the data that is being put in storage and extracted meaningful to the problem being 
examined?”. 

In this paper, we also focus on K-sets cluster algorithm which is a process of analyzing data with 
the aim of evaluating neutrosophic big data sets. The K-sets cluster is an unrestrained type of learning 
that is used when one wants to utilize unlabeled data, [12]. The goal of the algorithm is to find groups 
of data with the number of groups represented by variable K. The algorithm works iteratively to 
set-aside each data point obtained to one of the K groups based on the properties obtained. The data 
points are clustered according to feature similarity. Instead of identifying groups before examining 
patterns, clustering helps to find and analyze naturally occurring groups. “Choosing K” has the goal 
of “how the number of groups can be determined”. Each center of a congregation is a collection of 
property values describe the groups that emerged. Analysis of centroid feature weights can be used 
to qualitatively interpret what kind of group is represented by each cluster. The algorithm finds the 
clusters and data set labels for a particular pre-chosen K. To have the number of clusters in the data, 
the user must run the K-means clustering algorithm for a range of K values and compare the results. 
In general, there is no technique to determine a specific K value, but a precise estimate can be obtained 
using the following methods. In general, one of the metrics used to compare the results between the 
different K values as the average distance between the data points and their cluster synthesis. As the 
number of sets increases, it will always reduce the distance to the data points, while the K increment 
will always lower this metric as other criteria, and when K is the same as the number of data points, 
reaching zero will be excessive. Thus, this metric cannot be used as a single purpose. Rather, the 
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average distance to the center as a function of K is plotted where the shear rate falls sharply, it can be 
used to determine K approximately. 

A number of other techniques are available for verification of K, including cross-validation, 
information criteria, information theoretical jump method, and G-tools algorithm. In addition, 
monitoring the distribution of data points between groups provides information about how the 
algorithm splits data for each K. K-sets algorithms base on the measurement of distances of sets. 
A distance is a measurement of how far apart each pair of elements of a given set is. Distance 
functions in mathematics and many other computational sciences are important concepts. They have 
wide usage areas, for example, the goal of quantifying a dissimilarity (or equivalently similarity) 
between two objects, sets or set of sets in some sense. However, due to the massive, complicated and 
different type data sets today, definitions of distance functions are required to be more generalized and 
detailed. For this purpose, we define a novel metric for similarity and distance to give Neutrosophic 
Valued-Metric Spaces (NVGMS). We present relative weighted measure definition and finally K-sets 
algorithm after given the definition of NVGMS. 

Some readers who are unfamiliar with the topic in this paper need to have a natural example to 
understand the topic well. There is a need for earlier data in everyday life to give a natural example for 
the subject first described in this paper. There is no this type of data (we mean neutrosophic big data) 
in any source, but we will give an example of how to obtain and cluster such a data in Section 6 of the 
paper. If we encounter a sample of neutrosophic big data in the future, we will present the results with 
a visual sample as a technical report. In this paper, we have developed a mathematically powerful 
method for the notion of concepts that are still in its infancy. 


1.1. G-Metric Spaces 


Metric space is a pair of (A, d), where A is a non-empty set and d is a metric which is defined by 
a certain distance and the elements of the set A. Some metrics may have different values such as a 
complex-valued metric [13,14]. Mustafa and Sims defined G-metric by generalizing this definition [15]. 
Specifically, fixed point theorems on analysis have been used in G-metric spaces [16,17]. 


Definition 1. Let A be a non-empty set and d be a metric on A, then if the following conditions hold, the pair 
(A, d) is called a metric space. Let x,y,z € A 


(1) d(x,y) > 0, (non-negativity) 

(2) d(x,y) =0@x=y, (identity) 

(3) d(x,y) = d(y,x), (symmetry) 

(4) d(x,z) < d(x,y) + d(y,z) (triangle inequality). 


where d: Ax A> RT U {0}. 


Definition 2. [15] Let A be a non-empty set. A function G: A x A x A — [0,+00) is called G-distance if it 
satisfies the following properties: 


(1) G(x,y,z) = 0 ifand only if x = y =z, 

(2) G(x,x,y) 4 0 whenever x F y, 

(3) G(x,x,y) < G(x,y,z) for any x,y,z € A, withz # y, 
(4) G(x,y,z) = 

(5) G(x,y,z) < 


G(x,z,y) =... (symmetric for all elements), 
G(x,a,a) + Gla, y,Z) for all a,x,y,z € A (Rectangular inequality). 


The pair (A, G) is called a G-metric space. Moreover, if G-metric has the following property then it 
is called symmetric: G(x,x,y) = G(x,y,y),Vx,y € A. 
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Example 1. In 3-dimensional Euclidean metric space, one can assume the G-metric space (E°,G) as the 
following: 
G(x,y,2) = 2([|x x yl] + [lz x yll + [lx x ZI) 


where x,y,z € E° and ||. x .|| represent the norm of the vector product of two vectors in E°. It is obvious that it 
satisfies all conditions in the Definition 2 because of the norm has the metric properties, and it is symmetric. 
Example 2. Let (A, d) is a metric space. Then 


G(x,y,z) = d(x,y) + d(y,2) — a(x,2) 


is a G-metric, where x,y,z € A. The fact that d is a metric indicates that it has triangle inequality. Thus, G is 
always positive definite. 


Proposition 1. [17] Let (A, G) be a G-metric space then a metric on A can be defined from a G-metric: 


de (x,y) = G(x, x,y) + G(x, yy) 
1.2. Neutrosophic Sets 


Neutrosophy is a generalized form of the philosophy of intuitionistic fuzzy logic. In neutrosophic 
logic, there is no restriction for truth, indeterminacy, and falsity and they have a unit real interval 
value for each element neutrosophic set. These values are independent of each other. Sometimes, 
intuitionistic fuzzy logic is not enough for solving some real-life problems, i.e., engineering problems. 
So, mathematically, considering neutrosophic elements are becoming important for modelling these 
problems. Studies have been conducted in many areas of mathematics and other related sciences 
especially computer science since Smarandache made this philosophical definition, [18,19]. 


Definition 3. Let E be a universe of discourse and A C E. A = {(x,T(x),I(x),F(x)):x € E} is 
a neutrosophic set or single valued neutrosophic set (SVNS), where T4,14,F4: A—> | 0,1*[ are the 
truth-membership function, the indeterminacy-membership function and the falsity-membership function, 
respectively. Here, 0 < Ta(x) + I4(x) + Fa(x) < 3. 


Definition 4. For the SVNS A in E, the triple (T 4,1, Fa) is called the single valued neutrosophic number 
(SVNN). 


Definition 5. Let n = (Tn, In, Fn) be an SVNN, then the score function of n can be given as follow: 


1+ Ty, —2In — F, 
Sn = + In 5 n n (1) 


where Ss, € [—1,1]. 


Definition 6. Let n = (Tn, In, Fn) be an SVNN, then the accuracy function of n can be given as follow: 


2+ Th -— In -— Fu 
a a 


(2) 
where hy € [0,1]. 


Definition 7. Let ny and n2 be two SVNNs. Then, the ranking of two SVNNs can be defined as follows: 


(Tl) If Sny > Sup, then ny > no; 
(ID) If Sn, = Sny and hy, > hn, then ny > np. 
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2. Neutrosophic Valued Metric Spaces 


The distance is measured via some operators which are defined in some non-empty sets. In 
general, operators in metric spaces have zero values, depending on the set and value. 


2.1. Operators 


Definition 8. [20,21], Let A be non-empty SVNS and x = (Tx, Ix, Fx), y = (Ty, ly, Fy) be two SVNNs. 
The operations that addition, multiplication, multiplication with scalar « € R*, and exponential of SVNNs are 
defined as follows, respectively: 


poy S (hh — Tay hh Ee) 

XO Y = (TxTy, Ix + Ty — Iely, Fx + Fy — FxFy) 
ax = (1— (1— Ty)”, It, FR) 

#=(T 1 -5)51—-0- 8) 











From this definition, we have the following theorems as a result: 


Theorem 1. Let x = (Ty, Ix, Fy) be an SVNN. The neutral element of the additive operator of the set A is 
0, = (0,1,1). 


Proof. Let x = (Tx, Ix, Fy) and 04 = (Tp, Ip, Fo) are two SVNN and using Definition 8 we have 


xB04 = (Tx + To — TxTo, Lx lo, F,Fo) = (Tx, ly, Fy) 
=> (To, Io, Fo) = (0,1,1) = 0a 


(There is no need to show left-hand side because the operator is commutative in every component). 














To compare the neutrosophic values based on a neutral element, we shall calculate the score and 
accuracy functions of a neutral element 04 = (0,1,1), respectively: 


— 1+T)—21o — Fo 


2+ Tp) — Ip — Fi 
So 5 1 and ho Be ee 


3 0 











Theorem 2. Let x = (Ty, Ix, Fr) be an SVNN. The neutral element of the multiplication operator of the A is 
1,4 = (1,0,0). 


Proof. Let x = (Tx, Ix, Fy) and 14 = (11, h, F\) are two SVNN and using Definition 8 we have 








xOl,g= (TxT1, Tx ty = In, Fe + Fy F,F,) (Tx, Ix, Fx) 
= (T1,h, Fi) = (1,0,0) = 14 


In addition, score and accuracy functions of the neutral element 14 = (1,0,0) are 5} = 
ae a =landh, = ahh = 1, respectively. 














2.2. Neutrosophic Valued Metric Spaces 


In this section, we consider the metric and generalized metric spaces in the neutrosophic meaning. 


Definition 9. Ordering in the Definition 6 gives an order relation for elements of the conglomerate SVNN. 
Suppose that the mapping d: X x X —> A, where X and A are SVNS, satisfies: 
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() 04 <d(x,y) and d(x,y) = 04 & sy = sy and hy = hy for all x,y € X. 
(II) d(x,y) = d(y,x) forall x,y € X. 


Then d is called a neutrosophic valued metric on X, and the pair (X,d) is called neutrosophic 
valued metric space. Here, the third condition (triangular inequality) of the metric spaces is not suitable 
for SVNS because the addition is not ordinary addition. 


Theorem 3. Let (X,d) be a neutrosophic valued metric space. Then, there are relationships among truth, 
indeterminacy and falsity values: 





(I) O<T(x,y)—21(x,y) — F(x,y) +3 and if 5) = sq then 0 < T(x,y) — I(x,y) — F(x,y) +2 
(I) If d(x,y) =04 = T(x,y) =0,1(x,y) = F(x,y) =1. 
(III) T(x,y) = T(y,x), (x,y) = I(y,x), F(x,y) = F(y,x) so, each distance function must be symmetric. 


where T(.,.), I(.,.) and F(.,.) are distances within themselves of the truth, indeterminacy and falsity functions, 


respectively. 
Proof. 
04 <d(x,y) << (0,1,1) < (T(x,y), T(x, y), F(x,y)) 
(1) ee yc LET, y) = 21(ay) — Fay) 








0 < T(x,y) — 21 (x,y) — F(x 


(x,y) +3 
d(x,y) =d(y,x) <= (T(x,y), 1 (x,y), F(x,y)) = (T(y, x), Ty, x), Fly, x) 
= T(x,y) = T(y,x), 1(x,y) = I(y,x), F(x,y) = Fly, x) 


v) 











(I) 





Example 3. Let A be non-empty SVNS and x = (Tx, Ix, Fr), y = (Ty, ly, F,) be two SVNNs. If we define the 
metric d: X x X + A, as: 











1-|h 





d(x,y) = (T(x,y), (x,y), Flay)) = (\Tx |Fe— Fy) 


then 
0 < [Tx ~ Ty —2(1 — [le — yl) — 1 [Fe — yl) 
> 0 < |Ty — Ty| +2|Le — ly| +|Fr — Fy| 
Then it satisfies the first condition. 
(II) Since the properties of the absolute value function, this condition is obvious. 





(1) 


So, (X,d) is a neutrosophic-valued metric space. 


3. Neutrosophic Valued G-Metric Spaces 


Definition 10. Let X and A be a non-empty SVNS. A function G : X x X x X > A is called neutrosophic 
valued G-metric if it satisfies the following properties: 


(1) G(x,y,z) = 0, ifand only if x = y =z, 

(2) G(x,x,y) #04 whenever x # y, 

(3) G(x,x,y) < G(x,y,z) for any x,y,z € X, withz £ y, 
(4) G(x,y,z) = G(x,z,y) =... (symmetric for all elements). 


The pair (X, G) is called a neutrosophic valued G-metric space. 


Theorem 4. Let (X, G) be a neutrosophic valued G-metric space then, it satisfies followings: 
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GQ) T(x,x,x)=0,1(x,%,x) = F(x,x, x) = 1. 

(2) Assume x # y, then T(x,y,z) £0,1(x,y,z) £1,F(x,y,z) A. 

(3) O<T(x,y,z) — T(x,x,y) +2(1(x,x,y) — I(x,y,z)) + F(x, x,y) — F(x,y,z) 
(4) T(x,y,z),1I(x,y,z) and F(x, y,z) are symmetric for all elements. 


where T(.,.,.), I(.,.,.) and F(.,.,.) are G-distance functions of truth, indeterminacy and falsity values of the 
element of the set, respectively. 


Proofs are made in a similar way to neutrosophic valued metric spaces. 


Example 4. Let X be non-empty SVNS and the G-distance function defined by: 





G(x,y,2) = 5(d(x,9) ©d(x,2) @dly,2)) 


where d(.,.) is a neutrosophic valued metric. The pair (X, G) is obviously a neutrosophic valued G-metric space 
because of d(.,.). Further, it has commutative properties. 


4. Relative Weighted Neutrosophic Valued Distances and Cohesion Measures 


The relative distance measure is a method used for clustering of data sets, []. We define the 
relative weighted distance, which is a more sensitive method for big data sets. 

Let xj = (Ty;, Fy;, lx;) € A(non-empty SVNS),i = 0... be SVNNs. Then neutrosophic weighted 
average operator of these SVNNs is defined as: 








i=1 =1 i= 


M,(A) ban ( [la -t)T [a Teo") 


where x; is weighted for the i th data. For a given a neutrosophic data set W = {wy , w2,W3,...,Wn} 
and a neutrosophic valued metric d, we define a relative neutrosophic valued distance for choosing 
another reference neutrosophic data and compute the relative neutrosophic valued distance as the 
average of the difference of distances for all the neutrosophic data w; € W. 


Definition 11. The relative neutrosophic valued distance from a neutrosophic data w; to another neutrosophic 
data w; is defined as follows: 


RD(wl|w;) = — = (w;, w;) =d(w;, Wr) 
1 LEW 


Here, since T, I, F values of SVNNs cannot be negative, we can define the expression d(w;, tj) +d (w;, Wr) 
as the distance between these two neutrosophic-valued metrics. Furthermore, the distance of metrics is again 
neutrosophic-valued here so, a related neutrosophic-valued distance can be defined as: 


d(w;,wj)=d(w;, wp) = (T(w;,w;), 1(w;, w;), F(wi, w;))= (T(wis tte), 1(w;, Wg), E(w;, W)) 
= (1 =| P(e, 04) — (Te, 04) — 1)?|,1 — | (ej, 10)) — 0, r04)?|, 


(3) 








[FC Wj, Wj) — F(wi,t,)°|) 
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The difference operator = generally is not a neutrosophic-valued metric (or G-metric). We used some 
abbreviations for saving space. 


RD(wj||w;) = E (A (wi, tj) =d (wi, we) 


= d(w;,wj)=5 YL d(w;, wx) 

weEew 
= (T(w;, w;), L(w;, w;), F(w;, W; = lid (w;,w1) @ d(w;,w2) ®... B d(w;, Wn)) 
= (T(w;, Wj), oe F(w;,w;)) 


ll(T(w;, wy), 1(w;,W1), F(wi,w1)) @... @ (T(w;,w1), 1(w;, wi), F(wi, w1))| 


= (T(w;, w;), L(w;, w;), F(wi, wj)) 
el ( YL T(w;, wy) — TL T(w;, wz), TL 1(w;, wz), TI (2%) 
kew kew kew kew 





T (w;, w;), [(w;, w;), F (wi, w;)) 


( 
1/n 
-(1- [i= Y T(w;,w) + TI T(av,2%)| _ TI I(w;, wy), Tl Few an) 
= ( 


kew kew kew kew 
T,, 11, Fy) (T2, In, Fr) 


<I nm = ( (17 











A-|h-1? 





A=|5 FI) 


where T,, I, Fy and To, In, Fy are the first, second, and third elements of SVNN in the previous equation, 
respectively. 


Definition 12. The relative weighted neutrosophic valued distance from a neutrosophic data w; to another 
neutrosophic data w; is defined as follows: 


RDx(wil|wj)) = ow Xw (d (70;, w;) +d (w;, wx) 
k 
Aji Aeiek 
=xiyd(wiwj)= LC Xixd (wij, wz) 
wWeEW 
iAjj#kitk 


= xij {T (wi, w;), 1(wi, w;), F(w;,w;)) 
=(xir(T (Wj, 1), 1(w;, 1), F(wj, W1)) ©... B Xin(T (Wi, Wn), [(Wi, Wn), F (Wi, Wn))) 
= : — (1—T(a,;))", 1(w, 10;)*, F(w;, w))"9 ) 
(1 = (1 = T(w;,1))%, [(w;, 1)", F(w;,w1)%") @... 
a — (1—T(wj,wn)) , (w;, Wn), F(w;, Wn) 
oe (1 — T(w;,w;))™, 1(w;, wi)", F(wi, w;)*) 








nw tw nw 

-($ Le= H Tix, H liz, val Pe 
baa Bm Ry OB 

= (T1,h,F,)2(T2, In, Fr) 


(1 \n (pe =17)4—|h— i? 








1-|A F}|) 








where Tp = 1— (1 — T(w;, we) )%#, Tig = Uw, wy), Fig = E(w, 14). 
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Definition 13. The relative weighted neutrosophic valued distance (from a random neutrosophic data w;) to a 
neutrosophic data w; is defined as follows: 


RD, (w;) Y xGRD,(will w;) 


wieWw 


= L xl roland) 


wiew weEew 


Lx} (8 4a))| 


wiew wWeEw 


Definition 14. The relative weighted neutrosophic valued distance from a neutrosophic data set W, to another 
neutrosophic data set Wo is defined as follows: 


RDx(Wi||W2) = ss Xx y XyRDx(x|ly) 
xEeW, yEeWr 


Definition 15. (Weighted cohesion measure between two neutrosophic data) The difference of the relative 
weighted neutrosophic-valued distance to w; and the relative weighted neutrosophic-valued distance from w; to 
W;, Le., 

Px (;,;) = RDx(wj)+RDx(w;l|w;) (4) 
is called the weighted neutrosophic-valued cohesion measure between two neutrosophic data w; and w;. If 
Px (w;,;) > Ow (resp. px(w;,;) < Ow) then w; and w; are said to be cohesive (resp. incohesive). So, the 
relative weighted neutrosophic distance from w; and ww; is not larger than the relative weighted neutrosophic 
distance (from a random neutrosophic data) to w;. 


Definition 16. (Weighted cohesion measure between two neutrosophic data sets) Let w; and w; are elements of 
the neutrosophic data sets U and V, respectively. Then the measure 


ex(ULV) = Yo xu LS Xopx(w;,w;) (5) 


wu wjEV 
is called weighted cohesion neutrosophic-valued measure of the neutrosophic data sets U and V. 


Definition 17. (Cluster) The non-empty neutrosophic data set W is called a cluster if it is cohesive, i.e., 
o(W, W) > Ow. 


5. Clustering via Neutrosophic Valued G-Metric Spaces 


In this section, we can cluster neutrosophic big data thank to defined weighted distance definitions 
in Section 4 and G-metric definition. 


Definition 18. The neutrosophic valued weighted G-distance from a neutrosophic data w to a neutrosophic big 
data set U is defined as follows: 


G(w,y,z) = Yi Xu Ye xu(d(w,y) ® d(w,z)d(y,z)) (6) 
yeu zeU 
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Algorithm (K-sets algorithm) 





Input: A neutrosophic big data set W = {wy ,w2,...,Wy}, a neutrosophic distance measure d(.,.), and the 
number of sets K. 
Output: A partition of neutrosophic sets {U;,Ub,...,Uk}. 
1; Initially, choose arbitrarily K disjoint nonempty sets Uy, U2,...,Ux as a partition of W. 
2. for i from 1 ton do 

begin 

Compute G(x;, ¥x,Z,) for each set Ug. 

Find the set to which the point x; is closest in terms of G-distance. 

Assign point x; to that set. 

end 
3: Repeat from 2 until there is no further change. 


6. Application and Example 


We will give an example of the definition of the data that could have this kind of data and fall into 
the frame to fit this definition. We can call a data set a big data set if it is difficult and/or voluminous to 
define, analyze and visualize a data set. We give a big neutrosophic data example in accordance with 
this definition and possible use of G-metric, but it is fictional since there is no real neutrosophic big 
data example yet. It is a candidate for a good example that one of the current topics, image processing 
for big data analysis. Imagine a camera on a circuit board that is able to distinguish colors, cluster all 
the tools it can capture in the image and record that data. The camera that can be used for any color 
(for example white color vehicle) assigns the following degrees: 


(I) The vehicle is at a certain distance at which the color can be detected, and the truth value of the 
portion of the vehicle is determined. 

(I) The rate at which the vehicle can be detected by the camera is assigned as the uncertainty value 
(the mixed color is the external factors such as the effect of daylight and the color is determined 
on a different scale). 

(III) The rate of not seeing a large part of the vehicle or the rate of out of range of the color is assigned 
as the value of falsity. 


Thus, data of the camera is clustering via G-metric. This result gives that the numbers according to 
the daily quantities and colors of vehicles passing by are determined. The data will change continuously 
as long as the road is open, and the camera records the data. There will be a neutrosophic data for each 
vehicle. So, a Big Neutrosophic Data Clustering will occur. 

Here, the weight functions we have defined for the metric can be given 1 value for the main colors 
(red-yellow-blue). For other secondary or mixed colors, the color may be given a proportional value 
depending on which color is closer. 


A Numerical Toy Example 


Take 5 neutrosophic data with their weights are equal to 1 to make a numerical example: 
W = {w}(0.6, 0.6, 0.6), w2 (0.8, 0.4, 0.5), w3 (0.5, 0.8, 0.7), wa (0.9, 0.5, 0.6), ws (0.1, 0.2, 0.7) } 


K =3 disjoint sets can be chosen Uy = {w1, wg, 5}, Uz = {w2,w3}. 
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Then 
(0, 1,1) (0.2, 0.8, 0.9) (0.1, 0.8, 0.9) (0.3,0.9,1.0)  (0.5,0.6, 0.9) 
(0.2, 0.8, 0.9) (0, 1,1) (0.3, 0.6, 0.8) (0.1,0.9,0.9)  (0.7,0.8, 0.8) 
d(wj, w;) = (0.1, 0.8, 0.9) (0.3, 0.6, 0.8) (0, 1,1) (0.4,0.7,0.9) (0.4, 0.4, 1.0) 
(0.3, 0.9, 1.0) (0.1, 0.9, 0.9) (0.4, 0.7, 0.9) (0, 1,1) (0.2, 0.8, 0.9) 
(0.5, 0.6, 0.9) (0.7, 0.8, 0.8) (0.4, 0.4, 1.0) (0.2, 0.8, 0.9) (0, 1,1) 


where we assume the d(w;, w;) as in Example 3. So, we can compute the G-metrics of the data as in 
Equation (3): 








G(w1, Uy) = G(wy, w4, ws) = (0.99, 0.90, 0.91) 

G(w1, Uz) = G(w), w2, w3) = (0.79, 0.72, 0.83) 

G(w2, Uy) = G(w2, w 1, w4) © G(w2, W1, W5) @ G(w2, W4, W5) = (0.9874, 0.6027, 0.6707) 
G(w2, U2) = G(w2, wz, w3) = (0,1,1) 

G(w3,U,) = G(w3,w1, wa) & G(w3,w1,w5) @ G(w3, wa, ws) = (1,0.4608, 0.6707) 
G(w3, Ur) = G(w3, wz, w3) = (0,1,1) 

G(w4, U,) = G(w4,w 1, ws) = (0.81, 0.64, 0.91) 

G(wa4, Uz) = G(wa, we, v3) = (0.97, 0.73, 0.83) 











So, according to the calculations above, w4 belongs to set U; and the other data belong to Up. 
Here, we have made the data belonging to the clusters according to the fact that the truth values of the 
G-metrics are mainly low. If the truth value of G-distance is low, then the data is closer to the set. 


7. Conclusions 


This paper has introduced many new notions and definitions for clustering neutrosophic big 
data and geometric similarity metric of the data. Neutrosophic data sets have density. For example, 
sets having indeterminacy density or neutrosophic density and these are adding the more data and 
complexity. So, neutrosophic data sets are complex big data sets. Separation and clustering of these 
sets are evaluated according to weighted distances. Neutrosophic data sets in the last part of the paper, 
K-sets algorithm has been given for neutrosophic big data sets. We hope that the results in this paper 
can be applied to other data types like interval neutrosophic big data sets and can be analyzed in 
other metric spaces such as neutrosophic complex valued G-metric spaces etc. and can help to solve 
problems in other study areas. 
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Abstract: Smarandache defined a neutrosophic set to handle problems involving incompleteness, 
indeterminacy, and awareness of inconsistency knowledge, and have further developed it 
neutrosophic soft expert sets. In this paper, this concept is further expanded to generalized 
neutrosophic soft expert set (GNSES). We then define its basic operations of complement, union, 
intersection, AND, OR, and study some related properties, with supporting proofs. Subsequently, 
we define a GNSES-aggregation operator to construct an algorithm for a GNSES decision-making 
method, which allows for a more efficient decision process. Finally, we apply the algorithm to a 
decision-making problem, to illustrate the effectiveness and practicality of the proposed concept. 
A comparative analysis with existing methods is done and the result affirms the flexibility and 
precision of our proposed method. 


Keywords: aggregation operator; complement; intersection; membership; neutrosophic soft set 





1. Introduction 


For a proper description of objects in an uncertain and ambiguous environment, indeterminate 
and incomplete information has to be properly handled. Intuitionistic fuzzy sets were introduced by 
Atanassov [1], followed by Molodtsov on soft sets [2] and neutrosophy logic [3] and neutrosophic 
sets [4] were introduced by Smarandache. The term neutro-sophy means knowledge of neutral 
thought and this neutral represents the main distinction between fuzzy and intuitionistic fuzzy logic 
and a set. At present, work on the soft set theory is progressing rapidly. Various operations and 
applications of soft sets have been developed rapidly, including the possibility of fuzzy soft set [5], 
soft multiset theory [6], multiparameterized soft set [7], soft intuitionistic fuzzy sets [8], Q-fuzzy soft 
sets [9-11], multi Q-fuzzy sets [12-14], N-soft set [15], Hesitant N-soft set [16], and Fuzzy N-soft set [17], 
thereby, opening avenues to genetic applications [18,19]. Later, Maji [20] have introduced a more 
generalized concept—which is a combination of neutrosophic sets and soft sets—and have studied its 
properties. Alhazaymeh and Hassan [21,22] have studied the concept of vague soft set, which were 
later extended to vague soft expert set theory [23,24], bipolar fuzzy soft expert set [25], and multi 
Q-fuzzy soft expert set [26]. Sahin et al. [27] introduced neutrosophic soft expert sets, while Al-Quran 
and Hassan [28,29] extended it further to neutrosophic vague soft expert set. Neutrosophic set theory 
has also been applied to multiple attribute decision-making [30-32]. Fuzzy modelling has long 
been widely applied to physical problems, which include intuitionistic hesitant fuzzy [33], t-concept 
lattices [34], fuzzy operators [35], medical image retrieval [36], and artificial bee colony [37] and multi 
criteria decision making [38,39]. Neutrosophic sets have also gained traction with recent publications 
on neutrosophic triplets [40,41], Q-neutrosophic soft relations [42], Q-neutrosophic soft sets [43], 
and Q-neutrosophic soft expert set [44]. 
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This paper anticipates the neutrosophic set discussions to handle problems involving 
incompleteness, indeterminacy, and awareness of inconsistency of knowledge, which is further 
developed to neutrosophic soft expert sets. We intend to extend the discussion further, by proposing 
the concept of generalized neutrosophic soft expert set (GNSES) and its basic operations of complement, 
union, intersection, AND, and OR, along with a definition of GNSES-aggregation operator, to construct 
an algorithm of a GNSES decision method. Finally we provide an application of the constructed 
algorithm to solve a decision-making problem. 


2. Preliminaries 


In this section, we review the basic definitions of a neutrosophic set, neutrosophic soft set, soft 
expert sets, neutrosophic soft expert sets, and neutrosophic parametrized (NP)-aggregation operator, 
which are required as preliminaries. 


Definition 1. [4] Let U be a universe of discourse, with a generic element in U denoted by u, then a neutrosophic 
(NS) set A is an object having the form 


A={<u: Ta(u), I4(u) ,Fa(u) >, u € U} 


where the functions T, I, F: U- ]~ 0, 1*[ define, respectively, the degree of membership (or Truth), the degree 
of indeterminacy, and the degree of non-membership (or Falsehood) of the element u € U to the set A with 
the condition. 

0 < Ta(u) + Ia(u)+ Fa(u) < 37 


Definition 2. [20] Let U be an initial universe set and E be a set of parameters. Consider A C E. Let NS(U) 
denote the set of all neutrosophic sets of U. The collection (F, A) is termed to be the neutrosophic soft set over U, 
where F is a mapping given by F: A— NS(U). 


Definition 3. [23] U is an initial universe, E is a set of parameters, X is a set of experts (agents), and 
O = {agree = 1,disagree = 0} a set of opinions. Let Z = E x X x Oand A C Z. A pair (F, A) is called a 
soft expert set over U, where F is a mapping given by F : A —» P(U) where P(U) denoted the power set of U. 


Definition 4. [27] A pair (F, A) is called a neutrosophic soft expert set over U, where F is a mapping given by 
F:A-—> P(U) where P(U) denotes the power neutrosophic set of U. 


Definition 5. [27] The complement of a neutrosophic soft expert set (F, A) is denoted by (F,A)°, and is 
defined as (F, A)° = (F°, aA) where F° = ~A - P(U) is a mapping given by F°(x) = neutrosophic soft 
expert complement with Tre(x) = Fecx), Tpe(x) = Te(x)s Fre(x) = Tex): 


Definition 6. [27] The agree-neutrosophic soft expert set (F, A), over U is a neutrosophic soft expert subset of 
(F, A) defined as 
(F,A), ={Fi(m):meEx Xx {1}}. 


Definition 7. [27] The disagree-neutrosophic soft expert set (F, A)g over U is a neutrosophic soft expert subset 
of (F, A), defined as 
(F,A)g = {Fo(m) :m € Ex X x {O}}. 


Definition 8. [27] Let (H, A) and (G,B) be two neutrosophic soft expert sets (NSESs) over the common 
universe U. Then the union of (H,A) and (G,B) is denoted by “(H, A) U (G,B)”, and is defined by 
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(H, A) U (G,B) = (K,C), where C = AUB and the truth-membership, indeterminacy-membership, 
and falsity-membership of (K,C) are as follows: 
(m), ifeeA-—B 
Te) (™) = Te (e) (m) 7 if e€B-A 


) 
Tr(e)(m) , ifeeA-B 
) 





Ix(e) (ml) = Ig((m), ifeEeB—A 
ow Tce) (™) eens 
Fuey(m), ifeeA-—B 
Fx(e)(m) = Foe(m), ifeeB—A 


min (Fy(e) (1), Face) (1), ifeEe ANB 


Definition 9. [27] Let (H, A) and (G, B) be two NSESs over the common universe U. Then the intersection 
of (H,A) and (G,B) is denoted by “(H, A) A (G,B)” and is defined by (H, A) q (G,B) = (K,C), where 
C = ANB and the truth-membership, indeterminacy-membership, and falsity-membership of (K,C) are 
as follows: 
Te) (m) = min (Tiy(e)(™m), Tee)(m)) 
Ixie)(m) = Us Ig (e) (m) 


Exe) (m) = max (Fry(e) (1), Fae)(™m)), ifee ANB. 


Definition 10. [45] Let ¥x € NP-soft set. Then an NP-aggregation operator of Vx, denoted by ¥4°°, is 
defined by 


Yeo = { ((u we’, oe, wf) :ue ut, (1) 


which is a neutrosophic set over U, 


H88(u) = BE pcp a(H)-Af (a) (we U > (0,1 Q) 
ueu 

Oe (u) = mL ecE 9x (u)-AFK(x) (4), oe :U [0,1] (3) 
uceu 

wee = mo nee wx (u). Afk(x)(u), w= :U — [0,1] (4) 
ueu 


and where, 


Af x(x) (u) = L x € fx(x)(4), 


0, otherwise, 


such that |U| is the cardinality of U. 


3. Generalized Neutrosophic Soft Expert Set 


In this section, we introduce the concept of generalized neutrosophic soft expert set (GNSES) and 
define some of its properties. Throughout this paper, U is an initial universe, E is a set of parameters, 
X is a set of experts (agents), and O = {agree = 1, disagree = 0} a set of opinions. Let Z = E x X x O 
and A C Zand uw isa fuzzy set of A; that is, u: A + I = [0,1]. 
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Definition 11. A pair (F", A) is called a generalized neutrosophic soft expert set (GNSES) over U, where F" is 
a mapping given by 
“2 A>N(U)xI 


with N(U) being the set of all neutrosophic soft expert subsets of U. For any parameter e € A, F(e) is referred 
as the neutrosophic value set of parameter e, i.e., 


F(e) = { (u/Te(e) 4), Te(ey(1), Fr(e)()) bo 


where T,1,F : U—J~0, 1*I are the membership function of truth, indeterminacy, and falsity, respectively, 
of the element u € U. Foranyu € Uandec A 


“0 < Tre) (u) + Ipvey (u) + Ferrey (u) < 37 
In fact, F" is a parameterized family of neutrosophic soft expert sets on U, which has the degree of 


possibility of the approximate value set which is prepresented by u(e) for each parameter e, which can 
be written as follows: 





= u us n 
Fe) = { (retin Feltmay Fotay Felts) #0}. 


Example 1. Suppose that U = {u1,u,u3} is a set of computers and E = {e},€2,e3} is a set of decision 
parameters. Let X = {p,q,r} be set of experts. Suppose that 






























































F*(e1,p,1) = 4 ( oaosn2 veo to8- oso )0-3 
F¥*(e,q,1) = msb205' 550.60. / UBU.LU: 0.4 
F¥(e,r,1) = {( vEp-E03" o705 05" v70.605" 0.8 
F¥(e9,p,1) = D7HS06" VSPA’ T8003 0.2 
F¥(e2,q,1) = 4 ( aenzpr o80407' OBp 107 )/ 0-6 
F¥(e2,7,1) = } ( osmhos, uspaue vaDto7 ) 0-5 
F¥(es,p,1) = 1 ( ospS02/ 50607 osptox), 0-7 
F*(e3,4,1) = 4 ( ozpboa- osphus’ 7 oans )0-4 
F¥(e3,r,1) = osiosasitinee ovina) 0.5 
F¥(e1,p,0) = 4 ( gaatpa o70 305" cao )/ 0-1 
F*(e1,q,0) = 4 ( g7a3n5 o6o204 oan sor ) 03 
F¥(e1,1,0) = } ( nends- o7s06- ap) 0-2 
F¥(e0, p,0) =} aspto7’ candor o7ptoa )/0-2 
F¥(e,q,0) = wa o7dans’ uspina 0.6 
F¥(e9,1,0) = nsdn ans’ osttoa): 0.4 
F¥(e3, p,0) TaN SNS’ OS OA 0G os 0.5 

F¥(e3,q,0) = aa oso tod o30404 0.7 

F¥(e3,1,0) = (asin: wore ee. 0.2} 





The generalized neutrosophic soft expert set (GNSES) is a parameterized family {F(e;), i= 1,2,...} of 
all neutrosophic sets of U and describes a collection of approximation of an object. 


Definition 12. Let (F“, A) and (G",B) be two generalized neutrosophic soft expert sets (GNSESs) over U. 
Then (E", A) is said to be a generalized neutrosophic soft expert subset of (G", B) if 
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i. BC A,and 
ii. G"(e) is a generalized neutrosophic soft expert subset F“(e), for alle € B, 


Example 2. Consider Example 1. Suppose that A and B are as follows. 


A= {(e1,p/1), (C2, P-L), (€2,4,0), (e3,7, 1) $B = {(e1, P,1), (€2, P, 1), (e3,7, 1)}- 


Since B is a neutrosophic soft expert subset of A, clearly B C A. Let (G",B) and (F“, A) be defined 
as follows: 





(FL A)= { [lp 1), (caphos- cxttoe ostinz):03| 


| (e2, P, 1), ovis: vsntow venga )-0-2 ’ 








(24,0 ), (ntthos: wxtre: omtiin)- 0.6], 





e3,1/1), (eae ia 0.5 


( 
(G",B) [eue-n.( VAVSVD’ VEVAOB’ asta): 0.3], 








| (ea P 1), (nibs ostineosiibna) 0.2), 


| (e3, nA), (saphos- os 0506" oxtkoz) 0-5] 








Therefore (G!,B) C (F", A). 


Definition 13. Two GNSESs (F", A) and (G",B) over U are said to be equal if (F", A) isa GNSES subset of 
(G1, B) and (G",B) isa GNSES subset of (F“, A). 


Definition 14. An agree-GNSESs (F“, A), over U isa GNSES subset of (F“, A) defined as follows. 


(E", A), = {Fi(«) «xe E x X x {1}}. 


Example 3. Consider Example 1. The agree-GNSES (F",Z), over U is 






































(PZ), = {|( (1,P,d ) (ositbna ostins:osiina,): 03] 
[erg eae osptoa) 0.4], 
| (e171), TENL0S' 070505" 0ZVe05') 08], 
(¢2,p/1 ), (orth: os0t04 oBDe03 )/ 0-2), 
| (e241 i ewes 70.6), 
(e2,r,1), ( ospios 090306 140.107/)/05], 
(ea, pr "or ie dr} 94 ’ 
(¢3,4/1), ( azn 304" 060205" 070406" , 




















[(esr, 1), ( (osphos: PEELE orto’) ),0.5| |}. 


Definition 15. A disagree-GNSESs (F", A), over U is a GNSES subset of (F", A) is defined as follows: 


(E", A)y = {Fo(e) xe E x X x {O}}. 
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Example 4. Consider Example 1. The disagree-GNSES (F“, Z), over U is 





(PY, Z)o = {|(e1-7.0 ) ( saphos: ontdps- oxptos:)-0-1 ’ 


C1 )Carithos:ostinaoxiknr-)- 09 ’ 





+ oepeus- U7 Ose" UEOLOS’ 0.2), 
e2 


ug U3 0.6 
0.4,0.3,0.6" 0.7,0.2,0.5/ 0.8,0.L,0.4/)/ , 


, 





a esha exits ose) 4 is 





9 edi ai 10.2 i 


, 


- nao asitins: osthns.).09 


(e1,4,0 
(er, a‘ 
(€2, p,0) 
an ) 
(e2,1,0) 
en ) 
(e3, 4,0) 











, 

(candor osptoa USS 0a i) ’ 0.7] ’ 
7 Uy ug U3, 

[(es.r, 0), (osthos: 0.6,0.4,03" ovtbor): 0.2| } 





Definition 16. The complement of a GNSES (F",A), denoted by (F",A)°, is defined as (F“, A)° = 
(FM), wA) where FY) :3A + N(U) x I is a mapping given by 


for each x€ E. 


Example 5. Consider Example 1. By using the definition of GNSES complement, the complement of F" denoted 
by EF“), is as follows: 













































































(FX), Z) = {| (se. p-1) (oxahpa: ms0sm8" oxidos-) ),0. 7), 
(7e1,9/1), eae 020405" vier) 6], 
[rev r, ), Os0NS OSNID7- OSNAZ’ 0.2), 
(7e2, p,1), (nik, va0eus: 030.408" , 
(>e2,4/1), ( axons o7pe08 070505" 0, 
(se2-71), ( ospbos- nsdn w7 08a" /05], 
[ (83. PA), ( oxphnse a7 0408" na.0978" 0.3), 
(+e, 4,1), one PERTTI ws0807" 0. 6| , 
| (e371), 03,0.6,0.8" TEAIAUEE wz0eOT! ,05| , 
(e1, p,0), ( sxabpa w50dm / 6OSua 0.9] : 
(-01,4,0), ( os tthar- oapas: oxt$na-) 07], 
(se1,1,0), ose VEOSO7? US08D: ,) 0.8], 
(e2, p,9), o7abns urbana’ m0907" 08), 
(-e2,4,0), mer ms0807 van a , 
| (e2,17,0), 060.803" mse 009,05" y 
(03, P»0), (aattoa rains ost) 
(3, 4,0 eee vas 08! aie ' 
(-43,7,0), ( retkns: oxtées anthony: gen 
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Proposition 1. If (F", A) is a generalized neutrosophic soft expert set over U, then 


i (Aya etA 
2. ((FY,A)1)° = (FY, A)o 
3. ((F", A)o)® = (F", A), 


Proof. (1) From Definition 16, we have (F“, A)* = 
where FHC) (ox) = Tre) 7 Fe(xyrl E(x) =1 
each «€ E. 
Now ((F",A)*)° = ((F“©))°, A) where 


( u(c) AA), 
—Tp@); Fra) = Tr and uS(«) = 1— u(x) for 


(BOY) = | a 














Thus ((F",A)°)° = ((F*))°, A) = (F¥, A), for all xe E. 
The proofs of assertions (2) and (3) are obvious. 














Definition 17. The union of two GNSESs (F",A) and (G",B) over U, denoted by (F", A) U (G1,B), 
is the GNSESs (H®,C), where C = AUB and the truth-membership, indeterminacy-membership, 
and falsity-membership of (H®,C) are as follows: 


Tru(e)(m) ifee A-—B 
Ty) = Ton(e) (m) if ecB-A 
max (Tpa(e) (1), Ten(e)(m)) ifec ANB 
Truie)(m) ifeEeA-—B 
Tyo) = Igne) (m) ifeEeB-A 


) 
min( Tea(e)(1),cn(e (m)) ifee ANB 
Fru(e) (m1) ifee A-—B 
Fro (e) = Fue) (m) if e EB-A 


where Q(m) = max (ue (1m), 11(e) (m)). 


Example 6. Suppose that (F", A) and (G1, B) are two GNSESs over U, such that 





_ u us u 
(PY, A)= { (e1,P,1), (sathns: 360108" rstipa) 03] 


uy ug ug 
(e2,4,1), | o7p306- os ot04 070603 ) 9:2], 





(24,0), | vanSpe- w7oa05’ Epos )- 0-6], 

(e3,1,1), (captors: 050306" ortigoz )- 0-5 \. 
(e1,p,1), (caskor 0802037 satdus )/0-1| a 
(e2,q,1), (waiter 0804077 usta ).0-4| , 


uy ug U3 
(e3,7,1), (caphnz: 0.5,0.4,0.2" oatspa) 08 \. 








(G7, B) = 
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Then (E", A) U (G1,B) = (H®,C) where 


Co 





{ (1,1), (nathan omits, astra) 0.3), 


(2-4/1), ( oeosmr 0s0s05" ovitpa) 04 , 





(e2,4,0), oxihus, writs omitma) 06 ' 
[(ea,r, 1), (ssttoz- os 0502" osntea) 05} i 





Proposition 2. If (F", 


1. (e 


A) 
2. (EY, A)U 


A), (G1, B) and (H®,C) are three GNSESs over U, then 
A) 0 (G1, B)) U (H,C) = (FY, A)U ((G1,B) U (H,C)). 
(F", A) € (EF, A). 


Proof. (1) We want to prove that 


((F", A) OU (G",B)) U (H®,c) = (F*,A)U ((G",B) U (He,C)) 


By using Definition 17, we consider the case when e € AM B, as other cases are trivial. We will have 


(F¥, A) U (G1, B) = u/ min ae ), , mas U(e) (m1), ) eet 
me (m) }’ 


Also consider the case when e € H, as the other cases are trivial. We will have 


; _. i a i (1/T20,¢)(m),Lyeye)(m),Fpye)(mm)) , 
foi Fen \(m)) Cid he gD) eu 
(4/Toe)(m), Lec) (m), Fene(m)), 
max Tgu(e)(m), Tr1(e vn), 
ae Cob tee \(m)), max (ue (m),(e)(™), Q(m)),0 = u} 
min (Fore) (m), Fre )(m)) 
(EY, A) ((Gt,B) U (H,c)), 


(F", A) U(G4,B)) U (H2,C 
( ) 0 (H9,c) 


min 


u min 





(2) The proof is straightforward. 
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Definition 18. Let (F", A) and (G", B) be two GNSESs over a common universe U. Then the intersection of 
(F“, A) and (G", B) is denoted by (F“, A) 1 (G",B) = (K°, C), where C = AM B and the truth-membership, 
indeterminacy-membership, and falsity-membership of (K°,C) are as follows: 


True)(m) ifeEe A—B 

T 5 (e) = Tene) (m) ifeEeB-A 
min(Teu(e )(m m), Ten(e)(™)) ifee ANB 

Tpu e) (11) ifeeA-—B 

Ix6(e) = Tne) (1) ifeeB—A 
min (Zex(e) (1), Ton(e)(m)) ifee ANB 

Fruce) (1) ifeceA-B 

Fre) = Fone) (m) ifeeB-A 
max (Fpa(e) (1), Fer(e)(m)) ifec ANB 


where 6(m) = min(w(e)(m), (e)(m)). 


Example 7. Suppose that (F", A) and (G1, B) are two GNSESs over U, such that 





ue — 
(FY, A) = { e1,P,1), (aaphna: onptoe: osptpa:)-0-3] 


(24,1), (oxthus: osttoa opens: 0.2), 








uy uz ug 
(e2,4,0), (cathe: oxtdns: axis) 0-6 
— u us U3, 
(G1,B) = In ), (oxthor osthns: osphn3-)-0-1 , 


uy uz ug 
(e3,r,1), (capa: 050.402" oatkpa)- 0.8 








Then (E", A) 0 (G1, B) = (K°, C) where 
6 a uy u2Q u3 
(k ‘C) = { (ev p.2), (cothas 0.6, 0.1, 0.8’ 75 03,03')'4| hs 


Proposition 3. If (F", A), (G7, B) and (H®,C) are three GNSESs over U, then 


1. (FMLA ae (FY,A) A ((G1,B) A (K?,C)) 
& (Ane acr 4 





Proof. (1) We want to prove that 


((F", A) al (G",B)) a (ee) = (FY, A)A ((G", B) al (K’,c)) 
By using Definition 18, consider the case when e € A B, since other cases are trivial. We have 


min (Tex(e (m), Tgn(e) (m)) Fe 
(F", A) N (G17,B) = uf min (Zee(e)(1")-Tan(e)(m)), , min (1(e)(m), me) (mm), € u}. 
max (Fpa(e) (1), Fer(e)(m) ) 
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Also consider the case when e € K, as the other cases are trivial. Then we have 


min (Tpa(e (m), Tene y(m)), 


(/ Tyee), Txs(e) (1), Fxs(e)(m)) » 
u/ min Truce) (mt), Tor(e vm), ' min (1), m¢(),5(0) oe t 
Fru(e)(m), Fore) (m)) 
(m 


(u/Tp0(e)(m),Lpcye)(), Ferye)(m)), 
Tue) (t), Tks (¢ ey) 
u es babies m), Txo(e vn), 
max (Fue) (m )r Free (m)) 
= (F",A) A) ((Gt,B)N a (Ké,c)). 


((FY,A) A (G',B)) A (K8,C) 


max 


min 


min (ue (m),1(e) (m),6(m)), ue u} 














(2) The proof is straightforward. 


Proposition 4. If (F", A), (G7, B) and (K°,C) are three GNSESs over U. Then 
(G1,B)) A (K*,C) = ((F", A) (K®,C)) U ( (G1, B) A (K°,C)). 
(G1, B)) U (K*,C) = ((FY,A) 0 (K*,C)) A ((G1,B) U (K*,C)). 


D2 Ce 














Proof. The proofs can be easily obtained from Definitions 17 and 18. 


Definition 19. If (F", A) and (G1, B) are two GNSESs over U, then “(F", A) AND (G1,B)” denoted by 
(F“, A) A (G1, B), is defined by 
(F¥, A) A (G!,B) = (H®,A x B) 


such that, H°(«,B) =  F¥(«)G"(B) and the truth-membership, indeterminacy-membership, 
and falsity-membership of (H®, A x B) are as follows. 

T1400.) (™) = min Tpu(q)(m), Tenip)(m)), 

10 (q,g)(™) = min Tpu(a) (™)-Ten(py(m)), 

F 79 (a,p) () = max (Fr«(q)(1), Feng) (m)) 
and Q(m) = min (1()(), 4¢e)(m)) , Va € A, VB EB. 


Example 8. Suppose that (F“, A) and (G", B) are two GNSESs over U, such that 


(P4A)= {|(evP-1), (ozphns: onptoa: onphnr-)-0-4] 
(¢3,1,0), ( ashor- oxSor- ozs’) 03| 

(G1,B) = (e1,p,1), (ssthus vstdna- osttpa-)-0-5 ’ 
(€2,4,0), (oxthns: o7pte vase) 0-6 
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Then (E“, A) A (G1, B) = (H®, A x B) where 





(e) = 
(H,A x B) = [Cex Pe), (en, Pr) 020506" 040102 060107" 0.4), 


(e1, p, 1), (2,40), | orpsus- vaDtoe Ta0307") 0-4], 








u u u 
(e3,1,0), (e1, P-1), (osphns: 960307" 020.1087)19-3], 





(e3,r,0), (e2,4,0), (oxthes: oeoto7’ wzp1087) 10-3 
Definition 20. If (F“,A) and (G",B) are two GNSESs over U, then “(F“,A) OR (G",B)” denoted by 
(F“, A) V (G",B), is defined by 
(E“, A) V (G1, B) = (K’,A x B) 


such that K°(«,B) = F"(a) U G7(6) and the truth-membership, indeterminacy-membership, 
and falsity-membership of (K°, A x B) are as follows. 


T x6 (a,p) (1) a max (Tpu(a)(™), Teng) (m)), 
16 (a.,p) (™) = min (Tena) (m), Tencpy(m)), 
Fxé(a,p) (mt) = min (Fpu(a)(m), Fen(p)(m) ) 


and 6(m) = max (u/e)(1),e)(™)) ,Vae A, VB € B. 


Example 9. Suppose that (F“, A) and (G",B) are two GNSESs over U, such that 











(P4A)= {[(evP-1), (oaphns: onptoa: onphnr-)-0-4] 
(¢3,7,0), ( asad 07 0605077 020108" 10.3] 

(G7,B) = ren ), (oxthos: onphnz’ ogpier-)-05 ’ 
(e2,4,0), (oxphos- a7 0406" 040506") 70-6 


Then (E“, A) V (G1, B) = (K®, A x B) where 





5 
(K°, A x B) = {{c e1, Pr 1), (e1, P, 1) ( gsphus- we0402" oetton,)-05 ’ 
u Uu u: 
ae : (2, 4,0), eee ha 0.6], 








u u u 

e370), (er Pl), ( a5 02017 070306" 080.102"), 
u u us 

(es, 1,0), (e2,4,0), (asthe: 070.106" rxttne:)-0-6| , 





Proposition 5. Let (F", A) and (G", B) be GNSESs over U. Then 


1. ((F", A) A (G1,B) )° = (F", A)* Vv (G7, B)* 
2. ((F", A) V (G",B))° = (F“, A)* A (G",B)* 











Proof. The proofs can be easily obtained from Definitions 16, 19 and 20. 
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4. GNSES-Aggregation Operator 


In this section, we define a GNSES-aggregation operator of a GNSES to construct a decision 
method by which approximate functions of a soft expert set are combined to produce a neutrosophic 
set that can be used to evaluate each alternative. 


Definition 21. Let Y4 € GNSESs. Then a GNSES-aggregation operator of Y 4, denoted by Y‘;°, is defined by 


YE = {((u Tw) Ew) E(w) we eu}, (5) 
which is a GNSES over U, 
1 
TEU (1, TB) = Te peg TalHH (6) 
ueu 
1 
Fes :U > [0,1], Fes (u) = Tie cag FAlH)-M (7) 
ueu 
1 
V8 :u — (0,1), (28 (u) = Te ee Ee Lal): (8) 
ueu 


where |U| is the cardinality of U and yp is defined below 


1 : 
B= 7 Viele). (Ci §=1,2,3,...)). (9) 


Definition 22. Let Y4 € GNSESs, are be the corresponding GNSES aggregation operator. Then a reduced 
fuzzy set of Ye is a fuzzy set over U, denoted by 


tY8 (uy) 
ye = {Pe veut, (10) 


where TY’’>(u) : U > [0,1] and uj = isa = oy = i 


5. An Application of Generalized Neutrosophic Soft Expert Set 


In this section, we present an application of generalized neutrosophic soft expert set theory in a 
decision-making problem. Based on Definitions 21 and 22, we constructed an algorithm for the GNSES 
decision-making method as follows. 


Step 1—Choose a feasible subset of the set of parameters. 
Step 2—Construct the GNSES tables for each opinion (agree, disagree) of experts. 
Step 3—Compute the aggregation operator GNSES Y‘; of Y 4 and the reduced fuzzy set T4'8, FA8, 1388 
of Y%8, 

A 
Step 4—Score(u;) = maxagree(u;) — mindisagree(u;). 
Step 5—Choose the element of u; that has maximum score. This will be the optimal solution. 
Example 10. Suppose a company needs to employ a worker, which is to be decided by a few experts. The employee 
has to be chosen from five potential workers, U = {uy,uU2,U3,U4,U5}. Suppose there are four parameters 


E = {e1,€2,e3,e4} where the parameters e; (i = 1,2,3,4) stand for “education,” “age,” “capability” and 
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“experience”, respectively. Let X = {p,q,r} bea set of experts. After a serious discussion, the experts construct 
the following generalized neutrosophic soft expert set. 


Step 1—Choose a feasible subset of the set of parameters 











































































































ue u us U, ui 
(F",Z) = { (e1,p,1), pte TROSVS TONS US’ UAV INS! rats) 0-7| , 
uy uy U3 Ug Us 0.6 
(¢1,9/1), | osntpar 020405" 040203" 040503" 07030: 1) VOl, 
uy uz U3 Ug Us 0.2 
(ey), ( oxnkor vend0s: COE 02 OS 0L03" OLS ) 0.21, 
uy uz u3 ug us 7 
(e2, P, 1), ( saphns: 0.4,0.2,0.5” 0.3,0.4,0.1” 0.7,0.3,0.6” 0.5,0.2,0.4” 0.8 4 
uy ug U3 ug us 
(e2, q, 1), 0.1,0.3,0.6’ 0.7,0.3,0.1’ 0.6,0.2,0.5” 0.3,0.1,0.6” 0.4,0.3,0.2” / 0.4 , 
uy U2 u3 u4 us 
| (e2-t, 1), 0.6,0.3,0.5” 0.7,0.3,0.6" 0.5,0.3,0.4” 0.2,0.1,0.3” 0.6,0.2,0.5” 70.5 , 
uy uz u3 ug Us 
(¢3,P/ 1), | oapane’ U7 0402" VEN 102 TENA’ W700 0-3], 
1 uy Uy U3 ug Us 0 4l 
uy ug U3 ug Us ] 
(e371),  ospe0s: UeOR03’ UDO: /U50s027 vEor03’)/ 0-5], 
[ uy uz u3, U4 us | 
{ (e4 pri ’ \ 0.2,0.3,0.6” 0.7,0.1,0.5’ 0.4,0.2,0.87 0.9,0.2,0.4’ 0.3,0.4,0.6” 0.6 of 
uy U2 U3 U4 us 
(ea, q 1), 0.5,0.2,0.1” 0.2,0.3,0.4” 0.4,0.1,0.5” 0.6,0.3,0.2” 0.7,0.3,0.4” 0.6 , 
sy uy u2 u3 ug U5 
| (ea, Y, ) 0.5,0.2,0.1” 0.6,0.3,0.5” 0.2,0.5,0.3” 0.5,0.1,0.4” 0.3,0.2,0.5” 0.3 , 
e 0 uy uz u3 ug us 0.9 
(e1,P,0), | aap Sa U50S0I’ VEN S04! Do Ds0 70506) 9-9}, 
Uu u: u: 
(¢1,9,9), | o504,077 040303/ 080504" 07,0506" 050304 )19-7), 
, uy ug U3 Ug us 1 
(e170), ( o3nroe- 060307" 030204 UBNL0a 060405’) 9-6}, 
a uy uz ug ua us | 
(€2, p,0 vi ( ophns: 0.6,0.2,0.4’ 0.4,0.3,0.5” 0.3,0.2,0.5” 0.4,0.3,0.5” 0.8 4 
uy ug U3 ug us 
| (ea, q,0), 0.6,0.2,0.4” 0.5,0.3,0.7” 0.8,0.1,0.3” 0.2,0.3,0.6” 0.6,0.2,0.4” / 0.4 , 
: uy ug U3 ug us 
(e2,1,0), 0.6,0.3,0.4” 0.5,0.2,0.4” 0.7,0.4,0.5” 0.5,0.2,0.4” 0.4,0.3,0.5” 70.2 Us 
I > 0 uy uz u3 ug us 05 
3, P,0), ( capa VEDAS USNANE VED TE U7VINA’) 9-5), 
uy ug U3 ug Us 
(e3,4,0), | or pdpe UAVS UE’ VANS0S’ EN I0S’ Vass’) 0-3], 
(e3,7,0),( pxad06 U7DANS’ VETLOB’ VI AVA oeps2’) 9-3], 
lr uy uz U3, ua us | 
| (e4 Pr 0), 0.4,0.2,0.6’ 0.5,0.2,0.6’ 0.9,0.5,0.17 0.3,0.2,0.6’ 0.4,0.3,0.5” 0.6 f 
uy U2 U3 us us 
| (ea, q,0), 0.3,0.2,0.1” 0.6,0.1,0.5” 0.6,0.2,0.5” 0.8,0.3,0.2” 0.2,0.3,0.4” 0.5] , 
- uy uz u3 ug us 
| (e4, 7,0), (aaphns- 07/0.1,0.6" 05,0.3,0.1' 03,0.2,0.6/ oxidos:) ’ 0.1 }. 


Step 2—Construct the GNSES tables for each opinion (agree, disagree) of experts, as shown in 
Tables 1 and 2. 


Table 1. Agree-GNSES. 





u uy u2 u3 u4 us iu 
(e1,p)  0.2,0.3,0.4 0.8,0.2,0.6 0.6,0.3,0.5 0.4,0.2,0.3 0.6,0.3,0.1 0.7 
(e2,p)  0.6,0.2,0.3 0.4,0.2,0.5 0.3,0.4,0.1 0.7,0.3,0.6 0.5,0.2,0.4 0.8 
(e3,p)  0.2,0.4,0.6 0.7,0.4,0.2 0.4,0.1,0.2 0.8,0.4,0.3 0.7,0.3,0.4 0.3 
(e4,p)  0.2,0.3,0.6 0.7,0.1,0.5 0.4,0.2,0.8 0.9,0.2,0.4 0.3,0.4,0.6 0.6 
(e1,q)  0.3,0.1,0.4 0.2,0.1,0.5 0.4,0.2,0.3 0.4,0.2,0.3 0.7,0.2,0.5 0.6 
(e2,q)  0.1,0.3,0.6 0.7,0.3,0.1 0.6,0.2,0.5 0.3,0.1,0.6 0.4,0.3,0.2 0.4 
(e3,q)  0.4,0.2,0.6 0.5,0.3,0.6 0.6,0.2,0.7 0.8,0.2,0.4 0.6,0.2,0.3 0.4 
(e4,q)  0.5,0.2,0.1 0.2,0.3,0.4 0.4,0.1,0.5 0.6,0.3,0.2 0.7,0.3,0.4 0.6 
(e1,r)  0.3,0.5,0.1 0.6,0.2,0.5 0.1,0.4,0.2 0.5,0.2,0.3 0.4,0.3,0.2 0.2 
(eo,r)  0.6,0.3,0.5 0.7,0.3,0.6 0.5,0.3,0.4 0.2,0.1,0.3 0.6,0.2,0.5 0.5 
(e3,r)  0.3,0.6,0.5 0.6,0.2,0.5 0.2,0.1,0.4 0.5,0.3,0.2 0.4,0.1,05 0.5 
(ea,r)  0.5,0.2,0.1 0.6,0.3,0.5 0.2,0.5,0.3 0.5,0.1,0.4 0.3,0.2,05 0.3 
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Table 2. Disagree-GNSES. 


u uy u2 u3 ug us iu 


e1,p) 0.2,0.3,0.4 0.5,0.3,0.1 0.6,0.3,0.4 0.6,0.2,0.4 0.7,0.5,0.6 0.9 
e,p) 0.7,0.3,0.5 0.6,0.2,0.4 0.4,0.3,0.5 0.3,0.2,0.5 0.4,0.3,0.5 0.8 
e3,p) 0.6,02,0.4 0.6,0.1,0.5 0.5,0.4,0.6 0.8,0.3,0.6 0.7,0.2,04 0.5 
ea,p) 0.4,0.2,0.6 0.5,0.2,0.6 0.9,0.5,0.1 0.3,0.2,0.6 0.4,0.3,0.5 0.6 
€1,q) 0.5,0.1,0.7 0.4,0.2,0.3 0.8,0.5,0.4 0.7,0.3,0.6 0.5,0.3,0.4 0.7 








€7,q) 0.6,0.2,0.4 0.5,0.3,0.7 0.8,0.1,0.3 0.2,0.3,0.6 0.6,0.2,04 04 
e3,q) 0.7,0.1,0.6 0.4,0.5,0.8 0.4,0.3,0.5 0.6,0.2,0.5 0.4,0.3,05 0.3 
e4,q) 0.3,0.2,0.1 0.6,0.1,0.5 0.6,0.2,0.5 0.8,0.3,0.2 0.2,0.3,04 0.5 
e1,7) 0.3,0.1,0.6 0.6,0.3,0.7 0.3,0.2,0.4 0.8,0.1,04 0.6,0.4,05 0.6 
e2,r) 0.6,0.3,0.4 0.5,0.2,0.4 0.7,0.4,0.5 0.5,0.2,0.4 0.4,0.3,0.5 0.2 
e3,r) 0.2,0.3,0.6 0.7,0.4,0.5 0.4,0.2,0.8 0.9,0.1,0.4 0.6,0.3,0.2 0.3 
es,r) 0.6,0.2,0.5 0.7,0.1,0.6 0.5,0.3,0.1 0.3,0.2,0.6 0.4,0.2,05 0.1 





Step 3—Now calculate the scores of agree (u;) by using the data in Table 1, to obtain values in 
Table 3. 



































age — ( Tai+Ta2t+Ta3tTa. Pat Mot Mat Ma 
ngs (p,u1) art Tart last Tag \ i i. 
= (02 +0.6+0.2+4 02) (%% +0.8+0.3 0.6 ) 
4 : 4 
= 0.18 
agg — ( Tartla2tia3tl Pat vot p3a+ pa 
vi (q, U1) Artlaat As). " ; 
0.3+0.2+0.4+0.3 (o7t08 0.3 0.6 ) 
4 : 4 
= 0.18 
488 Fait+Fa2+Fa3t+Faa Hit Hot Mat Ha 
Fe? (r, uy) z if 4 hi 














0.4+0.3-+0.6+0.6 (2.2408 0.3 0.6) 
4 4 


= 0.285 
AZ pass a8 
Ta Eg dy, 











uy 





|0.18 — 0.18 — 0.285| = 0.285. 


Table 3. Degree table of agree-GNSES. 


uy u2 u3 u4 U5 
0.285 0.015 0.135 0.015 0.09 


0.18 0.15 0105 012 0.015 
0.165 0.09 0.24 0.06 0.045 





22AQUeI|S 





Now calculate the score of disagree (u;) by using the data in Table 2, to obtain values in Table 4. 





























a, TartTa2+Ta3tT, a+ pot p3t+ 
TiS8 (p,u1) = Al Ant A3 as). #1 far Hat Ha 
0.2+0.7+0.6+0.4 (0:2+0.840.5+0.6 ) 
4 i 4 
= 0.3325 
EG, uu) Fartlagt last laa (+ as bat ms), 
_ (2:340:340.2+0.2) (2:9+0:840.5+0.6 ) 
4 . 4 
= 0.175: 
age — ( FartFa2tFa3tF, 1+ Hat y3+ va 
Fy (r,u1) ‘Al Aas Ast#A4 | ( Mit # x H Je 

















— ( 0.4+0.5+0.4+0.6 (29 +0.8+0.5 0.6) 
4 5 4 


= 0.3325 
wy = | TE8 — FS — 188 | = 0325 — 0.175 — 0.3925) = 0.175. 
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Table 4. Degree table of disagree-GNSES. 





U uy uz U3 U4 U5 

p 0.175 0.035 0.1225 0.175 0.1925 
q 0.0525 0.2625 0.035 0.1225 0.0875 
r 0.2275 0.1225 0.175 0.0175 0.1575 


Step 4—The final score of u; is computed as follows. 


Score(uz) = 0.285 — 0.0525 = 0.2325, 
Score(u2) = 0.15 — 0.035 = 0.115, 
Score(u3) = 0.24 — 0.035 = 0.205, 

Score(u4) = 0.12 — 0.0175 = 0.1025, 

Score(us5) = 0.09 — 0.0875 = 0.0025. 


Step 5—Score(u) = 0.2325 is the maximum. Hence, the best decision for the experts is to select 
worker 1; as the company’s employee. 


6. Comparison Analysis 


A generalized neutrosophic soft expert model gives more precision, flexibility, and compatibility 
than the existing neutrosophic models. These are verified by a comparison analysis, using neutrosophic 
soft expert decision method, with those methods used by Sahin et al. [27], Hassan [44], and Maji [20], 
as given in Table 5. The comparison is done based on the same example as in Section 5. The ranking 
order results obtained are consistent with those in [20,27,44]. 


Table 5. Comparison of neutrosophic soft set to other variants. 
































F . . Generalized 
Methods Neutrosophic Soft Neutrosophic Soft Q-Neutrosophic Neutrosophic Soft 
Set Expert Set Soft Expert Set 
Expert Set 
Authors Maji [20] Sahin et al. [27] Hassan et al. [44] Proposed Method 
: Universe of Universe of Universe of Universe of 
Domain : é ‘ ‘ 
discourse discourse discourse discourse 
Co-domain fo,1)° [0,1]8 [0,1]? [0,1]? 
True Yes Yes Yes Yes 
Falsity Yes Yes Yes Yes 
Indeterminacy Yes Yes Yes Yes 
Expert No Yes Yes Yes 
Q No No Yes No 
Ranking u2 > U3 > uy > ug >u2 > uy > uz > uy > U2 > uy > U3 > U2 > 
Ug > U5 Ug > U5 Ug > U5 Ug > U5 


7. Conclusions 


We have established the concept of generalized neutrosophic soft expert set (GNSES) as a 
generalization of NSES. The basic operations of GNSES of complement, union, intersection AND, 
and OR were defined. Subsequently, a definition of GNSES-aggregation operator was proposed 
to construct an algorithm of a GNSES decision method. Finally, an application of the constructed 
algorithm, to solve a decision-making, was provided. This new extension provides a significant 
contribution to current theories for handling indeterminacy, and it spurs the development of further 
research and pertinent applications. 
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Abstract: The neutrosophic cubic set (NCS) is a hybrid structure, which consists of interval 
neutrosophic sets (INS) (associated with the undetermined part of information associated with 
entropy) and single-valued neutrosophic set (SVNS) (associated with the determined part of 
information). NCS is a better tool to handle complex decision-making (DM) problems with INS 
and SVNS. The main purpose of this article is to develop some new aggregation operators for cubic 
neutrosophic numbers (NCNs), which is a basic member of NCS. Taking the advantages of Muirhead 
mean (MM) operator and power average (PA) operator, the power Muirhead mean (PMM) operator is 
developed and is scrutinized under NC information. To manage the problems upstretched, some new 
NC aggregation operators, such as the NC power Muirhead mean (NCPMM) operator, weighted NC 
power Muirhead mean (WNCPMM) operator, NC power dual Muirhead mean (NCPMM) operator 
and weighted NC power dual Muirhead mean (WNCPDMM) operator are proposed and related 
properties of these proposed aggregation operators are conferred. The important advantage of the 
developed aggregation operator is that it can remove the effect of awkward data and it considers the 
interrelationship among aggregated values at the same time. Furthermore, a novel multi-attribute 
decision-making (MADM) method is established over the proposed new aggregation operators 
to confer the usefulness of these operators. Finally, a numerical example is given to show the 
effectiveness of the developed approach. 


Keywords: NC power dual MM operator (NCPDMM) operator; NCPMM operator, MADM; MM 
operator; Neutrosophic cubic sets; PA operator 





1. Introduction 


One of the drawbacks of real MADM problems is expressing attribute values in fuzzy and 
indeterminate DM environments. Fuzzy sets (FSs) developed by Zadeh [1] emerged as a tool for 
describing and communicating uncertainties and vagueness. Since its beginning, FS has gained a 
significant focus from researchers all over the world who studied its practical and theoretical aspects. 
Several extensions of FSs have been developed, such as interval-valued FS (IVFS) [2], which explained 
the truth membership degree (TMD) on a closed interval value in the interval [0, 1], and intuitionistic 
FS (IFS) [3], which explained the TMD and falsity-membership degree (FMD). Therefore, IFS defines 
fuzziness and uncertainty more comprehensively than FS. However, neither FS nor IFS are capable to 
handle indeterminate and inconsistent information. For example, when we take a student opinion 
about the teaching skills of a professor with about 0.6 being the possibility that the teaching skills 
of the professor are good, 0.5 being the possibility that the teaching skills of the professor are bad 
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and 0.3 is the possibility that he/she may not be sure about the teaching skills of the professor 
whether bad or good. To handle such type of information, Smarandache [4] added a new component 
“indeterminacy membership degree” (IMD) to the TMD and FMD, all being independent elements 
lying in ]O-,1*[. The resulting set is now familiarly known as neutrosophic set (NS). To use NS in 
practical and engineering problems, some scholars developed simplified forms of NS, such as SVNS [5], 
INS [6,7], simplified neutrosophic sets [8,9], multi-valued NS [10], Q-neutrosophic soft set [11], complex 
neutrosophic soft expert set [12] and others. 

In the real world, sometimes it is difficult to express the TMD in some fuzzy problems completely 
by an exact value or interval value. Therefore, Jun et al. [13] developed the concept of cubic set 
(CS) by combining FS and IVFS. CS defined uncertainty and vagueness by an interval value and 
a fuzzy value concurrently. In recent years, some researchers established some extended forms of 
CS. Garg et al. [14,15] combined IFS and interval-valued intuitionistic FS (IVIFS) to form cubic IFS 
(CIFS), while Ali et al. [16] and Jun et al. [17] combined INS and SVNS to develop the cubic NS (CNS), 
consisting of internal and external NCSs. Jun et al. [18] further investigated P-union and P-intersection 
of NCS and discussed their related properties. Since then, various studies to solve MADM problems 
based on NCSs are developed. Zhang et al. [19] and Ye [20] developed some aggregation operators 
such as weighted averaging operators and weighted geometric operators on NCSs and applied these 
to MADM. Shi et al. [21], developed some aggregation operator for NCNs based on Dombi T-norm 
and T-conorm and applied these to MADM. To solve MADM problems under NC information, various 
similarity measures are developed for NCSs [22,23]. Pramanik et al. [24] introduced the NC-TODIM 
method to solve multiple-attribute group decision-making (MAGDM) problem. 

Aggregation operator (AO) plays a dominant role in DM. Consequently, many scholars 
proposed different aggregation operators and their generalizations, such as Bonferroni mean (BM) 
operator [25,26], Heronian mean (HM) operator [27], Muirhead mean (MM) operator [28], Maclaurin 
symmetric mean (MSM) operator [29,30] and others. Certainly, different AOs have different functions. 
Some can remove the effect of awkward data given by prejudiced DMs, such as power average (PA) 
operator [31,32] developed by Yager [31] which can aggregate the input information by giving the 
weighted vector based on support degree among the input arguments. Some aggregation operators 
are capable to consider the interrelationship among two or more input arguments such as BM operator, 
HM operators, MSM operator and MM operator. 

Due to the enhanced complexity in real decision-making problems, it is necessary to look over the 
following questions when selecting the best alternative. Firstly, the values of the attributes provided 
by the decision makers may be too low or too high, thus giving a negative impact on the final ranking 
results. The PA operator, however, permits the evaluated values to be mutually supported and 
enhanced. Therefore, we may use the PA operator to diminish such awful impact by designating 
distinct weights produced by the support measure. Secondly, the values of attributes are required to 
be dependent. Hence, the interrelationship among the values of the attributes should be examined. 
Some advantages of MM operator over BM and HM are discussed by Liu et al. [33,34]. Some existing 
aggregation operator such as the BM and MSM operators are special cases of the MM operator. The MM 
operator consists of the parameter vector, which enlarges the flexibility in the aggregation process. 
Recently, Li et al. [35] developed the concept of power Muirhead mean operator under Pythagorean 
fuzzy environment. From the existing literature, the PA operator and MM operator have not been yet 
combined to deal with NC information. To handle the issues raised, a few new aggregation operators 
will be proposed by incorporating both the PA and MM operators. These new aggregation operators 
are NC power MM operator (NCPMM), weighted NC power MM operator, NC power dual MM 
operator (NCPDMM) and weighted NC power dual MM (WNCPDMM) operator. Discussions on 
some basic properties and related cases with respect to the parameter vector will be dealt at length. The 
advantages of these proposed aggregation operators are to capture the interrelationship among input 
arguments by the MM operator, and simultaneously eliminate the effect of awkward data. Finally, 
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a novel approach to solve MADM problems based on these proposed aggregation operators will 
be developed. 

The rest of the article is organized as follows. In Section 2, some basic definitions and properties of 
NCSs, MM and PA operators are recalled. In Section 3, the PA and MM operators in the construction of 
new operators, namely NCPMM, WNCPMM, NCPDMM and WNCPDMM operators are incorporated 
followed by discussions on their related properties. In Section 4, a novel method to MADM is 
established based on the developed aggregation operators. In Section 5, a numerical example is 
illustrated to show the effectiveness of the proposed method to solve a MADM problem. In Section 6, 
a comparison with the existing methods is given followed by the conclusion. 


2. Preliminaries 


In this part, some basic concepts about SVNSs, INSs, NCSs, PA and MM operators are 
briefly overviewed. 


2.1. The NCSs and Their Operations 


Definition 1 ([4]). Let T be a space of points (objects), with a generic element in T denoted by n. A neutrosophic 
set N inT is defined as N = {(n;Tn(n), In(n), Fn(n))n € T} where Ty(n), In(n) and Fy (n) are the truth 
membership function, the indeterminacy membership function and the falsity-membership function respectively, 
such that T;F;1:T + ]0~,1*[ and0~ < Ty(n) + In(n) + F(n) < 3°. 


Smarandache [4] developed the concept of NS as a generalization of FS, IFS and IVIFS. To apply 
NS to real and engineering problems easily, its parameters should be specified. Hence, Wang et al. [5] 


provided the following definition. 


Definition 2 ([5]). Let T be a space of points (objects), with a generic element in T denoted by n. A single-valued 
neutrosophic set S in T is defined as: 


S =f (Ts(n), s(n), Fo(n))nm eT a 


when T is continuous, and 


m 
= a Ts (ni), i), Fs(nj))|ni,nj € T (2) 


when T is discrete, where Ts(n),Is(n) and Fs(n) are the truth membership function, the indeterminacy 
membership function and the falsity-membership function respectively, such that T;F;1I:T — [0,1] and 
0 < Ts(n) + Is(n) + Fs(n) < 3. 


Definition 3 ([6]). Let T be a space of points (objects), with a generic element in T denoted by n. An interval 
neutrosophic set A in T is defined as: 


A= eB Ta(n),1a(n),Fa(n))|n,n €T (3) 


when T is continuous, and 


A= 


Ms 


(Ta(nj), La(ni), Fa(ni)) [ni ni € T (4) 


i=1 


when T is discrete, where T,(n),I4(n) and Fa(n) are the truth membership function, the indeterminacy 
membership function and the falsity-membership function respectively. For each element n in T, we have 


Ta(n) = [Ti (n), TH(n)] € [0,1], La(n) = [1k (n), 14 (n)| © [0,1], and Fa(n) = [FA(), FA (n)} € [0,1] such that 
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0 < supTY(n) + supl4(n) + supFY(n) < 3. 


Definition 4 ([16,17]). Let T be a non-empty set. A neutrosophic cubic set (NCS) in T is a pair 
Z = (A,A), where A = {(n,Ta(n),14(n),Fa(n))|n €T} is an interval neutrosophic set in T and 
A = {(n,Ar(n),Ar(n),Ag(n))|n € T} is a neutrosophic set in YT. 


For simplicity, a basic element {n, (T(1),I(),F(n)), (Ar(n),Ar(1),Ag(n))} in a NCS can be 
expressed by z = ((T,1,F), (Ar, A1,AF)), which is called neutrosophic cubic number (NCN), where 
T,1,F C [0,1] and Az, Az, Ar € [0,1], satisfying 0< TU +I 4 FU <3and0 <Ap+Ay;+Ap <3. 


Definition 5 ((20]). Let z = (((TE, THY, (IE, IU), [FL FE]), (An An Ag)) and 22 = 
(« [Th, TH] 7 [, | F [EE, FY ): (At: Aly AF,)) be any two NCNs and & > 0. Then the operational laws for 
NCNs defined by Ye [20] are as follows: 


Qaen= (((M + - Ty, T+ Ty TTY), (pe, WG!) [EL AB |), 
(Ar, t+An —AnAn, ANA, ABRAR)); 


(5) 


(2) 21 @22=  (((TETE, THT], [lf + We — Wel, Tt + Tt — 1], [Fb + Fy — FPR, Ft + Fy! — FUP"), 
(AnAn An + Ab — AnAb AR + AR — ARAR)); 


(3) ga = (([1- = (TH), - @ = (7H) ], fa®, (4), [BYE (AED), (1 = an)? (An) On)!))s (7) 
(4) f = ([(tt)8,1 - (#4), [1 - @- 8 - 2-4), [1 - = EE - = HY), (an, )81 - (0 =ay)81= (1=Ag)*). (8) 
Definition 6 ([21]). Let z; = (( [Th, Te], [If, EA, [EL, FE ),(At,,An, Az, )) be an NCN. Then, the score, 





(6) 


accuracy, and certainty functions of NCN are defined as follows: 














- 447Th—pe—pha pu_ pu_ pu 4 4+ 2-—Ay —Ap 
S = Ie call 1 ole 1 1 1 1 1, 9 
(21) 5 (9) 
bs TE ey TU uta A “ TE + TU+A 
A(gy) = Et A and O(a) = PE. (10) 
Theorem 1 ([21]). Let z3 = (([TE, TH], (iE, ], (FL, FY] \, (Ar, An, Ar )) and z = 


(([TE, T} |, [I, EY, FE, Fu] \(At,Am,AR))- Then the comparison rules for NCNs can be defined 
as follows: 


(i) ‘If §(z1) > $(zp), then 2 is greater than zp, and is denoted by 21 > 22; 

(ii) ‘If §(z1) = $(z2), and A(z,) > A(zz), then zz is greater than z2, and is denoted by z1 > 22; 

(iii) If $(z1) = S(z2), A(z) = A(z2), and C(z1) > C(z2), then 2 is greater than zp, and is denoted by 
Z1 > 22; 

(iv) If $(z,) = $(z2), A(z) = A(z), and C(z1) = C(zz), then z1 is equal to zp, and is denoted by z1 = Zp. 





2.2. Power Average (PA) Operator 


The PA operator was first introduced by Yager [31] for classical number. The dominant edge of 
PA operator is its capacity to diminish the inadequate effect of unreasonably too high and too low 
arguments on the inconclusive results. 
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Definition 7 ([31]). Let Re(g = 1,2,...,a) be a group of classical numbers. The PA operator is then 
represented as follows: 


PA(R1, Roy.) = ) 9, (11) 





where, T(Rz) = Supp (Rg, Rx) and Supp(Rz, Rx) is the support degree for Ry and Ry. The support 


x=1 
gx 
degree must satisfy the following axioms: 


(1) Supp(Rg, Rx) € [0,1]; 
(2) Supp(Rg, Rx) = Supp(Rx, Re); 
(3) If D(Rg, Ry) < D(Rp, Rm), then Supp(Rg, Rx) > Supp(Rp, Rm), where D(R,, R,.) is the distance 
measure among Ry and Ry. 
2.3. Muirhead Mean (MM) Operator 
The MM operator was first introduced by Muirhead [28] for classical numbers. MM operator has 
the advantage of considering the interrelationship among all aggregated arguments. 
Definition 8 ([28]). Let Rg(g = 1,2,...,a) be a group of classical numbers and Q = (41,42,---,4a) € R* be 
a vector of parameters. Then, the MM operator is described as: 


zl 


MM2(R1, Wo, n= (45 'S TE) ea (12) 


where, Sq is the group of permutation of (1,2,...,a) and 0(g) is any permutation of (1,2,...,a). 


Now we can give some special cases with respect to the parameter vector Q of the MM operator, 
which are shown as follows: 


(1) IfQ=(1,0,0,...,0), then the MM operator degenerates to the following form: 


MM“) (1, Ro,...,Ra) = 3B Re. 


That is, the MM operator degenerates into arithmetic averaging operator. 
(2) IfQ= (2 Figen 1), then the MM operator degenerates to the following form: 


ale 
al 


MM(Grhmvh) (Ry, Ry, Ra) = T] RE. (14) 


That is, the MM operator degenerates into geometric averaging operator. 
(3) IfQ= (1,1,0,...,0), then the MM operator degenerates to the following form: 


MM(10---0) (Ry, ¥p,..., Ry) = aH D . RoR |. (15) 
gx=l 
gAx 
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That is, the MM operator degenerates into BM operator. 


¢ a—c 
(4) IfQ=]1,1,...,1,0,...,0], then the MM operator degenerates to the following form: 


1 
d a 
11 10 ~ 0 1<x eae <x, cad Bev 
MMC 1.40, )(Rz, Ro, ... = Sxy <xp<...<xgSa y= 
(Ri, Ro a) ci 





(16) 


That is, the MM operator degenerates into MSM operator. 


3. Some Power Muirhead Mean Operator for NCNs 


In this part, we first give the definitions of PMM operator and propose the concept of power 
dual Muirhead mean (PDMM) operator. Then, we extended both the aggregation operator to 
NCN environment. 


Definition 9 ([35]). Let Rg(g = 1,2,...,a) be a group of classical numbers and Q = (41,42,.-+,4a) € R" be 
a vector of parameters. Then, the PMM operator is explained as, 





Is a 
L 4g 
‘i a a(1+T Ro(e) g=l 
PMM2 (81, R2,..., Ra) = a Milt ( ( )) Race) Mo 
NaeSes-t| $5 (14 T(x) 
x=1 


where, T(Rg) = ¥ Supp(Rg, Rx) and Supp (Kg, Kx) is the support degree for Ry and Rx, satisfying 
x=1x4g 
the above conditions. 


Definition 10. Let Ry(g = 1,2,...,a) be a group of classical numbers and Q = (q1,42,-..,4a) € R" bea 
vector of parameters. Then, the PDMM operator is described as, 





: 1 a E (+r (x) 
PDMMS8 (Ry, R2,..-, Ra) = YL [1 4.! 0(g) “ue 
Y qg | 0€Sag=1 
g=l 


where, T(Rg) = 3 Supp(Rg, Rx) and Supp(Re, Rx) is the support degree for Ry and Ky, satisfying 
x=1xA1 
the above conditions. 


3.1. The Neutrosophic Cubic Power Muirhead Mean (NCPMM) Operator 


In this subsection, we extend the PMM operator to neutrosophic cubic environment and discuss 
some basic properties, and special cases of these developed aggregation operators with respect to the 
parameter Q. 
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Definition 11. Let zg(g = 1,2,...,a) be a group of NCNs and Q = (41,42,---,4a) € R" be a vector of 
parameters. If, 





Ig 


a {al1+T\z Ee 
NCPMM8 (zy, 22,..-,2a) = a YI] ee) (1) 
“OcSag=1\ yy (1+ T(zx)) 


x=1 
then, we call NCPMM® the neutrosophic cubic power Muirhead mean operator, where Sq is the group of all 
a 
permutation, 0(g) is any permutation of (1,2,...,a)andT(zx)= \  Supp(Zg,Zx), Supp (Ze, 2x) is the 
x=1x4g 
support degree for Zg and zx, satisfying the following axioms: 


(1) Supp(zZ¢,zx) € [0,1]; 

(2) Supp(Z¢,Zx) = Supp(Zx,2Zz); 

(3) If D(Ze, zx) < D(Zu,Zv), then Supp(Zg,Zx) > Supp(Zu,Zv), where D(Z¢,Zx) is the distance among Zg 
and Zx. 


To write Equation (20) in a simple form, we can specify it as: 


re cc 3) (20) 
£47 es)) 


For suitability, we can call (©1,@2,..., ©,)? the power weight vector (PMV), such that @¢ € [0,1] 


a 
and }} ©, = 1. From the use of Equation (20), Equation (19) can be expressed as: 
g=l 


a a 
NCPMMQ(21,29,..+.,2a) = -(35 3 TT («6s ie (21) 
0€Sq g=1 


Based on the operational rules given in Definition 3 for NCNs, and Definition 11, we can have the 
following Theorem 2. 


Theorem 2. Let zg(g = 1,2,...,a) be a group of NCNs and Q = (41,42,---,4a) € R" be a vector of 
parameters. Then, the aggregated value obtained by using Equation (21) is still an NCN and, 


NCPMM2(21,22,...,20) = 


[(](-(aG-AG-e-e>mar)"))")*-(- (GAG rm0)"))') 
(Kg + je-enea')') ST 
: i }\ Ew 3 é evn? \ Ee 





(22) 


a 
a 
1 
a 

ao 
cae 
iF 
ia 
a 
7 
i} 
> 
= 
eae 
= 
= 
ees 
i} 
cart 
! 
Bo 
—S 
i 
a 
ee 
eee 
‘io 
1 
a 
7 
a 
Cae 
| 
=| 
j 
— 
& 
~ 
nes 
To 
= 
eae 


Proof. According to the operational laws for NCNs, we have 


seseae)=((P-0-C) ag) 2 ag) | ag OD]. [Dag Vag5]) 41-0 rdaw)* ongg-onies)) 


Therefore, 


ceal™= (([-6-en)Y 6-6 g)) "| 68) C8) b=) "2-6-5" 
( (1-4 Grieg)" ae (- Ong aya -(1- (Ap) es) ")): 
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Therefore, 
Ey coraay®=((LAO-C-O ma) )" ACC) an) YI ffi) fi 8) ff fs) 
+= FAC 968)" ] (EO 0 Grdan) 2) a, (0 ngs)" 2~ fi 0n9g)")) 
and 
filo)" = (Pi (0-6-7 0)™)") (6-0-0) La, fe er8s)") a fee) 
[.(0-fo-098)").0(-f Tr (1- (Fags) V])-, (A0- @-@rme))") a (= - ants)". (+ A0-@e)"))): 
Furthermore, 











This is the required proof of Theorem 2. 





In the above equations, we calculate the PWV @, after calculating the support degree Supp (Zg, Zx) i 
First, we determined the Supp(zg,Zx) using 





Supp(Ze,Zx) =1—- D(z, 2x), (23) 
where, 
Biepny= | CEM) +R -BY GE -ay Gay (RY HGF -RY gg 
cist) en) 


Therefore, we use the equation 


a 
T (zg) = a Supp (Zg,2x) (25) 
S=1gAx 


to obtain the values of T (2g) (g =1,2,...,a). Then using Equation (20) we can get the PWV. 
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Theorem 3. (Idempotency) Let Z(g ie ay a) be a group of NCNs, and Z¢ = 2, forall g =1,2,...,a. Then, 

NCPMM8 (z1,29,.--,2a) = CN. (26) 
Proof. As zg = z for all g = 1,2,...,a, we have Supp (Ze, 2x) = 1 forall g,x = 1,2,...,a. Therefore, 
we can get Og = i for all g. Moreorer 


CNPMMQ(24,22,...,20) = CNPMMQ(z,z,...,2) 


(fe tat-no-+-r0 97 (aeat-o-mry) >] -(-alear-eony) 
. (6-0-0) ‘ a }- (-n(-e-") ‘ ie (-0(-0-")") *)), 

ale ni-o-n Fa (af se-wn alae) )) 
{lee} es Pe eomsy 


= (([PE TY], EEF), ry Ar AP) = 2 








This is the required proof of Theorem 3. 











Theorem 4. (Boundedness) Let z¢(g = 1,2,..., a) be a group of NCNs. Where 
2 Min (2 20,4-107%e) = (ITT Yer [P| Ar A Ag" )), and 
Z = max(z1,29,.--,2a) = (([TtE, THY], [I-#, I-4], [F-E, F-Y]), (art, Arm, Ag)). 
Then, 
m< NCPMM8 (z1,z2 eer Za) <n (27) 
where, 
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Proof. 


_ Ween ag)) |e [EDs 
uf 


A= (1 Dy) [Ce ON 
UO) OHO 


I [PEG S35])- (2 0-Anan) “Ane Arlee) ) 
HOC.) O20) 


and 





(2 s20))" = (([(2= 0 an) ") "(2-0-9 ag) 2)" | L985)" 0 NES)". 
(= C- B)"D). (0500) 2-00 -an)*)) 
(OL) ) 6-0] 
P-L) YO) (OEY) 
Thus, 
f(r)" = (([i4(1- C= m0) *) "fA (0-- a0))"] e088)" C08)" 
t= fhm)" 1 B= eRs)"])( 0 C-anns)™)* 1-0)" 1- -nes)")) = 
Kat.) ) ab O).) ) Hate) -at-O0) | 
Pale) BP) O-O-@a)) OE)" 2)’) 
and 


1 A®, ) 4 
“B(1- 0- ants) ) 


0c5, \g= 
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This implies that m < NCPMM®(z1,22,. ding Bae 











In a similar way we can show that NCPMM®(z;, Z2,.--,Za) < mn. Hence, m < 
NCPMM® (21,20, ive p Za) SM 

The NCPMM operator does not have the property of monotonicity. 

One of the leading advantages of NCPMM is its capacity to represent the interrelationship among 
NCNs. Furthermore, the NCPMM operator is more flexible in aggregation process due to parameter 
vector. Now, we discuss some special cases of NCPMM operators by assigning different values to the 
parameter vector. 


Case 1. If Q = (1,0,...,0), then the NCPMM operator degenerates into the following form: 





a 
NCPMM 9) (24,29,..-4,20) =| Oo ices (s)) By | (28) 
aot ye ae Eee) 


This is the NC power averaging operator. 
Case 2. If Q = (Li re, 1), then the NCPMM operator degenerates into the following form: 


(1+TZ9(g))) 


a 
11°41 & X (1+T(zx)) 
aar a) (24,20, 0. +41 Za) — Tz" . (29) 
gal 


This is the NC power geometric operator. 











Case 3. If Q = (1,1,...,0), then the NCPMM operator degenerates into the following form: 
NCPMM(118-0) = (2 ,29,...,25) = 
( | fh (1-(1-@-1)")@-a-m*)) 1} of 0-0-0-1)") 0-0-2 1-8") (1-H®*)) 
- : 
ayy a ay!) 
(30) 
fel G-G-¥e)0-H)) ff GGeejewyyP Pape} ot G8 )G-#%)) 
s# | see Pe | 
1-] fh (-@-(-@n,)")@-a-m*)) vt-fa-] ft = (anf) @-ane)) a-|i-] ft (@-@-@n)@-ane)) ) 
gAr ger gtr 


This is the NC power Bonferroni mean operator (p = q = 1). 
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1 Z—1 
Case 4. If Q = | 1,1,...,1,0,0,...,0], then the NCPMM operator degenerates into the following 


form: 


—- 
NCPMM(1,,,10,0,. A) = (21,22) .00,2a 


([( snot aul A O-OY)) (Baal A Hien) YF float ae ey’): 
ite) fatten) (a sae") 
(Cro “fete ema) BYE (repel nalt HC 008))®) = (gel Beenie) *) ) 


This is the NC power Maclaurin symmetric mean operator. 


(31) 


3.2. Weighted Neutrosophic Cubic Power Muirhead Mean (WNCPMM) Operator 
The NCPMM operator does not consider the weight of the aggregated NCNs. In this subsection, 
we develop the WNCPMM operator, which has the capacity of taking the weights of NCNs. 


Definition 12. Let z¢(g = 1,2,...,a) be a group of NCNs and Q = (41,q2,..-,4a) © R" be a vector of 
parameters. If, 





*\ E, 
= fs 
Lo Pl Zee) Once) a 
WNCPMMQ2 (21, 29,.-.+)Za) = eal SE 2019) (32) 
“@€Sag=1| y E,Ox 
x=1 


then, we WNCPMM® the weighted neutrosophic cubic power Muirhead ean operator, where Z = 
(E1,22,...,2,q)! is the weight vector of Ze(g¢ = 1,2,...,a) such that B, € [0,1], us E, = 1, Sq is the group 





of all permutation, 0(z) is any permutation of (1, 2,...,@) and Og is power weight es (PWV) satisfying 
Q,.= Se) ; 3 Og = 1, T(zx) = “supple Supp(Zg,Zx) is the support degree for z. 
E (r4T(e4))‘g=1 meee: 
= 


and Zx, satisfying the following axioms: 


(1) Supp(Z¢,zx) € [0,1]; 

(2) Supp(Ze,Zx) = Supp (Zx,Ze); 

(3) If D(zg, Zn) < D(Zu,Zv), then Supp(Zg,2x) > Supp(Zu,Zv), where D(Ze,Zx) is distance among Zg 
and zx. 
From Definition 12, we have the following Theorem 5. 


Theorem 5. Let zg(g = 1,2,...,a) be a group of NCNs and Q = (41,42,--+,4a) € R® be a vector of 
parameters. Then, the aggregated value obtained by using Equation (32) is still an NCN and 
WNCPMM® (21,22,..-,Z2) = 


(-(al-af-mn is yy" (4 valemd®)) YP -(-af-atF*))))] 


Proof. Proof of Theorem 5 is same as Theorem 2. 
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3.3. The Neutrosophic Cubic Power Dual Muirhead Mean (NCPDMM) Operator 


In this subsection, we develop the NCPDMM operator and discuss some related properties. 


Definition 13. Let zg(g = 1,2,...,a) be a group of NCNs and Q = (91,42,..-,4a) € R" be a vector of 
parameters. If, 





a(1+T(Z9(9))) Z 
- 1 a E +r) 
NCPDMM® (21,22,...-,2a) = TT YL] 426) (34) 
Y qe | Se g=1 
g=1 


then, we call NCPDMMB the neutrosophic cubic power dual Muirhead mean operator, where Sq is the group 
a 
of all permutation, 0(g) is any permutation of (1,2,...,a)andT(zx)= \ Supp(Z¢,Zx), Supp(Ze,Zx) 
x=1x4g 
is the support degree for zg and zx, satisfying the following axioms: 
(1) Supp(zg,2x) € [0,1]; 
(2) Supp (ze, Zx) = Supp (Zx,Ze); 


(3) If D(Zg, Zx) < D(Zu, 20), then Supp(Z¢,2x) > Supp(Zu,2v), where D(Zg,Zx) is distance among Z, 
and Zx. 


To write Equation (34) in a simple form, we can specify it as: 


622. (35) 
L(+) 


For suitability, we can call (©1,@2,..., ©,)" the power weight vector (PMV), such that @g € [0,1] 


a 
and }) ©, = 1. From, the use of Equation (35), Equation (34) can be expressed as, 
g=l 





4) 
1 7 (e) = 
NCPDMM® (21, 22,.-.-)Za) = (11 x (a563°) : (36) 


9ESq g=1 
g=l 


Theorem 6. Let zg(g = 1,2,...,a) be a group of SVNNs and Q = (41,42,--+,4a) € R" be a vector of 
parameters. Then, the aggregated value obtained by using Equation (36) is still an NCN and, 


NCPDMM® (zj,z2,...,2a) = 





al ste-main)) (ale a-e-0aur 9) (-(ab-Ale-e-oo)"))) 


Proof. Proof of Theorem 6 is similar to that of Theorem 2. 














Theorem 7 (Idempotency). Let Z(g =1,2,...,a) bea group of NCNs, and Z¢ = Z,forall g =1,2,...,a. Then, 


NCPDMMQ®(z1,29,...,Za) = 2: (38) 
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Theorem 8 (Boundedness). Let Ze(g¢ aes eee) a) be a group of NCNs, Z = 
. —L _U) [4L4U] [4b 4u 
min(zZ1,Z2,..-, Za) = i a \i oy | E ])4orartars)), and z+ = max(zj,2Z9,..., Za) = 
jer O § _L_U = UW 
(EFI oro) 
Then, 
m< NCPDMMQ8 (21,22 ee Za) <n. (39) 
where, 














Now we will discuss some special cases of NCPDMM operator with respect to the parameter vector Q. 


Case 1. If Q = (1,0,...,0), then NCPDMM operators degenerate into the following form: 


(+7 (zg) 
ich a E (+r) 
NCPDMM\) (21,29, 0066 za) = | [[ 237 (40) 
g=l 
This is the NC power geometric averaging operator. 
Case 2. If Q= (i. 1 aaa ay 1) , then NCPMM operators degenerate into the following form: 
a 14+T 

NCPDMM(\arv®) (24, 29).-+42a) = Tes) Gs (41) 





This is NC power arithmetic averaging operator. 
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Case 3. If Q = (1,1,0,...,0), then NCPDMM operators degenerate into the following form: 








wy? at 
NCPDMM20) (24,.29,...424) = (p- 1- Tl (1-0 - (P98) (0- (7HP)) A-}i- tl (1- (0-74) 8) = (r4)E*)) 
gral gxal 
g#x g#x 
zy? za 
1 fh (1-(1-@-0,)") @-@- 90%) (p-] of @-(0-@-@,)*)@-a-04))%9) 
geal gx=l 
g#x g#x 
ia Pa 
-] ft 0 G-0-0),)*)0-0-@9%))} | pep 0 0-0-,)*) 0-0-0) ). (42) 
gral gx=l 
g#x gex 


(- 1- Tl (t= (1- arg") (1- (any?) , fae I (1- (= (1-(ang)"*)(Q-a- any) 


geal gxal 


g#x sex 


1 
wa\? 


1- iat (- (- ( = (Ar)g)" )(1- qa - (r)e)*)) ) : 


gral 





ger 


This is the NC power geometric Bonferroni mean operator (p = q = 1). 


i z2-i 
Case4. If Q = ARTA, then the NCPDMM operator degenerates into the 


following form: 


a 
NCPDMM(1+1-+1,0,0,.--+0) (24, 22,4 


cae reer) ea ary) 
This is the NC power dual Maclaurin symmetric mean operator. 


3.4, Weighted Neutrosophic Cubic Power Dual Muirhead Mean (WNCPDMM) Operator 
The NCPDMM operator does not consider the weight of the aggregated NCNs. In this subsection, 
we develop the WNCPDMM operator, which has the capacity of taking the weights of NCNs. 


Definition 14. Let z¢(g = 1,2,...,a) be a group of NCNs and Q = (41,42,---,4a) © R" be a vector of 
parameters. If, 





_ 1 
4g) Pag) a 
Q na ExOx 
WNCPDMME8 (21, 29,.- + Za Il = Is26(¢) (44) 


2 Ig 0€Sq B= 
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then, we call WNCPDMME8 the weighted neutrosophic cubic power dual Muirhead mean operator, where 
& = (Hj,hy,... Ba)? is the weight vector of Zg(g¢ = 1,2,...,a) such that B, € [0,1], y By = 1, Sq is 
the group of all permutation, @(g) is any permutation of (1,2,...,a) and Og is PW satisfying Og = 

ates) , 3 Og = 1, T(zx) = y Supp (Ze,Zx), and Supp(Zg,2x) is the support degree for z» and 


E (14+7(zs)) g=1 x=1,x4g 
g= 


Zx, satisfying the following axioms: 





(1) Supp(Z¢,zx) € [0,1]; 

(2) Supp(Ze,Zx) = Supp (Zx,Ze); 

(3) If D(zg, Zx) < D(Zu,Zv), then Supp(Zg,2x) > Supp(Zu,Zv), where D(Zg,2x) is distance among Zg 
and Zx. 


From Definition 14, we have the following Theorem 9. 


Theorem 9. Let zg(g = 1, 2,...,a) be a group of NCNs and Q = (q1,q2,---,ga) © R" be a vector of 
parameters. Then, the aggregated value obtained by using Equation (44) is still an NCN and 


yy Eng \48\ 7 Te ao) \ % ey Ee 
1-ja-nja-ft 1- (7) hem a-|4o 0 [0-0 1-(7) aor ; 
ES, gl 4(g) eS, gol eg) 
1 1 
PugFag \®\\ 7) Ee Pug \*\\ 7) Ee 
“(a (-a(-(-0 ) Eee /fa-|oia-ft 1-(1-(¥) ) aoe ‘ 
65, gel alg). OES, gl ag) 
1 
us)2ug) \8\ \ Ee us)2ng) \ 18) \ # a 
a L E Oxi a w E Oxee 45 
= - = fie # ;|1- 1—qt]1-(1-(F Re i; 
-(a(-A-0-@,,) # rl cn ) ae 
1 
« E eras is a “Paeear? = 
1] 1 TE] 4- Th] 1 AryeG ee ee ee 1=(1- (Ana) 


sontug \%6\\ #\ Lae 
a E eax 
,f1- (a -a(-¢-eoma A ) ) : 


Proof. Proof of Theorem 9 is similar to that of Theorem 2. 


WNCPDMMO (21,22,...,2a) = ( 

















4. The MADM Approach Based on WNCPMM Operator and WNCPDMM Operator 

In this section, we give a novel method to MADM with NCNs, in which the attributes values 
gain the form of NCNs. For a MADM problem, let the series of alternatives is represented by h = 
{hi, h2,..., ha}, and the series of attributes is represented by A= { ay x Oo sae Ky\. The weight vector of 


the attributes is denoted by @ = (@1,(@2,..., @p)* such that @» € [0,1], © @p = 1. Assume that Zh = 
p=1 

(( [t.. ry . [ey 14 | r eee Ful] ) (Ar ayy Alu Arg.) is the assessment values of the alternatives hg 

on the attribute |,, which is expressed by the form of NCN. Then, the main aim is to rank the 

alternatives. The following decision steps are to be followed. 


Step 1. Standardize the decision matrix. Generally, there are two types of attributes, one is of cost type 
and the other is of benefit type. We need to convert the cost type of attributes into benefit types of 
attributes by using the following formula: 


zoe = (Fe Ta [eo [irae] )» tan Men Ary) 


_f (Crs TH), [te] [FB BY] ) Arg Mtn AEgs po for benefit attribute T,, (46) 
(fr Fa] [1-1 - ) [ th, TH), Argel —AtgsAry,)), for cost attribute I, 
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Hence, the decision matrix M = [zen] j can be transformed into normalized decision matrix 
ax 


N= le age 


Step 2. Determine the supports Supp(o gh: be) (¢ =1,2,:..,a;h,1 =1,2,:..,b) by, 


Supp(6 i de) =4 —D(dgu.dgn) (47) 


where, D( Su, den) is the distance measure among two NCNs dg), and d,; defined in Equation (25). 


Step 3. Determine T (den) by, 


b 

T (dn) = YL) Supp (Sgn bgt) (g = 1,2,--+/07M,1 = 1,2,...,0) (48) 
I=1 
I+h 


Step 4. Determine the weights related with the NCN Soh (¢ =1,2,...,a;h =1,2,...,b) with the formula 





boy, (1+T (dr) ) (g=1/2....athd =1,2,...,b), (49) 


¥ oa(1+7(641)) 


where, T (4h) = Y Supp(o gh: be) (g =1,2,...,a;h,1 =1,2,...,b) is weighted support of NCN 


gh 


Zh 
gh by the other NCN d,i(g = 12,20. pap hel SA, 2) 50.3 0): 


Step 5. Use the WNCPMM or WNCPDMM operators 


bg = ({Ty, se [i 7), [Fe FE | Arg, Ag, Arg) = WNCPMM2 (Se1,dg2r . -, gp) (50) 


bg = (te "|, [i 1), ee Fy], Arg: Arg, Arg) = WNCPDMM2 (Set, dg2r-+/5gb) (51) 


to calculate the overall NCNs, d¢(g¢ = 1,2,...,@). 

Step 6. Determine the score values of the collective NCNs 0¢(g = 1,2,...,a), using Definition 6. 
Step 7. Rank all the alternatives according to their score values, and the select the best one using 
Theorem 1. 


5. An Illustrative Example 


To show the application of the developed MADM method, an illustrative example is embraced 
from [19,21] with NC information. 


Example 1. A passenger wants to travel and select the best vans (alternatives) hg(g = 1,2,3,4) among 
the possible four vans. The customer takes the following four attributes into account to evaluate the possible 


four alternatives: (1) the facility *:; (2) saving rent *. (3) comfort *s; (4) safety *s. The importance degree 
of the attributes is expressed by @ = (0.5, 0.25, 0.125, 0.125)". Therefore, the following decision matrix 
M= [zen] axa be obtained in the form of NCNs shown in Table 1. 

x 


263 


Symmetry 2018, 10, 444 























Table 1. The decision matrix M = [Cre] ‘ 
ort a4x4 
Ky hy Ks ay 
2 (({0.2, 0.5], (0.3, 0.7], (({0.2, 0.4], [0.4, 0.5], (({0.2,0.7], [0.4, 0.9], (({0.1, 0.6], [0.3, 0.4] , 
1 0.1, 0.2]),(0.9,0.7,0.2))  [0.2,0.5]), (0.7,0.4,0.5)) (0.5, 0.7]),(0.7,0.7,0.5)) — [0.5,0.8]), (0.5,0.5,0.7)) 
Z (({0.3, 0.9], (0.2, 0.7] , ((0.3, 0.7], (0.6, 0.8] , (({0.3,0.9], (0.4, 0.6] , (([0.2,0.5], [0.4,0.9], 
2 [0.3,0.5]), (0.5,0.7,0.5)) — [0.2,0.4]) , (0.7,0.6,0.8)) —_[0.6,0.8]), (0.9, 0.4,0.6)) — [0.5,0.8]), (0.5 ,0.2,0.7)) 
7 (({0.3, 0.4], (0.4, 0.8] , (({0.2, 0.4], [0.2, 0.3], (({0.4, 0.7], [0.1, 0.2], (([0.6,0.7], {0.3, 0.6], 
3 [0.2,0.6]), (0.1,0.4,0.2))  [0.2,0.5]), (0.2,0.2,0.2)) 0.4, 0.5]), (0.9,0.5,0.5)) — [0.3,0.7]) , (0.7, 0.5, 0.3)) 
7 (({0.5, 0.9], (0.1, 0.8], (({0.4, 0.6], [0.5, 0.7], (({0.5, 0.6], [0.2, 0.4], (({0.3,0.7] , (0.7, 0.8], 
4 [0.2,0.6]), (0.4,0.6,0.2))  [0.1,0.2]), (0.5,0.3,0.2)) 0.3, 0.5]), (0.5,0.4,0.5)) 0.6, 0.7]), (0.4, 0.2, 0.8)) 
Then, we apply the WNCPMM operator or WNCPDMM operator to solve the MADM problem. 
Now, we use the WNCPMM operator for this decision-making problem as follows: 





Step 1. Since all the attributes are the same, hence there is no need for conversion. 


Step 2. Use Equation (47), to calculate the support degrees Supp (eh Zq1) (1,2).5¢ 4h, b= 1, 2) o04,4)- 
We denote Supp (Zen-Zet) by Suppgn,ol- 


Suppiiji2 = Suppi2z1 = 0.79452, Suppiia3 = Suppi31 = 0.735425, Suppiijia = Suppia1 = 0.65359, 
Supp1213 = Suppi312 = 0.771478, Suppi214 = Suppi4iz = 0.805635, Suppi3i4 = Suppi4i3 = 0.786563; 
Suppoi,22 = Supp2221 = 0.7972, Suppz1,23 = Supp23,21 = 0.7667, Suppoi,24 = Supp2421 = 0.727155, 
Supp22,23 = Supp23,22 = 0.750556, Suppr224 = Suppr4 22 = 0.750556, Suppr324 = SUpPpr3,24 = 0.76906, 
Supp3132 = Supp3231 = 0.8, Supp31,33 = Supp33,31 = 0.614139, Supp3i34 = Supp3431 = 0.735425, 
Supp32,33 = Supp3332 = 0.690879, Supp3234 = Supp3432 = 0.711325, Supp3334 = Supp33,34 = 0.797241, 
Suppat,a2 = Suppa2,a1 = 0.7551, Suppaia3 = Suppa3,a1 = 0.783975, Suppai,a4 = Suppaaar = 0.645662, 
Suppaz,43 = SuUppa342 = 0.783975, Suppar 44 = SUPP44a2 = 0.675107, Suppaz a4 = Suppag ag = 0.7152. 


Step 3. Use Equation (48), to get Tr en) (g,h = 1 to 4). We denote T( den) by Ty 


Ty = 2.183534, Ty. = 2.371633, T,3 = 2.293466, Ty4 = 2.245787; 
To1 = 2.291063, T22 = 2.298354, T23 = 2.286283, T24 = 2.246771 
T31 = 2.149564, T39 = 2.202204, T33 = 2.102259, T34 = 2.243991, 
Ta = 2.184688, Taz = 2.214133, T43 = 2.28315, Tyg = 2.035969. 


Step 4. Use Equation (49), to obtain Y en( gh =1,2,3,4). 


Wy, = 1.957844, Py) = 1.036761, ¥ 13 = 0.506363, ¥14 = 0.499032, 
Wo1 = 2.002623, ¥2 = 1.00353, ¥25 = 0.499929, a4 = 0.493918, 
31 = 1.987975, ¥32 = 1.010601, ¥33 = 0.489529, ¥34 = 0.511894, 


Step 5. Use the WNCPMM given in Equation (50), 


zg (( ear [eae |, Be =|), (Arg Arg, Arg) ) = WCNPMM® (291,299,124) (g = 1,2,-+-/4)- 


To get the overall NCNs z¢(g = 1,2,...,4). Assume that Q = (1,1,1,1). 


= (([0.1399, 0.4650], [0.4421, 0.7027], [0.4691, 0.6847]), (0.5483 , 0.6368, 0.6029) ); 
= (([0.2238, 0.6021], (0.5236, 0.8162], [0.5122, 0.715]), (0.5617 , 0.5505, 0.7294) ); 

= ((0.3002, 0.4736], [0.3232, 0.5782], [0.3881, 0.6445]), (0.3255, 0.4952, 0.415668); 
= ((0.3413, 0.5540], [0.5437, 0.7485], [0.4487, 0.5965]), (0.3762, 0.4451, 0.5976). 
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Step 6. Using Definition 6, we calculate the score values of the collective NCNs Ze(g = 1,2,...,4). 
SC(z1) = 0.4022, SC(z2) = 0.393352, SC(zg) = 0.472717, SC(z4) = 0.4324. 
Step 7. According to the score values, ranking order of the alternative is hg > hg > hy > hg. 


Hence using Theorem 1, the best alternative is hg and the worst is hp. 
Similarly, by using WNCPDMM operator for this decision-making problem, we will have, the 
Steps 1 to 4 are similar to that of weighted neutrosophic cubic power Muirhead mean operator. 


Step 5. Use the WNCPDMM given in Equation (51), 


so (lige T;|, eeae [Fe Fe'|), (Arg, Atg-Arg) = WNCPDMME (2¢1,299,...,Zga)(¢ = 1,2,..-/4)- 


To get the overall NCNs zg(g = 1,2,...,4). Assume that, Q = (1,1,1,1). 


0.7682, 0.4666, 0.3905); 

0.7416 , 0.3336, 0.5561); 
) 
) 


(0.2569, 0.6239 
(0.3642, 0.8179 
(0.4935, 0.6438 
(0.4995, 0.7691 


, (0.2929, 0.5112], [0.2375,0.4571]), 

, (0.3110, 0.6479], (0.3194, 0.5430]), 
) 
) 


, 


0.6502, 0.3206, 0.2330 
0.5355 , 0.2744, 0.3248). 


i 


, (0.1794, 0.3224], (0.2248, 0.4812] 
, (0.2570, 0.5332], (0.2130, 0.3815]), 


a 


Z1 
22 
23 
Z4 


Step 6. Using Definition 6, we calculate the score values of the collective NCNs Z¢(g = 1,2,...,4). 
SC(z1) = 0.5881, SC(z2) = 0.5782, SC(zg) = 0.6688, SC(z4) = 0.6467. 
Step 7. According to the score values, ranking order of the alternative is hz > hg > hy > hg. 


Hence using Theorem 1, the best alternatives is hg, while the worst is hp. 
From the above obtained results, we can see that by using WNCPMM operator or WNCPDMM 
operator, the best alternative obtained is hz, while the worst is hp. 


Effect of the Parameter Q on the Decision Result 


In this subsection, different values to the parameter vector and the results obtained from these 
values are shown in Tables 2 and 3. From Tables 2 and 3, it can be seen that, when the value 
of the parameter vector Q is (1,0,0,0), that is, when the interrelationship among the attributes is 
not considered, then according to the score values the best alternative is hg while the worst is hp. 
Similarly, when the value of the parameter vector Q is (1,1,0,0), that is, when WCNPMM operator 
and WNCPDMM operator degenerate into neutrosophic cubic power Bonferroni mean operator and 
neutrosophic cubic power geometric Bonferroni mean operator respectively, the best alternative is hg 
and hig while the worst for both cases is /iz. When the value of the parameter vector Q is (1,1, 1,0), the 
best alternative is hg and the worst is iy. When the value of the parameter vector Q is (1,1,1,1), the 
best alternative is hz and the worst is ha. Similarly, for other values of the parameter vector the score 
values and ranking order vary. Thus, one can select the value of the parameter vector according to the 
needs of the situations. 
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Table 2. Score values and ranking orders for different parameter values in WCNPMM operator. 




















Parameter Vector Q Score Values Ranking Orders 

Q(1,0,0,0) ES ks eel eR eee 
SC(CN3) = 0.5593, SC(CN4) = 0.6031 
SC(CN}) = 0.4579, SC(CN) = 0.4468, 

1,1,0,0 — ~— hg > ha > hy > ho. 

Q ) SC(CNg) = 0.5092, SC(CNg) = 0.5027. "87 7M > Me 
SC(CN}) = 0.4227, SC(CNp) = 0.4133, 

1,1,1,0 —~ ~ hg > hg > hy > hyo. 

2 ) SC(CN3) = 0.4866, SC(CNs) = 0.4607. °° 47 1"? 
SC(CN}) = 0.5881, SC(CN2) = 0.5782, 

11,1,1 ~ ~ h3 > ha > hy > hy. 

Q( ) SC(CN3) = 0.6688, SC(CNg) = 0.6467. °° 27 1"? 
SC(CN}) = 0.3988, SC(CN) = 0.3910, 

0.5,0.5,0.5,0.5 ee as fig > fig > fy > hy. 

QC ) SC(CN3) = 0.4708, SC(CNs) = 0.4306. 2° 47 1"? 
SC(CN}) = 0.6608, SC(CN2) = 0.6235, 

5,0,0,0 oe ts fig > fy > fig > hy. 

Q( ) SC(CN3) = 0.6313, SC(CNg) = 0.6854, “47 1 = "3 1? 














Table 3. Score values and ranking orders for different parameter values in weighted neutrosophic 
cubic power dual Muirhead mean operator. 





Parameter Vector Q Score Values Ranking Orders 














SC(CN3) = 0.6688, SC(CNg 


Q(0.5, 0.5,0.5,0.5) SOLON) = Career 
SC(CNs) = 0.6741, SC(CNg) = 0.6488. 


Q(5,0, 0,0) SC CN,) = 0.4671, SC CN 2) = 0.4073, 
SC(CN3) = 0.4022, SC(CNg 





hg > hg > hy > frp. 





hy > hg > hp > hig. 


SC(CN}) = 0.5588, SC(CN2) = 0.5346, 
1,0,0,0 phe gas fig > hy > hg > fin. 
Q ) SC(CN3) = 0.6040, SC(CNs) = 0.6081. 4° 17'S ~ "? 
SC(CN}) = 0.5881, SC(CN2) = 0.5782, 
1,1,0,0 ~ ~ hg > hg > hy > ho. 
Q ) SC(CN3) = 0.6688, SC(CNs) = 0.6467, 2° 97 "1 "2 
SC(CN}) = 0.5760, SC(CN) = 0.5582, 
1,1,1,0 ~ ~ ha > hg > hy > ho. 
2 ) SC(CN3) = 0.6478, SC(CNs) = 0.6276. 2° 47 01 ~ "2 
Q(1,1,1,1) SC(CN;) = 0.5881, SC ae = 0.5782, hs fig > fy > fi. 
) 
) 
) 
) 











6. Comparison with Existing Methods 


To show the efficiency and advantages of the proposed method, we give a comparative analysis. 
We exploit some existing methods to solve the same example and examine the final results. We compare 
our method in this paper with the methods developed by Qin et al. [30] based on weighted IFMSM 
operator, and the one developed by Liu et al. [32]-based generalized INPWA operator. We extend the 
IFMSM operator method [30] for intuitionistic fuzzy information to neutrosophic cubic Maclaurin 
symmetric mean operator. We also extend the GINPWA operator [32] for interval neutrosophic 
information to generalized neutrosophic cubic power average operator. 

The method developed by Qin et al. [30], is based on MSM operator, which can consider the 
interrelationship among the attribute values, but unable to remove the effect of awkward data. 
The MSM operator is a special case of the proposed aggregation operator. Also, the ranking 
result obtained using the method of Qin et al. [30], is different from the one obtained using the 
proposed method. 

Similarly, the method developed by Liu et al. [32], is based on power weighted averaging operator, 
which can remove the effect of awkward data but cannot consider the interrelationship among the 
attributes values. From Table 4, it can be seen that the ranking result obtained using Liu et al. [32] is 
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the same as the ranking order obtained from the proposed method, when Q(1,0,0,0). That is, when 
the interrelationship between NCNs are not considered. This shows the validity of the proposed 
approach. The ranking order is different when Q(1,1,1,1). That is, when the interrelationship among 
four attributes are considered, then the ranking order is different. The main reason behind the different 
ranking results is due to the existing aggregation operators, can only consider a single characteristic 
at a time while aggregating the NCNs, meaning that they can only either consider interrelationship 
among attributes or remove the effect of awkward data. Our proposed aggregation operator, however, 
can consider two characteristics at a time. It can consider the interrelationship among the attributes 
and remove the effect of awkward data. In fact, these existing aggregation operators can be regarded 
as special cases to our proposed aggregation operator. Hence, our proposed aggregation operator is 
more practical and flexible to be used in decision-making problems. 


Table 4. Score values and ranking orders for different parameter values in WCNPDMM operator. 





Aggregation Operator Score Values Ranking Orders 


SC(CNj) = 0.6263, SC(CNp) = 0.6153, 
SC(CN3) = 0.6355, SC(CN4) = 0.6373. 





NCMSM operator [30] hg > hg > hy > ho. 

















)= 
= ( 

GNCPWA operator [32] cae . oe ae ae = eee fig > fy > fig > hip. 
Proposed WNCPMM operator Q(1,0,0,0) eae 7 pn : ~ aoe hg > hy > hig > hy. 
Proposed WNCPDMM operator Q(1, 0,0,0) eee a on a = Hei fig > fy > fig > hr. 
Proposed WNCPMM operator Q(1,1,1, 1) a is ee ae = ae lig > hg > iy > Ir. 
Proposed WNCPDMM operator Q(1,1,1,1) ce 7 tee os = ee hig > hig > fy > fin. 





7. Conclusions 


In this article, we incorporate both the PA operator and MM operator to form a few new 
aggregation operators to aggregate CNNs, such as the cubic neutrosophic power Muirhead 
mean (CNPMM) operator, WCNPMM operator, CNPDMM operator and WCNPDMM operator. 
We discussed several basic results and properties, along with a few special cases of the proposed 
aggregation operators. In other words, the developed aggregation operators do not only consider the 
interrelationship among the NCNs, but also remove the influence of too high or too low arguments 
in the final results. Based on these aggregation operators, a novel approach to MADM problem is 
developed. Finally, a numerical example is illustrated to show the effectiveness and practicality of the 
proposed approach. 

Our main contribution is enhancing the neutrosophic cubic aggregation operator and its 
MADM method under neutrosophic cubic environment. In future, we will incorporate the PA 
operator with the MM operator under the intuitionistic fuzzy environment [3], interval neutrosophic 
environment [6] and multi-valued neutrosophic environment [10], to develop new operators such as 
IFPMM, IFPDMM, INPMM, INPDMM, multi-valued neutrosophic power Muirhead mean (NPMM) 
and multi-valued neutrosophic power dual Muirhead mean (NPDMM) operators along with their 
weighted forms. We will apply these to MAGDM, data mining, decision support, recommender system 
and pattern recognition. 
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IFS Intuitionistic fuzzy set 
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Abstract: The power Bonferroni mean (PBM) operator is a hybrid structure and can take the 
advantage of a power average (PA) operator, which can reduce the impact of inappropriate data given 
by the prejudiced decision makers (DMs) and Bonferroni mean (BM) operator, which can take into 
account the correlation between two attributes. In recent years, many researchers have extended the 
PBM operator to handle fuzzy information. The Dombi operations of T-conorm (TCN) and T-norm 
(TN), proposed by Dombi, have the supremacy of outstanding flexibility with general parameters. 
However, in the existing literature, PBM and the Dombi operations have not been combined for 
the above advantages for interval-neutrosophic sets (INSs). In this article, we first define some 
operational laws for interval neutrosophic numbers (INNs) based on Dombi TN and TCN and 
discuss several desirable properties of these operational rules. Secondly, we extend the PBM operator 
based on Dombi operations to develop an interval-neutrosophic Dombi PBM (INDPBM) operator, an 
interval-neutrosophic weighted Dombi PBM (INWDPBM) operator, an interval-neutrosophic Dombi 
power geometric Bonferroni mean (INDPGBM) operator and an interval-neutrosophic weighted 
Dombi power geometric Bonferroni mean (INWDPGBM) operator, and discuss several properties of 
these aggregation operators. Then we develop a multi-attribute decision-making (MADM) method, 
based on these proposed aggregation operators, to deal with interval neutrosophic (IN) information. 
Lastly, an illustrative example is provided to show the usefulness and realism of the proposed MADM 
method. The developed aggregation operators are very practical for solving MADM problems, as it 
considers the interaction among two input arguments and removes the influence of awkward data 
in the decision-making process at the same time. The other advantage of the proposed aggregation 
operators is that they are flexible due to general parameter. 


Keywords: interval neutrosophic sets; Bonferroni mean; power operator; multi-attribute decision 
making (MADM) 





1. Introduction 


While dealing with any real world problems, a decision maker (DM) often feels discomfort when 
expressing his\her evaluation information by utilizing a single real number in multi-attribute decision 
making (MADM) or multi-attribute group decision making (MAGDM) problems due to the intellectual 
fuzziness of DMs. For this cause, Zadeh [1] developed fuzzy sets (FSs), which are assigned by a 
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truth-membership degree (TMD) in [0, 1] and are a better tool to present fuzzy information for handling 
MADM or MAGDM problems. After the introduction of FSs, different fuzzy modelling approaches 
were developed to deal with uncertainty in various fields [2-4]. However, in some situations, it 
is difficult to express truth-membership degree with an exact number. In order to overcome this 
defect and to express TMD in a more appropriate way, Turksen [5] developed interval valued FSs 
(IVFSs), in which TMD is represented by interval numbers instead of exact numbers. Since only TMD 
was considered in FSs or IVFSs and the falsity-membership degree (FMD) came automatically by 
subtracting TMD from one, it is hard to explain some complicated fuzzy information, for example, for 
the selection of Dean of a faculty, if the results received from five professors are in favor, two are against 
and three are neither in favor nor against. Then, this type of information cannot be expressed by FSs. So, 
in order to handle such types of information, Atanassov [6] developed intuitionistic fuzzy sets (IFSs), 
which were assigned by TMD and FMD. Atanassov et al. [7] further enlarged IFSs and developed 
the interval valued IFS (IVIFSs). However, the shortcoming of FSs, IVFSs, IFSs and IVIFSs are that 
they cannot deal with unreliable or indefinite information. To solve such problems, Smarandache [8,9] 
developed neutrosophic sets (NSs). In neutrosophic set, every member of the domain set has TMD, 
an indeterminacy-membership degree (IMD) and FMD, which capture values in ]0~, 1*[. Due to the 
containment of subsets of ]0~, 1*[ in NS, it is hard to utilize NS in real world and engineering problems. 
To make NSs helpful in these cases, some authors developed subclasses of NSs, such as single valued 
neutrosophic sets (SVNSs) [10], interval neutrosophic sets (INSs) [11,12], simplified neutrosophic sets 
(SNSs) [13,14] and so forth. In recent years, INSs have gained much attention from the researchers 
and a great number of achievement have been made, such as distance measures [15-17], entropies of 
INS [18-20], correlation coefficient [21-23]. The theory of NSs has been extensively utilized to handle 
MADM and MAGDM problems. 

For the last many years, information aggregation operators [24-27] have stimulated much 
awareness of authors and have become very dominant research topic of MADM and MAGDM 
problems. The conventional aggregation operators (AGOs) proposed by Xu, Xu and Yager [28,29] can 
only aggregate a group of real numbers into a single real number. Now these conventional AGOs were 
further extended by many authors, for example, Sun et al. [30] proposed the interval neutrosophic 
number Choquet integral operator for MADM and Liu et al. [31] developed prioritized ordered 
weighted AGOs for INSs and applied them to MADM. In addition, some decision-making methods 
were also developed for MADM problems, for example, Mukhametzyanov et al. [32] developed a 
statistically based model for sensitivity analysis in MADM problems. Petrovic et al. [33] developed 
a model for the selection of aircrafts based on decision making trial and evaluation laboratory and 
analytic hierarchy process (DEMATEL-AHP). Roy et al. [34] proposed a rough relational DEMATEL 
model to analyze the key success factor of hospital quality. Sarkar et al. [35] developed an optimization 
technique for national income determination model with stability analysis of differential equation in 
discrete and continuous process under uncertain environment. These methods can only give a ranking 
result, however, AGOs can not only give the ranking result, but also give the comprehensive value of 
each alternative by aggregating its attribute values. 

It is obvious that, different aggregation operators have distinct functions, a few of them can reduce 
the impact of some awkward data produced by predispose DMs, such as power average (PA) operator 
proposed by Yager [36]. The PA operator can aggregate the input data by designating the weight 
vector based on the support degree among the input arguments, and can attain this function. Now the 
PA operator was further extended by many researchers into different environments. Liu et al. [37] 
proposed some generalized PA operator for INNs, and applied them to MADM. Consequently, some 
aggregation operators can include the interrelationship between the aggregating parameters, such as 
the Bonferroni mean (BM) operators developed by Bonferroni [38], the Heronian mean (HM) operator 
introduced by Sykora [39], Muirhead Mean (MM) operator [40], Maclaurin symmetric mean [41] 
operators. In addition, these aggregation operators have also been extended by many authors to deal 
with fuzzy information [42-46]. 
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For aggregating INNs, some AGOs are developed by utilizing different T-norms (TNs) and 
T-conorms (TCNs), such as algebraic, Einstein and Hamacher. Usually, the Archimedean TN and TCN 
are the generalizations of various TNs and TCNs such as algebraic, Einstein, Hamacher, Frank, and 
Dombi [47] TNs and TCNs. Dombi TN and TCN have the characteristics of general TN and TCN by a 
general parameter, and this can make the aggregation process more flexible. Recently, several authors 
defined some operational laws for IFSs [48], SVNSs [49], hesitant fuzzy sets (HFSs) [50,51] based on 
Dombi TN and TCN. In practical decision making, we generally need to consider interrelationship 
among attributes and eliminated the influence of awkward data. For this purpose, some researchers 
combined BM and PA operators to propose some PBM operators and extended them to various 
fields [52-55]. The PBM operators have two characteristics. Firstly, it can consider the interaction 
among two input arguments by BM operator, and secondly, it can remove the effect of awkward data 
by PA operator. The Dombi TN and TCN have a general parameter, which makes the decision-making 
process more flexible. From the existing literatures, we know that PBM operators are combined with 
algebraic operations to aggregate IFNs, or IVIFNs, and there is no research on combining PBM operator 
with Dombi operations to aggregate INNs. 

Ina word, by considering the following advantages. (1) Since INSs are the more précised class by 
which one can handle the vague information in a more accurate way when compared with FSs and all 
other extensions like IVFSs, IFSs, IVIFSs and so forth, they are more suitable to describe the attributes 
of MADM problems, so in this study, we will select the INSs as information expression; (2) Dombi TN 
and TCN are more flexible in the decision making process due to general parameter which is regarded 
as decision makers’ risk attitude; (3) The PBM operators have the properties of considering interaction 
between two input arguments and vanishes the effect of awkward data at the same time. Hence, the 
purpose and motivation are that we try to combine these three concepts to take the above defined 
advantages and proposed some new powerful tools to aggregate INNs. (1) we define some Dombi 
operational laws for INNs; (2) we propose some new PBM aggregation operators based on these new 
operational laws; (3) we develop a novel MADM based on these developed aggregation operators. 

The following sections of this article are shown as follows. In Section 2, we review some basic 
concepts of INSs, PA operators, BM operators, and GBM operators. In Section 3, we review basic 
concept of Dombi TN and TCN. After that, we propose some Dombi operations for INNs, and discuss 
some properties. In Section 4, we define INDPBM operator, INWDPBM operator, INDPGBM operator 
and INWDPGBM operator and discuss their properties. In Section 5, we propose a MADM method 
based on the proposed aggregation operators with INNs. In Section 6, we use an illustrative example 
to show the effectiveness of the proposed MADM method. The conclusion is discussed in Section 7. 


2. Preliminaries 


In this part, some basic definitions, properties about INSs, BM operators and PA operators 
are discussed. 


2.1. The INSs and Their Operational Laws 


Definition 1. Let Q be the domain set [8,9], with a non-specific member in QO. expressed by 0. A NS NS in Qis 
expressed by 














NS { (3, ts). ing), fag) | a, (1) 
where, tg (2), igg(0) and f5,(®) respectively express the TMD, IMD and FMD of the element 0 € U to 
the set NS. For each point 3 € U, we have, tos (2), its (@) f<(2) € J0-,1* [and 0- < t<(2) + ixg() + 


= NS 
fxg) < 3°. 














The NS was predominantly developed from philosophical perspective, and it is hard to be applied 
to engineering problems due to the containment of subsets of ]0~,1* [. So, in order to use it more easily 
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in real life or engineering problem, Wang et al. [8] presented a subclass of NS by changing ]0~,1*[ to 
[0,1] and was named SVNS, and is defined as follow: 

Definition 2. Let Q be the domain set [10], with a non-specific member in OQ. expressed by 0. A SVNS SV in 
is expressed by 














SV = { (i, t35(0),ig¢®), fey (®)) 2 € O}, (2) 


where t=;(2), i=>(2) and fg7(?) express the TMD, IMD and FMD of the element 0 € to the set SV 


respectively. For each point 0 € Q, we have, ts (2), i=; (9), fey), [0,1] and 0 < t=;() + i=; (0) + 
fes(8) <3. 





In order to define more complex information, Wang et al. [9] further developed INS which is 
define as follows: 


Definition 3. Let QO be the domain set and 0 € Q.[11]. Then an INS TN in Qis expressed by 











oa {(@ TR (8), 1D y (8), FLpy (8) € a}, (3) 





where, TRin (2), IDin (2) and FLin (@) respectively, express the TMD, IMD and FMD of the element 
@ € Q to the set IN. For each point 3 € U, we have, TR (2), [Din (2), FLin(@) C [0,1] and 
0 < maxIDin (3) + maxID 1 (3) + maxFL7n (2) cot 




















L u L u L —u 
For computational simplicity, we can use in = (FR ,TR | [7D 71D |; [FL /FL )) to 


express an element in in an INS, and the element in is called an interval neutrosophic number (INN). 


es Fen 8 [—L —u =f, =a UU eS 
Where [FR TR | C [0,1], |ID ,ID C [0,1], [Fu ,FL | C [0,1jandO<TR +ID +FL <3. 


L =u L =u L =u = 
i 1 = (|FRL TR, [10,103 |, |Fi: FL: ) and ing = 
L u L —u] [Ll —u 
|FRe, TR» |, | 1D ,1D> |, |FLy,FL be any two INNs [12], and ¢ > 0. Then the operational 
laws of INNs can be defined as follows: 








Sl 


Definition 4. Let 























L L LL L U U U. U L: L U. U L: L U: U 
(1) iny © ing ([FR + TR> — TR} TRy, TR; +TRy —TR, TR |, [i TD>, 1D, Ds |, [FisFrs Fry Ft, (4) 








(2) iny @ ing = (FR TR, TR, TR; |,|1; + 7D, - 7D, 1D;, 1D; +10; ~15;'7B; |, [Fr + Fr, =FE, Fly/FE; £ FL, -Fi; Fh); (5) 
—f L\§ u\§ —1\$ —u)§ —1\& —uy$ 
(3) in; = (TR) (TR) {1 (1 7D; ) /1 (1 7D ) fi (1 71) al (1 Fy ) ; (6) 
= —=L\§ u\§ L\§ u\§ L\§ u\& 
(4) Zim, 1 (1 TR) 1 (1 TR: ) : (7:) (7B) ; (Fi) (Ft) (7) 


L u L —u L —u 
Definition 5. Let in = ( [TR gER i [7 7D [ [Fu EL |) [42], be an INN. Then the score function 















































S (in) and accuracy function A(in) can be defined as follows: 











TR +7TR- ID +iD- 7. + 
(i) s(in) = ear cee) — 


2 2 2 j (8) 
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— TR +TR iD +1D FE +f 
(ii) A(in) = 5 +1 5) 7 . (9) 

In order to compare two INNs, the comparison rules were defined by Liu et al. [36], which can be 
stated as follows. 








= L =u L =u L =u = 
Definition 6. Let iny = ( FR. TR, i [7D;, 1D ; [Fis Fr; ) and ing 








L U 
( |FRe, TR) |1D:, ID, >|; [Fl FL» | ) be any two INNs [42]. Then we have: 




















:) 
() Ifs(im) > 
) 
) 


>S (inz), then in, is better than in, and denoted by im > ino; 
(2) IfS (in =S (inz), and A (im) >A (inz), then in is better than inp, and denoted by in, > ino; 
(3) ifs (im = S(in 2), and A(im) = A(inz), then iny is equal to inp, and denoted by in = inp. 





- L =u L =u L =u = 
Definition 7. Let in, = ( FR, TR, |. |1D;, 1D; Z FL: Fr; ) and ing = 











L==u L =u L —u 
(| FR, TR, 1b, 10, |, |Fi:,Fr2 | ) be any two INNs [15]. Then the normalized Hamming 


distance between ny and np is described as follows. 














L L 
D(im, ina) + (|TR TR 
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) ao) 


2.2. The PA Operator 


The PA operator was first presented by Yager [36] and it is described as follows. 


Definition 8. For positive real numbers ¢,(h = 1,2,...,1) [36], the PA operator is described as 


M- 


(1+ T(@n))@n 
PA(91, 92,---, 1) = , (11) 


LX (1+ T(@p)) 
h=1 


ll 
an 








1 
where, T(~n) = YL sup(@p, Py), and sup(~p, @y) is the degree to which yo, supports yy. The support 
y=Lh4y 


degree (SPD) satisfies the following properties. 


(1) sup(@n, Py) = sup(Gy, n); 
(2) sup(@n, Py) € [0,1]; 
(3) sup(@n @y) > sup(Gc, 9a), if |n — Py| < |@c — wal- 


2.3. The BM Operator 
The BM operator was initially presented by Bonferroni [38], and it was explained as follows: 


Definition 9. For non-negative real numbers gy(h = 1,2,...,1), and x,y > 0 [38], the BM operator is 
described as 


1 
BM*" (01, 92,-+-, 91) = (7 > 





I 1 i ay 
L LY wie ) (12) 
#s 


h=1s=1,h4s 
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The BM operator ignores the importance degree of each input argument, which can be given by 
decision makers according to their interest. To overcome this shortcoming of BM operator, He et al. [52] 
defined the weighted Bonferroni mean (WBM) operators which can be explained as follows: 


Definition 10. For positive real numbers yy (h = 1,2,...,1) and x,y > 0[52], then the weighted BM operator 
(WBM) is described as 








i. ay 
ae Rs 
WBM*" (91, 92,---, 91) = (4 ay y: i- —— 0%, viet) j (13) 


s=Lh#s 
where K = (K1,K2,.. ky)? is the importance degree of every yo, (h = 1,2,...,1). 


The WBM operator has the following characteristics: 


T 
Theorem 1. (Reducibility) If the weight vector is K = (t. t, Sneip 1) , then 


h=1s=1,z4s 
= BM*Y(¢1, 92,..-, Om): 


1 1 x+y 
WBM*¥ (91, 92,---, 91) - (rE ys cis! (14) 


Theorem 2. (Idempotency) Let o, = 9, (h = 1,2,...,1). Then BM*4 (01, 92,..., 1) = 9. 
Theorem 3. (Permutation) Let (91, 02,..., (01) be any permutation of (Zi, Zo cing Z/'). Then 


WMB*Y (Zy',Zo',...,Z1') = WBM (1, 02,---, 91): (15) 


Theorem 4. (Monotonicity) Let on > Ky'(h = 1,2,...,1). Then 


WBM*" (01, 02,--.,@1) > WBM*" (Ky’, Ko’, ..., Kj’). (16) 


Theorem 5. (Boundedness) The WBM*¥ lies in the min and max operators, that is, 


min(91, 92,---, 91) < WBM*" (91, 92,---,@1) < max(1, 92,---, 91): (17) 


Similar to BM operator, the geometric BM operator also considers the correlation among the input 
arguments. It can be explained as follows: 


Definition 11. For positive real numbers o,(h = 1,2,...,1) and x,y > 0 [53], the geometric BM operator 
(GBM) is described as 


1 ! yay 
Il IL @ent+yes)?. (18) 
a+ Yat s=Lh#¢s 





GBM" (1, (27+ - -, 91) 


The GBM operator ignores the importance degree of each input argument, which can be given 
by decision makers according to their interest. In a similar way to WBM, the weighted geometric 


275 


Symmetry 2018, 10, 459 


BM (WGBM) operator was also presented. The extension process is same as that of WBM, so it is 
omitted here. 

The definition of power Bonferroni mean (PBM) and power geometric Bonferroni mean (PGBM) 
operators are given in Appendix A. 


3. Some Operations of INSs Based on Dombi TN and TCN 
Dombi TN and TCN 


Dombi operations consist of the Dombi sum and Dombi product. 


Definition 12. Let S and & be any two real numbers [47]. Then the Dombi TN and TCN among S and ¥ are 
explained as follows: 





; (19) 





Tp*(S,&) =1 ; (20) 





where, 1 > 1, and (S,&) € [0,1] x [0,1]. 


According to the Dombi TN and TCN, we develop a few operational rules for INNs. 





E, u L u L —u 
Definition 13. Let in = [FR ,TR |. [i ,ID |. [FZ i EE , ny = 

















L =u L =u L =u = L =u L =U Lu 
(| FR: TR |, 7B;, 7D: |, | Fly, FL] ) and ing = (| FR: TR |, | 72,72, |FLz, Fi] ) 
be any three INNs and ® > 0. Then, based on Dombi TN and TCN, the following operational laws are developed 
for INNs. 





im @ing=( | 1- An 


és A(t) (me VY [( RY (me YY |), (a-mey (1-7 
ime) l4-7e im | (ime D Dm 









































in, @ ing ( aa Sane ay\t —u\\ + <1 \% (<1 \1\7 
a) Cael Ga) 
(2) r 2 1 2 prt i (22) 
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Now, based on these new operational laws for INNs, we develop some aggregation operators to 
aggregate IN information in the preceding sections. 


4, The INPBM Operator Based on Dombi TN and Dombi TCN 


In this part, based on the Dombi operational laws for INNs, we combine PA operator and BM 
to introduce interval neutrosophic Dombi power Bonferroni mean (INDPBM), interval neutrosophic 
weighted Dombi power Bonferroni mean, interval neutrosophic Dombi power geometric Bonferroni 
mean (INDPGBM) and interval neutrosophic weighted Dombi power Bonferroni mean (INWDPGBM) 
operators and discuss some related properties. 


4.1. The INDPBM Operator and INWDPBM Operator 








iB u L —u L —t 
Definition 14. Let in; = ( [FR , TR; i iB; ,1D; | [FE ,FL; - (i = 1,2,...,1), be a group of INNs, 
and x,y > 0. If 


x 


| 


— a 4 ay 
INDPBM*# (iny,ing,...,im) a i : i is Gr) in; | ®p aes . (25) 
| age © (1+T(im)) ® (1+T(im,)) 


u=1 u=1 
i#i 








then INDPBM** is said to be IN Dombi power Bonferroni mean (INDPBM) operator, where T(inz) = 
2, Sup(inz in). Sup(inz, ins) is the support degree for inz from ins, which satisfies the following 
Minis (1) Sup(inz,ins) € [0,1]; (2) Sup(inz,ins) — Sup(ins,inz); (3) Sup (inz,ins) > Sup(ina,iny), 
if D(inz,ins) <D (ina, inp) ,in which D (ita, inp) is the distance measure between INNs ina and inp defined 
in Definition 7. 














In order to simplify Equation (25), we can give 


(1+T(inz)) 


Ay = (26) 


Bere) 
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1 
and call A = (Aq, Ag2,.. Ay)? is the power weight vector (PWV), such that A, > 0, @ Az = 1. It 
z=1 


turns Equation (25) into the following form 


INDPBM* (in, ing, ...,iny) = — & (1Ajin,)° @p (1Ajinj)” (27) 
ij=l 








: L =u L —u L ==L ; 
Theorem 6. Let in; = (FR , TR; i i; 71D; |. [Fz FT|), (i 


Then the value obtained by utilizing Equation (25) is expressed as 


1,2,...,1) be a group of INNs. 


INDPBM~*” (im, ina,....ine) 






















































































= yoofa+ aa 1 yoolit = 1 > 1 
1 y fit a 1 x | + = 1 Y fit a | x 1 
IA, el IA =D. (28) 
ID; ID 
- a 
il 1 et a ee 1 acl jy 1 re eee eee 
MY fF lal | (a) fae PE Te | ae |) a fie, 

by?) jae) ale aa ae 

| | = j| =L | | | =u =U 

P|) Cla) a P|) (Ge) Ge 











Proof. Proof of Theorem 6 is given in Appendix B. 





In order to determine the PWV A, we firstly need to determine the support degree among INNs. 
In general, the similarity measure among INNs can replace the support degree among INNs. That is, 


Sup(ini, im) =1- D(ini,inm) (i, m= 12,0 al) (29) 


Example 1. Let in; = ((0.3,0.7], [0.2,0.4], [0.3,0.5]),in2 = ([0.4,0.6], [0.1,0.3], [0.2,0.4]) and ing = 
([0.1, 0.3], [0.4, 0.6], [0.2,0.4]) be any three INNs, x = 1,y = 1,y = 3. Then by Theorem 6 
in Equation (28), we can aggregate these three INNs and generate the comprehensive value in = 


L u L —u L —u 
(FR ,TR | [7 ,1D i iz /FL |) which is calculated as follows: 








278 


Symmetry 2018, 10, 459 


Step1. Determine the supports Sup(ini,inj), i,j = 1,2,3 by using Equation (29), and then 
we get Sup(in,, inp) = Sup (ing, in; ) = 0.9, Sup (im, ing ) = Sup(ins, in; ) = 
0.933, Sup (ina, ins) = Sup (ins, inp ) =i, 


= 3 =—- = 
Step2. Determine the PWV Because T (inz) = “Si; Sup(inz, ins) ,and 
s=1sAz 














T (im ) = Sup (imino) + Sup (im, ins) = 1.833,7 (in) = Sup (ina,im) + Sup(ina,ins) = 1.9,7 (ins) = Sup(ins,ini) + Sup (ins,ins) = 1,933, 
































then G,) 
T(iny) +1 
“Ta see) 
= (T(inz) + 1) 7 
“= Gig) (n(m) +) +r) Hy 
(() +1) 
A3 (T(in ) + 1) + (T(inz) as 1) 4 (r(ins) 7 1) 0.3385. 
Step 3. Determine the comprehensive value in = ( [7R’, TR : |", 7D" | F Er’, FL| ) by using 


Equation (28), we have 



















































































1 
3 
32-3 e 1 1 
1/}1 1 1 { = 0.2 
/)1+ Taq ss / yy = 0.2590 
al 3A; = Aj i. 
ixj 1—-TR; 1-TR; 
Similarly, we can get n = ((0.2590, 0.5525], [0.2221, 0.4373], [0.2334, 0.4365]). 
= L u L —u L —tL 
Theorem 7. (Idempotency) Let inj = (FR pER; I 7B; 1D; | FE; EL; | yi = 
1,2,...,1), be a group of INNs, if all inj(i =1,2,...,1) are equal, that is in; = in = 
iG u L—u L —u 
lFR ,TR ( |i ,ID |. [Fi Ek, |). =1,2,...,1),. Then 
INDPBM*¥ (iy, ing, ...,iny) =in. (30) 
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Proof. Proof of Theorem 7 is given in Appendix C. 





Theorem 8. (Commutativity) Assume that in’ y is any permutation of iny(u = 1,2). .<;1);then 


INDPBM*¥ (ins, in’, .. . in) = INDPBM*¥ (iny, inp, 7 ., int). (31) 


Proof. From Definition 14, we have 


my 
— ~— = —_ 1 _ — 
INDPBM*¥ (in, in’s,...,i7) = — 9 (IA'jin':) @p (1A'jin'))" ; 
ea 
i#j 
and 
se a 1 ante _ 
INDPBM*# (iny,inp,....,iny) = 74 3 (1Aiin;) @p (JAjin;)" 
iad 
i#j 
Because, 


y (1M )" en (Inv)! = * (1Asin;)” ®p (LAjinj)”, 
ij=1 asl 
2 j TA 


Hence, INDPBM*¥ (in, in’, es . in’) = INDPBM*# (iny,ing,. .,in). 




















L u L —u Lr 
Theorem 9. (Boundedness) Let inj = (|FR.TR |. 1D; 10, |. [FE FE; | ).( = 1,222.51) 








=t+ 1 L ul - b—u|] | fap —u)]\ — 
be a group of INNs, and in a max TR; ,TR; rnin ID; , ID; emnin FL;,FL; | ),in = 
i= i= i= 








1 [==L —u i L u 1 L =u 
(min FR , IR; | ta iB; , 1D; | ta [Fa ,F Ly Then 
I= i= 


i=1 








in < INDPBM (ny, int, ...,in) <in . (32) 











Proof. Proof of Theorem 9 is given in Appendix D. 





Now, we shall study a few special cases of the INDPBM*Y with respect to x and y. (1) When 
y 0,7 > 0, then we can get 


INDPBM"® (in,ins,...sit) 
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/| / 
[htc ls —_— 
[Ul CE 


(2) When x = 1,y + 0,7 > 0, then we can get 








= =lim 





* 








Sl 





S| 











z 
a 
x 
EM: 
a 
cy 






































Se 
= 
= 
Sy] | 
hee. 





INDPBM"*( sy (im, IN2y sey in) 





= him 
al (= 
me 


Li 











1+(P -Ix i/ 3 i/ — 
7 (SEE) 
/ FL; 


(3) When x = y = 1,7 > 0, then we can get 









































INDPBM™ {imino sues in') 
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F yf |r-(Ss / » 7 
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/ / 
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/ 
j ui ui 
Yo fis(P-ix ¥ [> i/ ce > 
ial i 





2 
i= 14(P -1x y/ by = : 14(P Ix i y i/ -- 40 2: 
ae ee / ig / 
/ / 7 | ID; | / / 
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(35) 
















































































In the INDPBM operator, we can only take the correlation among the input arguments and cannot 
consider the importance degree of input arguments. In what follows, the INWPDBM operator shall be 
proposed to overcome the shortcoming of the INDPBM operator. 








L—=u L—u Lt 
Definition 15. Let in; = ( [TR , TR; | 1; ,1D; |. [Fa , FL; ) (i = 1,2,...,1), be a group of INNs, 
then the INWDPBM operator is defined as 


td Iw, (TG) +1 2 bw, (7G) +1] = 


in; | ®@,| 5 = inj , (36) 
vw, (rn. + ») 





INWDPB °° (in ins,..gim) = : i 
Poti Yw.(7an. +0) 
z=l 





= l ——o 
where, (ini) = YO Sup (ini, inj), x,y > 0,w = (W1,W2,...,W] T is the importance degree of the INNs, 
j=LiAj 


1 
such that0 < wz <1(z=1,2,...,l) and VY) wz = 1. 
k=1 








L =u L =u L ==L 
Theorem 10. Let in; = (FR ,TR; [ |i; 1D; |. Fr; ,FL; ac = 1,2,...,1) be a group of INNs. 
Then the value obtained using Definition 15, is represented by 


INDPBM™ (in,,ins,...sim) 
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: aff . 
/ 
(e- f Ja | x y / (P-t Pld if x y 
1+|——x 1/ y = = | Yo ft x y = = 
a x / fu (rey) = . tw,(r(in)+1) ( RY / ‘We / k / f(r) ( i, : tw, (rin yet) (aq ) 
Lv. (rin. +0) im) Sw (rn. +0) 1k. / | | | yw (ruin. +0)\1-7R. Yo (ren +0) ie. | 
\S } } | \S } g ) 
\ V \ \ 
| / | | sty 
| / : / | | 
[ pa of le x y / (e-1 f/f Jef x ) II 
I- t+ y = = oY fa x yf y = = : 
| / ty x | Ww, (74in)+1) (,_ iB : tw,(r¢in +1) (75°) i te / » Jo] ot (r4in)+i) cm : tw, (TG) +1) (aay | (37) 
| ff / = = Ts =| ||| / } jz =| ts = | 
) / / / [Xw.(ren. +y)h Dw. | Luria. +n) | / | J | Yw,(ri en) DJ Yu. (rdn +n) D | 
| / Lf Ms q ale | i \s a 1) 
i | ie a, Wy) 
/ / / 
yf [u(t x i * + ! | if |rs(t=e rl yy : + : 
/ sry [|i | f(r) Ea ‘wv, (T¢in) +1) Fi | / try [|i | n(n) Ti | i (rin) +1) Fi | 
| / / yw (rn. +1)\ FL, } Yow. (ren. +0) FL; | / / Yw (rn. +) Fl; Ye (rin +p) FL 
| / | \S i \/ / \al = | 
/ \ / \ df 

















Proof. Proof of Theorem 10 is similar to Theorem 6. 
Similar to the INDPBM operator, the INWDPBM operator has the properties of boundedness, 


idempotency and commutativity. 


4.2. The INDPGBM Operator and INWDPGBM Operator 


In this subpart, we develop INDPGBM and INWDPGBM operators. 
1,2,...,1) be a group of INNs. 








L =u L =u LoL . 
[TR TR, I 1D; 1D; |. [Fr F;|), (i 





Definition 16. Let in; = 
Then the INDPGBM operator is defined as 
al, 
_ = 2-1 
U(T(in;)+1) U(T(in;)+1) 
I _ (GH) & (re) 44) 
in; +yi i . (38) 


= ET xin; 


xt 
ee | 





INDPGBM*¥ (im, ino, ... ,in;) 








Then, INDPGBM** is said to be an interval neutrosophic Dombi power geometric Bonferroni mean 
_— 1 
(INDPGBM) operator. Where T(inz) = Sup(inz, ins), Sup(inz, ins) is the support degree for nz 
s=1sAz 
from ns, which satisfies the following axioms: (1) Sup (inz,ins) € [0,1]; (2) Sup(inz,ins) = Sup(ins,inz); 


(3) Sup(inz,ins) > Sup(ina, inp), if D(inz, ins) < D(itta, inp), in which D(ng,ny) is the distance 








measure between INNs ing and iny defined in Definition 7. 


In order to simplify Equation (38), we can describe 
(1+7(in.)) 
So= (39) 


y (1+1(in.)) 


, 


z=1 


z=1 


1 
and call A = (Aj, Ao, Ay)? is the power weight vector (PWV), such that A, > 0, )) Az =1. 


Then Equation (38) can be written as follows: 
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ee = 1 ! =IA; SIA 
INDPGBM*Y (iy, ing, ...,iny) — ae Il (sin; + yin; ‘) é (40) 
iat 


i#j 








L =u L =u LL 
Theorem 11. Let in; = (TR ,TR; |. 1D; 1D; |. [Fa ,FL; pei = 1,2,...,1) be a group of INNs. 
Then the result obtained from Equation (38) is expressed as 


INDPGBM** (im,in TMD ssa055 int) 




























































































P-l L x y P-l 
={ fil- Yo fit » ¥ |y 4 +—— yu 
x+y diya L x+y 
, Wf | ay [STR ne Y 
TR: TR; 
P-l u x y P-l u x y 
Yoli+ x |y + yoii+ x VY Jy 4 - 
ny |i my ie Gs 7 a a (41) 
ij——} ta,| = IA, >| iA,|—4 
1-1D, 1-1D, 1- 1D; 1-1D, 
| (Se 1 y 1 — — | {Ee 1 > i — — . 
nf 2] | He . n( | n( 2 
1- FL 1-FL; 1-FL, 1-FL, 
= L —u L—u L <=. ; 
Theorem 12. (Idempotency) Let inj = (FR 7ER; i iB; ,1D; |. FE; /FL; yl = 
12:2. be a group of INNs, if all in(i = 1,2,...,1) are equal, that is in; = in = 
L u L u 
im TR al [7 ,I1D |. nae |) G12, then 
INDPGBM*¥ (in, ing, ...,inr) = in. (42) 
Theorem 13. (Commutativity) Assume that in’ y is any permutation of iny (u = 1,2,...,1), then 
INDPGBM*¥ (ins, in’, . . in) = INDPGBM*¥ (in, ina,. . .,in) (43) 
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- L u L u L =. . 
Theorem 14. (Boundedness) Let in; = (FRR ( [1D 7D, |. |FL;, FE; | ).( = 2c 
= l L u 1 L u Lf = = 
of INNs, and in = (max TR; ,TR; | nin ID; , 1D; | min Pls RL; az = 
1= 1= 1= 
(44) 














be a group 
ul] 1 L—=u] | Lu 
[FR , TR; | max iB; ,1D; | max FE; ,FL; ) then 
i= = 




















1 f==L 
( : 
i=1 
in < INDPGBM{(in, ing, .,in)) <in 
er - L =u L =u LL ; 
Definition 17. Let in; = ( |TR;,TR; |, 7; ID; |. Fr; Ti), (i = 1,2,...,1) be a group of INNs, 
then the INWDPGBM operator is defined as 
1 
La = Pl 
lw; (T (inj) +1) Io; (T (inj) +1) 
a = 1 1 — B w2(tie)+4) = wz (T(inz)+1) 
INWDPGBM« (iy, ing,. .,in) = rer I] xin; + yin; . (45) 
ij= 
i#j 
L =u L =u Lt : 
TR;,TR; |,|1D;,1D; |,|FL;,FL; | ),(i = 1,2,...,1) be a group of INNs. 


Theorem 15. Let in; 


Then the aggregated result from Equation (45) is expressed as 
INWDPGBM“™ (i,ins,....im) 
|| 1) ( I I a) 
| y y Mf =——___+ _ \| 
| n(n) +4) (18 | inj(T(n +1) ian | 
=| ||| | 
\ 7R; (7m, } {I} | 
}}} | 
\ \ } 





\ l 
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i/ 
/ | 
/ | 
ef lief fuefPote y ly me +} yf ufEcte 4 
\ j | ley 2 P| ty(tdnys) Gy tw (rein) +1) (Rly | tes f 
\ | Sale| fe =| / | jz = 
| | v,(Pin.)+1)\ 78) Yw,(r4in.)+1)\ 18, ) wri) +1)\ TR} Yw.(¢in,) +1 
Yoe(rinasr)\ Te J Yre(rima sa), Mh J YY | Ym. (nir 4] Yo: (rie 
| a = / \S a 
i \ / 
| 1) i ay 
| rm /| I \y 
/ | | | ; (46) 
yf {fly yyy iy 4 a, 4 || = fF 
| \r+y im | be (Tin) +1) ( Fi Y tw, Tin) +1} ( 7 I} / | (ety i Iw (T(in)+1) ( 7 Y tw [TCin,)+1) ( 7" 
/ i | DD, | D, | | o,_| D, | 
| / | Yoe{rin+i)1-2 | Yw.(ring\1-ID, J / | Yw,{riin.)+1) 1D. } Yvan] 1-10; } 
| | | a st MN) j | | | (al = ))) 
if Lat, i ] 
/ | \\\F / I , Steal 
/ | | | | 
/ 2] fi | | / (PI i | | | 
yo jis{—x V — + _ V)) of Juef x 4 1 —* + =a \| 
| (ry | 2 | by (in)+1) (a ) tw,(T4im) 1) ( at | Ay ~ tw {7(n) +1) iar yi tw (T4in,) +1) (a I} 
| ||| Svelniieyaa) (iF J Su (ninja) / Yoel) =F J Sv, (rings)l1-#2;} |) | 
| | | * a MI] Py Fy I} | 











5. MADM Approach Based on the Developed Aggregation Operator 
In this section, based upon the developed INWDPBM and INWDPGBM operators, we will 


propose a novel MADM method, which is defined as follows. 
Assume that ina MADM problem, we need to evaluate u alternatives M= { Mu, Mb, “4 Mu} 


with respect to v attributes C= {C1,2, fol, and the importance degree of the attributes 
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0 
is represented by © = (@1,@p,...,@v)', satisfying the condition @, € [0,1], Yo @,=1. 
h=1 
The decision matrix for this decision problem is denoted by D = [den] , where den = 
mxn 








L u L U L =u 2 
(| FR TR [Do TDi, | FegsFEsn| ) is an INN for the alternative Mg with respect to the 


attribute Cy, (¢ = 1,2,...,u;h =1,2,...,v). Then the main purpose is to rank the alternative and 
select the best alternative. 

In the following, we will use the proposed INWDPBM and INWDPGBM operators to solve this 
MADM problem, and the detailed decision steps are shown as follows: 


Step1. Standardize the attribute values. Normally, in real problems, the attributes are of two types, 
(1) cost type, (2) benefit type. To get right result, it is necessary to change cost type of attribute 
values to benefit type using the following formula: 








$s —L —U u L L U 
doh = ( | Fen, Flen|,}1 — ID gh, 1 — ID gn}, | TRen, TReh| )- (47) 
Step 2. Calculate the supports 


Supp (dei dgr) =1—D(den dg), (g=1,2,.-.,ujh,1=1,2,...,0), (48) 


where, D (4 gh .) is the distance measure defined in Equation (10). 
Step3. Calculate T (den) 


u ~ ~ 


T (den) = ye Supp (deh der), (9 =1,2).5:;0j hl = 102, 2.2;0): (49) 
l=1 


LAh 


Step4. Aggregate all the attribute values dh (h = 1,2,...,v) to the comprehensive value Rg by 
using INWDPBM or INWDPGBM operators shown as follows. 


Ry= INWDPBM (det, dgo, s «gp ) ; (50) 


or 
Ry= INWDPGBM (det, deo, dg). (51) 


Step5. Determine the score values, accuracy values of Rg( g =1,2,...,u), using Definition 5. 

Step 6. Rank all the alternatives according to their score and accuracy values, and select the best 
alternative using Definition 6. 

Step7. End. 


This decision steps are also described in Figure 1. 
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Step 2 Step 3 

















+ 








Step 6 | Step 7 | 


Figure 1. Flow chart for developed approach. 


6. Illustrative Example 


In this part, an example adapted from [42] is used to illustrate the application and effectiveness of 
the developed method in MADM problem. 

An investment company wants to invest a sum of money in the best option. The company 
must invest a sum of money in the following four possible companies (alternatives): (1) car company 
My; (2) food company Mp; (3) Computer company M3; (4) An arm company M4, and the attributes 
under consideration are (1) risk analysis C1; (2) growth analysis Co; (3) environmental impact analysis 
C3. The importance degree of the attributes is @ = (0.35, 0.4, 0.25)". The four possible alternatives 
Mg (¢ = 1,2,3,4) are evaluated with respect to the above attributes C),(h = 1,2,3) by the form of INN, 
and the IN decision matrix D is listed in Table 1. The purpose of this decision-making problem is to 
rank the alternatives. 


Table 1. The IN decision matrix D. 








Alternatives/Attributes Cy C Cs 
My, (0.4, 0.5], [0.2, 0.3], [0.3, 0.4]) ([0.4, 0.6], [0.1, 0.3], [0.2, 0.4]) ([0.7, 0.9], [0.7, 0.8], [0.4, 0.5]) 
Mp ([0.6, 0.8], [0.1, 0.2], [0.1, 0.2]) ({0.6, 0.7], (0.15, 0.25], [0.2,0.3}])  ([0.3, 0.6], [0.2, 0.3], [0.8, 0.9]) 
M3 (0.3, 0.6], [0.2, 0.3], [0.3, 0.4]) ([0.5, 0.6], [0.2, 0.3], [0.3, 0.4]) ([0.4, 0.5], [0.2, 0.4], [0.7, 0.9]) 
Mg ([0.7, 0.8], [0.01, 0.1], [0.2, 0.3]) (0.6, 0.7], [0.1, 0.2], [0.3, 0.4]) ([0.4, 0.6], [0.5, 0.6], [0.8, 0.9]) 





6.1. The Decision-Making Steps 


Step1. Since C1, Cp are of benefit type, and C3 is of cost type. So, C3 will be changed into benefit 
type using Equation (47). So, the normalize decision matrix Dis given in Table 2. 
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Table 2. The Normalize IN decision matrix D. 








Alternatives/Attributes Cy ron C3 
M, ({0.4, 0.5], [0.2, 0.3], (0.3, 0.4]) ([0.4, 0.6], [0.1, 0.3], [0.2, 0.4]) ([0.4, 0.5], [0.2, 0.3], [0.7, 0.9]) 
My ([0.6, 0.8), (0.1, 0.2], (0.1, 0.2]) ([0.6, 0.7], (0.15, 0.25], [0.2,0.3}]) — ([0.8, 0.9], [0.6, 0.7], [0.3, 0.6]) 
M3 ({0.3, 0.6], [0.2, 0.3], [0.3, 0.4]) ([0.5, 0.6], [0.2, 0.3], [0.3, 0.4]) ([0.7, 0.9], [0.6, 0.8], [0.4, 0.5]) 
Mg ([0.7, 0.8], [0.01, 0.1], [0.2, 0.3]) ({0.6, 0.7], [0.1, 0.2], [0.3, 0.4]) ([0.8, 0.9], [0.4, 0.5], [0.4, 0.6]) 





Step 2. 


Step 3. 


Step 4. 


Step 5. 


Step 6. 


Determine the supports Su doh, del F = 1,2,3,4;h,1 = 1,2,3) by Equation (48) (for 
PP PP \ 4h ag & y Eq 


simplicity we denote Supp (4, ghy dz) with St hgl ), we have 


Sin = Siu = 0.950; Sis = Sin = 0.800; Sis = Siar = 0.85; Shun = Sha = 0.933; Stas - Sin = 0.17 Siias = Stat = 0.683; 
Shun = Stat = 0.967; Si>,3 = Stu = 0.733; Shs = Saat = 0.700; Shia. = Soa 7 0.902; Sirs = Sin = 0.783; S15 Shar = 0.752; 


Determine T doh ;(¢ =1,2,3,4;h = 1,2,3) by Equation (49), and we get 
2 & y Bq g 


Ti, = 1.800, Tj, = 1.750, T}, = 1.650, T?, = 1.617, T7, = 1.650, T?, = 1.400, 
T}, = 1.667, T?, = 1.700, T?, = 1.433, T, = 1.653, Ti, = 1.685, Ti, = 1.535. 


(a) Determine the comprehensive value of every alternative using the INWDPBM 
operator, that is, Equation (50) (Assume that x = y = 1;y = 3), we have 


R, = ((0.3974, 0.5195], [0.1823, 0.3023], [0.3353, 0.4796]); 
Rp = ((0.6457, 0.7954], [0.1700, 0.2885], [0.2044, 0.3265]); 
Rg = ((0.4846, 0.6503], [0.2556, 0.3711], [0.3376, 0.4394]); 
Rg = ((0.6938, 0.7953], [0.1062, 0.2154], [0.3069, 0.4278]). 


(b) Determine the comprehensive value of every alternative using the INWDPGBM 
operator, that is Equation (51), (Assume that x = y = 1; 7 = 3), we have 


R, = ((0.4026, 0.5381], [0.1570, 0.2977], [0.2998, 0.4520]); 


Rp = ((0.6654, 0.8193], [0.1558, 0.2686], [0.1836, 0.3035]); 
Rg = ((0.5159, 0.6732], [0.2366, 0.3473], [0.3265, 0.4279]); 


Raq 


([0.5159, 0.8193], [0.0938, 0.1952], [0.2862, 0.4037]). 
(a) Determine the score values of Re( g = 1,2,3,4) by Definition 5, we have 
S(R1) = 1.8087, S(R2) = 2.2259, S(R3) = 1.8656, S(R4) = 2.2164; 
(b) Determine the score values of Rg( g =1,2,3,4) by Definition 5, we have 
S(R1) = 1.8671, S(R2) = 2.2866, S(R3) = 1.9254, S(R4) = 2.1781; 
(a) According to their score and accuracy values, by using Definition 6, the ranking order 


is Mp > Mg > M3 > My. So the best alternative is Mb, while the worst alternative 
is My. 
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(b) According to their score and accuracy values, by using Definition 6, the ranking order 
is Mz > Mg > M3 > Mj. So the best alternative is Mb, while the worst alternative 
is My. 


So, by using INWDPBM or INWDPGBM operators, the best alternative is Mb, while the worst 
alternative is Mj. 


6.2. Effect of Parameters y, x and y on Ranking Result of this Example 


In order to show the effect of the parameters x and y on the ranking result of this example, we set 
different parameter values for x and y, and y = 3 is fixed, to show the ranking results of this example. 
The ranking results are given in Table 3. 

As we know from Tables 3 and 4, the score values and ranking order are different for different 
values of the parameters x and y, when we use INWDPBM operator and INWDPGBM operator. 
We can see from Tables 3 and 4, when the parameter values x = 1 or 0 and y = 0 or 1, the best choice is 
Mg and the worst one is M4. In simple words, when the interrelationship among attributes are not 
considered, the best choice is M4 and the worst one is M;. On the other hand, when different values 
for the parameters x and y are utilized, for INWPBM and INWDPGBM operators, the ranking result is 
changed. That is, from Table 4, we can see that when the parameter values x = 1, y = 1, the ranking 
results are changed as the one obtained for x = 1 or 0 and y = 0 or 1. In this case the best alternative is 
Mp while the worst alternative remains the same. 


Table 3. Ranking orders of decision result using different values for x and y for INWDPBM. 




















Parameter Values INWDPBM Operator Ranking Orders 
B= Uy=07=3 Sip) = 70936, 5(0e) = 2420, a> Mla > Wa > Mh 
H=1y=57=3 SiR) = 1908 5(Rs) = 22666 > Ma > Bla > My 
petgeryns — URTIBO SED BER ay ys 
x=5,y=10,7 =3 AES = peed aris My > My > M3 > My. 
cenyntones EEDA TBIL SI) 2RME > 
cewyatnes SEDATE S280 > 
ee ee ee 


Table 4. Ranking orders of decision result using different values for x and y for INWDPGBM. 














Parameter Values INWDPGBM Operator Ranking Orders 
petgeogns SRO=TRE SRI a> > 
eeuyesnns SEDATE SI) 2B ys > 
eenyernas DAIS S286 ay > 
resyeroyas SARE SO = 228 a ys 
eevynwoyas  MEIEVRU SEDAN 5 a ys 
cetayenyan  MRYEU SE= 228, ay iy 
ee eee 
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From Tables 3 and 4, we can observe that when the values of the parameter increase, the score 
values obtained using INWDPBM decrease. While using the INWDPGBM operator, the score values 


increase but the best choice is Mp for x = y > 1. 


From Table 5, we can see that different ranking orders are obtained for different values of y. When 
y = 0.5 and y = 2, the best choice is M4 by the INWPBM operator; when we use the INWPGBM 
operator, it is Mp. Similarly, for other values of y > 2, the best choice is Mz while the worst is My). 


Table 5. Ranking orders of decision result using different values for +. 


INWDPGBM Operator 


Ranking Orders 








Parameter Values INWDPBM Operator 
PLY= I= 05 0) = 1606 sR) = 2197 
cS TYS U9 =2 Sie) = 188 (Ry) = 2201 
Fe tve y= 4 Spy) = 1885 Ry) = 2228 
POWVSTT=T Say) = 90st) = 2288 
Te tye tra 20 SiR) = 1910 Shy) = 2256, 
P= UN= MIS ay) 190m Si) = 23K 
Shas IT=20 SiR) sams (ky = aa 





S(R1) = 1.7870, S(Rz2) = 2.2347, 
S(R3) = 1.9103, S(R4) = 2.1812; 
S(R,) = 1.8491, S(Ro) = 
S(R3) = 1.9213, $(Ry) = 
S(R1) = 1.8740, S(Ro) = 
S(R3) = 1.9275, $(R4) = 
S(R1) = 1.8747, S(R2) 
S(R3) = 1.9331, 5(Ry) = 2.1669; 
S(R1) = 1.8701, (Ro) = 
S(R3) = 1.9373, $(Ra) 
S(R1) = 1.8642, S(R2) 
S(R3) = 1.9414, S(R4) 
S(Ry) = 1.8608, S(R2) = 
S(R3) = 1.9435, $(Ry) = 


2 2604, 
= 2.1562; 


My > Mp > M3 > My. 
Mz > My > M3 > My. 
My > Mz > M3 > My. 
Mp > My > M3 > My. 
Mp > My > Mg > My. 
M2 > Mg > M3 > Mj. 
Ma > My > Mg > Mh 
M2 > Mg > M3 > Mj. 
Ma > My > Ma > Mh 
M2 > Mg > M3 > Mj. 
My > My > Mg > Mh 
M2 > Mg > M3 > Mj. 
My > My > Mla > Mh 
M2 > Mg > M3 > Mj. 





6.3. Comparing with the Other Methods 


To illustrate the advantages and effectiveness of the developed method in this article, we solve 
the above example by four existing MADM methods, including IN weighted averaging operator, IN 
weighted geometric operator [12], the similarity measure defined by Ye [15], Muirhead mean operators 
developed by Liu et al. [42], IN power aggregation operator developed by Liu et al. [37]. 

From Table 6, we can see that the ranking orders are the same as the ones produced by the existing 
aggregation operators when the parameter values x = 1,y = 0,y = 3, but the ranking orders are 
different when the interrelationship among attributes are considered. That is why the developed 
method based on the proposed aggregation operators is more flexible due the parameter and practical 
as it can consider the interrelationship among input arguments. 


Table 6. Ranking order of the alternatives using different aggregation operators. 








Aggregation Operator Parameter Score Values Ranking Order 
INWA operator [12] No a8 - GEL . ie 2 . oe Mg > M2 > M3 > My. 
INWGA operator [12] No es = et 7 a = ee M4 > M2 > M3 > My. 
jaime RTO MY DIED OSH, > > 
Preeti penal 2) St) < 1916, snd = 2.2799; Mg > Mz > Ms > Wh. 
NWI peor] Sy SR TBS) = 23M, a yy 
INWDMM operator [42] ey 1) hoe = ee. aa = me Mg > Mz > M3 > My. 
ee SE = 1908 S20, a> fs > fh 
eS S15 STP > fs > fh 
eee 
INWDRDM opens as EMBL S20 > >t 
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From the above comparative analysis, we can know the proposed method has the following 
advantages, that is, it can consider the interrelationship among the input arguments and can relieve 
the effect of the awkward data by PWV at the same time, and it can permit more precise ranking order 
than the existing methods. The proposed method can take the advantages of PA operator and BM 
operator concurrently, these factors makes it a little complex in calculations. 

The score values and ranking orders by these methods are shown in Table 6. 


7. Conclusions 


The PBM operator can take the advantage of PA operator, which can eliminate the impact of 
awkward data given by the predisposed DMs, and BM operator, which can consider the correlation 
between two attributes. The Dombi operations of TN and TCN proposed by Dombi have the edge 
of good flexibility with general parameter. In this article, we combined PBM with Dombi operation 
and proposed some aggregation operators to aggregate INNs. Firstly, we defined some operational 
laws for INSs based on Dombi TN and TCN and discussed some properties of these operations. 
Secondly, we extended PBM operator based on Dombi operations to introduce INDPBM operator, 
INWDPBM operator, INDPGBM operator, INWDPGBM operator and discussed some properties of 
these aggregation operators. The developed aggregation operators have the edge that they can take 
the correlation among the attributes by BM operator, and can also remove the effect of awkward data 
by PA operator at the same and due to general parameter, so they are more flexible in the aggregation 
process. Further, we developed a novel MADM method based on developed aggregation operators 
to deal with interval neutrosophic information. Finally, an illustrative example is used to show the 
effectiveness and practicality of the proposed MADM method and comparison were made with the 
existing methods. The proposed aggregation operators are very useful to solve MADM problems. 

In future research, we shall define some distinct aggregation operators for SVHFSs, INHFSs, 
double valued neutrosophic sets and so on based on Dombi operations and apply them to MAGDM 
and MADM. 
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Appendix A. Basic Concept of PBM Operator 
Definition A1. For positive real numbers oy (h = 1,2,...,1) and x,y > 0 the aggregation mapping [54] 


7 ¥ 


1 J 1(T(@;) +1 1(T(@;) +1 
PBM*" (91, 92,---, 1) = ae _ : (ei) ) Pi x ( (i) ) 97 (Al) 


2 
POT ajar | C(t@) 40 ¥ (T(G0) +1) 
ae 





is said to be power Bonferroni mean (PBM) mean operator. 
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Definition A2. For positive real numbers o,(h = 1,2,...,1) and x,y > 0 the aggregation mapping [54] 


1 





Poi 
UT (@j)+1) 1(T(@j)+1) 
1 l E (eo) E (Me0)#0 
PRM pus Bar--+/81) = I] xP + yp; (A2) 
i=1j=1 
ifj 


is said to be power geometric Bonferroni mean (PGBM) mean operator. 
1 
In Definitions Al and A2, T(g;) = 0 supp(;, 9;), and supp(;, 99) is the SPD for 9; from 9; 


j=LjAi 
satisfying the axioms as; 


(1) sup(i, 9) = 1— D( gi, 9), so sup(i, 9;) € [0,1]; 
(2)  sup(9i, pj) = sup(@;, Vi); 
(3) sup(@i, ej) > sup(@c, Pa), if |i — Gy| < |e — wal: 


where D(9;, 9;) is the distance measure among 49; and 7;. 


Appendix B. Proof of Theorem 6 


Proof. Since 


tA,in =( J 1- u j= A : : ne : ; : sl- ! : 


sal) vine) toa) lca GN] le] 













































































and 
1+] A, Le ee IA, ae 1+] IA, ey 14] 1A, ss alte IA, as y. ie IA, bea, 
1-T7R; 1-TR; ID; ID; FL; FL; 
Let 

==L =U ==1 — L U L =U 

TR; TR; 1-JD; 1-JD; 1- FL; 1-FL; TR; TR; 
a, = 730, = uci = L 6d, = 7° 8i = =r ih, = —o 24 = —z ,b, = —7? 

1-TR; 1-7R; ID; ID; FL; Fl 1-7R; 1-7R,; 
=L =u ==L =U 
1-—JD; _1-ID; _1-FL; _1-FL; 
> =f od, =U ?S; =—=L hy =U 
ID; ID; FL; FL; 
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then, we have 


i 1 1 1 1 1 1 
1A, ini 1 T sll T > 1°? I 2 1 > 1 
1+(1A,)ra,  1+(1A,)rb, | | 14+ (1A,)r¢, 14+(1A,)r d, | | 1+(1A,)7 g, 1+(1A,)7 A 


i 








> 




















and 
(1A,in.) = —— —— — — j=} : 
' Sf. ih a | a Fike tft pp. sa 
1+x7/(UA,)ra, 1+x7/(IA,)rb, || 1+x7/(IA, re, Lx? /(IA, rd, || 14x7/(LA, rg, 14x (IA, rh, 
y 1 1 1 1 1 1 
(/o,n,) a TT =i TT ; (t= TT ; l= 7 ; s| l= TT ; ,l- TT : 
I+y’/ (lo, yy a, 1+ y"/ (le, yr b I+y"/ (lo, yr c, I+y’/ (la, yy d, I+y"/ (lo, yr g; 1+y?/(lo, yy hy 














Moreover, we have 





(1A,in.) @, (1A,in) = ! - : =| 1- : == ! =; 
1+(x/IA,a? + y/IA,a ) 1+(x/IA,by + y/LA BF) 1+(x/IAcf +y/IA chy 14+(x/IA,d? + y/IA a7) 





i= : T le : T > 
1+(s/IA,g? +y/IA,g')) — 1+(x/2A,h? + y/IAh? 7 


and 


Yan)’ ®, (1A,in/) 


ijal 
i2j 
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1 1 





T 
1+(x/IA,q) +y/lo,a x/IA,a’ +y/IA,a’ )F 


PL tl 
Ik 
/ 1+ 


1+(x/IA,cf +y/IA,c} 


ale 1+ 
at 


a4 








7 
x/INe) +y/IA,c} 


it 1 











T 
x/IA,g’ +y/eA,g" x/IA,g! +y/IA,g")° 


























I 


» I 
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1 

1+] ))} | 1-1+ : 
fi 1+(x/IA,d) +y/lo,d) )r 
: 1 

14] So} 1-1+ 


iy 
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x/IA,H +y/IM hi) 


x/IA,d? +y/IAjd7 \r 


x/IA,hy +y/Iv hi 
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1 1 a 
y ¥ \y 
- x y - x y - y 
1- |i yj/——+—*_]} Ja-a/ fa 1 —Y_ |} |) a/ ta 1 
= el eared * say iA,bi ‘ tea | 
iz i2j ij 
1 1 1 
y u x y ij u x y i 
1 P 1 1 ,Y il i 
7 2 fea ‘Tha? % p> IA,g/ 1A, * x iA IAW 
# is if 
So, we can have 
1A, ini LA. in , 
Pid J @o(1A,n,) 
1 
1 ayy 
L ‘ is 1 Y 
at ite if [ie isi tal S| 1-14+1/ 14+] $1/] ~—+— 
Pel ija/ (Aa? 1A ay ija/ (eA? eA,ay 
ity ie] 
1 
1 1\Vy \r 
1 7 1 7 
1 oy fae} ya-a/ 4 yy | + 1-141/ 14+ pm eg 
P= Aa) (Nar IAB IAB) IAB 
ity ay 
1 
1 nyy\ 
1 y y ‘ 
1 1+ 1-1/ 1+ = Yo1+ : 
Pol | / : ly a) Dy, i “ata 
i#j ap 
1 
ea 1 Y 
L r L 7 
if \t) oa el a Voi+] yj _ 
P-l Sa) (tad? iA? 44/ Ad? 1A? 
rej Bj 
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1 
Bd 1yy 
1 1 y Y 
yo jit 1-1 14+) Yy/f|— + eps 
-l a INe [A je; >/ ee IA je, 
i#j ej 


Ly \y 


Y ¢ 
1 ! x y ye 
1 1+ 1-1/ 1+ 1 + 1+ 
py iz hy IA,hi >a ts a “The 


ij=l ij=l 
itj tj 
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~ 
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~ 
~D 
| 
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ri x y 
1- yf |14+]/5—Y) <p 
P-144] \ Ad? ia] 


Bj 





yy _ a7 
YH) dt a a4 Sh *_4_Y 
4 apdy lies “Tg! P-1L4) (IAW IA 


izj ij 


1 [ 1 
14./f x x y y 1s if x y ’ 
=(|l1- ¥ Ji4}=— yy} y fear A) ft4}— yy} + |] |, 
P-144/ | tN" Z| Heady fe IAB P-14/] Ag | IA 
iaj ! ij izy ! 


Then, 

















=(]] J (A3) 
/ ity y y pe P=] / Lif x y i 
Scr ler ‘=| Oy Me a] B eel 
Now, put 
TR TR TR, TR 
_ TR; _ TR _ 1-1D, _ 1-ID = 4eFE; 4 . “I—FL = yi TR 
4 Lb Su Ci = di =a 8i thy S14 =, b; 7 07 
1-TR; 1-TR; F ; ; ; 1-TR; 1-TR; 
==. L =U 
1-—ID; 1-ID 1-FL; 1—FL; 
a i = = i _ 
Cj =, dj ar §j sh; =: 
IDj FL; 


in Equation (A3), we can get 





; : Ly (iain) ®,(IA,in,) 


ijl 
is] 
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/ 1 
/ / 
/ / 
{ ' 
2 / L / Pp 
= yo fis{Sebe af yy |—*—_,—_* _ i4 
x+y [Jim Tm ) 7 ) 
/ FV IN| Ser] 1A} ar 
/ / 1-TRi 1-TR; 
[ / a 
/ / 
/ 
voy faa] ts y oer. ae eee Ae | DP wie 
xty [Jip =—y = ¥ 
[ye 
i j 
/ Di 
/ 
[ Hl 1 
/ / yr 
/ / 
| / 
2 / L / 2 
f=5 / r , 2 
1- ¥ |t4e/——x 4 y | —_ +} ||| | 1- 14 
x+y / > / = ] Es 
/ ej | 
/ / 7 
/ / 
/ / i 


This is the required proof of the Theorem 6. 


















































Appendix C. Proof of Theorem 7 
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Appendix D. Proof of Theorem 9 


Proof. Since 


+ ! L U 1 L U 1 L U - 1 L U 1 L U 1 L U 
in = (max 7 oFRi jomin| 20: Di jonin| FE: yF Li ). = (min| 7 5TRi max | 70; AD: jomax | »FLi ): 








297 


Symmetry 2018, 10, 459 


then, there are 








L- iL Lt U- U U+ L— Le b+ U- U U+ L- L L+ 
TR <TR (n,)<TR ,TR <TR (n)<TR ID <ID(n)<ID ID <ID (n)<ID ,FL <FL(n)<FL , 


=—U- =U =—U+ 
FL <FL (n)<FL , 


for alli =1,2,...,1. We have 





















































= ay 
TR (in,) = =TR 
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= — 
TR (in) = =7R 
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1D (in) = =D 
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D {in = = 
a =% 
FL (in) = =FL 
¥° (in) = -y 
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Then there are the following scores 








L U L U 
TR +TR ID +ID 
+1- + 








2gM- 


























L— U— + U+ L+ U+ 
TR +TR ID +ID FL +FL 
= 3 +1- 5 +1- 5 , 


Therefore according to the Definition 6, we have 


in < INDPBM(iny, inp, ...,in1). 


In a similar way, the other part can be proved. That is in, < INDPBM (iny,ing,. nd itm) < 








=+ 
in. Hence = 
in < INDPBM(im,, inp, -. -,ittm) <in . 
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Abstract: In this article, we extend the original TODIM (Portuguese acronym for Interactive 
Multi-Criteria Decision Making) method to the 2-tuple linguistic neutrosophic fuzzy environment to 
propose the 2TLNNs TODIM method. In the extended method, we use 2-tuple linguistic neutrosophic 
numbers (2TLNNs) to present the criteria values in multiple attribute group decision making 
(MAGDM) problems. Firstly, we briefly introduce the definition, operational laws, some aggregation 
operators and the distance calculating method of 2TLNNs. Then, the calculation steps of the original 
TODIM model are presented in simplified form. Thereafter, we extend the original TODIM model to 
the 2TLNNs environment to build the 2TLNNs TODIM model, our proposed method, which is more 
reasonable and scientific in considering the subjectivity of DM’s behaviors and the dominance of 
each alternative over others. Finally, a numerical example for the safety assessment of a construction 
project is proposed to illustrate the new method, and some comparisons are also conducted to further 
illustrate the advantages of the new method. 


Keywords: multiple attribute group decision making (MAGDM); 2-tuple linguistic neutrosophic sets 
(2TLNSs); TODIM model; 2TLNNs TODIM method; construction project 





1. Introduction 


The Interactive Multi-Criteria Decision Making (TODIM) model, first defined by Gomes and 
Lima [1], is a useful tool to investigate multiple attribute group decision making (MAGDM) problems 
and has been widely used in industrial, commercial economy, and management science areas. Some 
traditional MAGDM models have been investigated in the previous literature, such as: the ELimination 
Et Choix Traduisant la Realité (ELECTRE) model [2]; the Preference Ranking Organization Method 
for Enrichment of Evaluations (PROMETHEE) model [3]; the Technique for Order of Preference by 
Similarity to Ideal Solution (TOPSIS) model [4,5]; the grey relational analysis (GRA) model [6-8]; 
the multi-objective optimization by ratio analysis plus the full multiplicative form (MULTIMOORA) 
model [9,10]; and, the VIseKriterijumska Optimizacija I KOmpromisno Resenje (VIKOR) model [11-13]. 
Compared with these existing methods, the TODIM model, which is based on prospect theory (PT), [14] 
has the advantages of considering the subjectivity of decision maker’s (DM’s) behaviors and providing 
the dominance of each alternative over others with particular operation formulas, and can be more 
reasonable and scientific in the application of MAGDM problems. 

In practical decision problems, it is difficult to present the criteria values with real values for 
the complexity and fuzziness of the alternatives, and so it can be more useful and effective to 
express the criteria values with fuzzy numbers. Fuzzy set theory, which was initially introduced 
by Zadeh, [15] has been proved as a feasible means in the application of MAGDM [16,17]. 
Smarandache [18,19] provided the neutrosophic set (NS). Then, Wang et al. [20,21] investigated 
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theories about single-valued neutrosophic sets (SVNSs) and provided the definition of interval 
neutrosophic sets (INSs). Ye [22] studied multiple attribute decision making (MADM) problems under 
the hesitant linguistic neutrosophic (HLN) environment. Wang et al. [23] studied the dual generalized 
Bonferroni mean (DGBM) aggregation operators under the SVNNs environment. Liu and You [24] 
proposed some linguistic neutrosophic Hamy mean (LNHM) aggregation operators. Wu et al. [25] 
gave the definition of SVN 2-tuple linguistic sets (GVN2TLSs) and proposed some new Hamacher 
aggregation operators. Ju et al. [26] extended the SVN2TLSs to the interval-valued environment and 
presented some single-valued neutrosophic interval 2-tuple linguistic Maclaurin symmetric mean 
(SVN-ITLMSM) operators. Wu et al. [27] studied SVNNs with Hamy operators under the 2-tuple 
linguistic variable environment. Wang et al. [28] provided the definition of the 2-tuple linguistic 
neutrosophic number (2TLNN) in which the degree of truth-membership, indeterminacy-membership 
and falsity-membership are depicted by 2TLNNs. Thereafter, the SVNS theory has been widely used 
to study MAGDM problems. 

Gomes and Lima [1] used the TODIM model to investigate MADM problems taking the DM’s 
confidence level into account to obtain more rational selection under risk. Wei et al. [29] extended the 
TODIM method to the hesitant fuzzy environment. Ren et al. [30] studied the TODIM model under the 
Pythagorean fuzzy environment. Fan et al. [31] established an extended TODIM model to solve MADM 
problems. Wang and Liu [32] developed an extended TODIM model based on intuitionistic linguistic 
information. Krohling et al. [33] extended the original TODIM method to the intuitionistic fuzzy 
numbers environment to propose the IF-TODIM method, and Lourenzutti and Krohling [34] built an 
intuitionistic fuzzy TODIM model based on the random environment. Wang et al. [35] combined the 
TODIM method with multi-hesitant fuzzy linguistic information to propose a likelihood-based TODIM 
method. Liu and Teng [36] provided an extension of the TODIM method under the 2-dimension 
uncertain linguistic variable. Sang and Liu [37] extended the TODIM method to interval type-2 fuzzy 
environments. Pramanik et al. [38] provide the NC-TODIM method under the neutrosophic cubic sets. 
Xu et al. [39] considered both the traditional TODIM model and SVNSs to build the SVN TODIM and 
IN TODIM models. Hu et al. [40] proposed a three-way decision TODIM model. Huang & Wei [41] 
proposed the TODIM method for Pythagorean 2-tuple linguistic multiple attribute decision making. 
However, there has been no study about the TIDOM model for MAGDM problems with 2TLNNs and 
there is a need to take the 2TLNNs TIDOM model into account. The goal of our article is to combine 
the original TIDOM model with 2TLNNs to study MAGDM problems. The structure of our paper is 
as follows. Section 2 introduces the concepts, operation formulas, distance calculating method, some 
aggregation operators of 2TLNNs and the calculation steps of the original TODIM model. Section 3 
extends the original TIDOM model to the 2TLNNs environment and introduces the calculation steps of 
the 2TLNNs TIDOM method. Section 4 provides a numerical example and introduces the comparison 
between our proposed methods and the existing method. Section 5 provides some conclusions from 
our article. 


2. Preliminaries 


2.1. 2-Tuple Linguistic Neutrosophic Sets 


Based on the concepts of 2-tuple linguistic fuzzy set (2TLS) and the fundamental theories of the 
single valued neutrosophic set (SVNS), the 2-tuple linguistic neutrosophic sets (2TLNSs) first defined 
by Wang et al. [28] can be depicted as follows. 


Definition 1 ([28]). Let 91,12,...,% be a linguistic term set. Any label yj; shows a possible linguistic 
variable, and 4 = {no = extremely poor,4, = very poor, yr = poor,y3 = medium, ye = good,y5 = 


very good, yo = extremely good.}, the 2TLNSs y can be depicted as: 


4 = { (Sa), (sp, ), (Sx, 1) $ (1) 
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where Sq,Sp,Sx © 1,9,9,Y © [—0,5, 0.5), (Sa,), (sg, 9) and (sy,) represent the degree of the truth 
membership, the indeterminacy membership and the falsity membership which are expressed by 2TLNNs 
and satisfies the condition A~1(s_,),A~+(sg, p) and A~1(sy,7) € [0,k],0 < A71(sq,p) + A-1(sg, p) + 
A71(sy,7) < 3k. 


Definition 2 ((28]). Assume there are three 2TLNNs m, = {(Sa/$1), (8p), 1). (Sar M1) b, 12 = 
{ (Sao, 2), (sg), 92), (Syo,Y2) } and 4 = { (Sa, ®), (sg, ), (sy, 7) }, the operation laws of them can be defined: 





Al k Aen) | Ae) Seat) 2 es $2) 


O42 = 2 - _ 
m1 2 Alz A “(6y-94) . A “p2))) a (i(* “(x mm) : “(512 72) my) f 


a(e( 22Gputd eae), 


Al(se.@ A7'(sz., A*(sg,,9,) A~ (s 
1 @ 12 = Al k (54, 1) | (555-02) (54, 1). ped) 

















A(k( 2 7Gam) 4 Gr) _ OS) 80-72) 
= A _ a ) 
o-oo fee) (6 =) 
1 a ls * -1 


According to Definition 2, it is clear that the operation laws have the following properties: 


Xx» 
m1 D Y2 = N28 y1,11 @ y2 = Y2@ M1, ((m)**) * = (my; (2) 
Xd _ A A Re: 
(171 © y2) = Aj © Az, (41 @ 2)” = (1)" ® (42) (3) 
Arm ® Ag = (Ar + Az), (m1)™ @ (mm)? = (Mm). (4) 


Definition 3 ([28]). Let 7 = {(Sa,), (sg, @), (Sx,y)} be a 2TLNN, the score and accuracy functions of 4 
can be expressed: 


—1 Sa, = A-1 Sp, —_ a-l ao 








h() = A*(Sa,) — A-*(Sx-1),W() € [-k,K] (6) 


For two 2TLNNs 77; and 72, based on Definition 3, then 


(1) if s(m1) < s(y2), thenny < no; 
(2) if s(1) > s(q2), then yy > yp; 
(3) if s(y1) = s(y2), (41) < h(y2), then ny < na; 
(4) if s(m1) = (2), h(y1) > h(y2), then, > No; 
(5) if s(y1) = s(y2),h(y1) = h(y2), then yy = 2 
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2.2. The Normalized Hamming Distance 


Definition 4. Let 4; = { (Say, 91), (sg,, 1), (Sy,71) } and 4. = { (Sua, 2), (spy, 92), (Sy5,'V2) } be two 
2TLNNs, then we can get the normalized Hamming distance: 


_ 1f |A*(Say,$1) — A~*(Sag,$2)| +14 (5p, 91) — 4-*(sp,, 2) | 
a xe( +A 6_1,71) — Al S372)| ” 


Theorem 1. Assume there are three 2TLNNs ny; = { (Sa, 1), (sg,, 91), (sx,11) }, 2 = 
{ (Sag, 2), (sg), 2)1(Sxor¥2) } and nz = { (Suz, 3), (sg, 3), (Sy37'¥3) }, the Hamming distance d has the 
following properties: 


(P1) 0 < d(m1,42) <1; (P2) if d(1,92) = 0, then 41 = n2; 
(P3) d(m,y2) =a(y2,41); (P4) dl, 92) + d(y2,93) = d(y1, 73). 


Proof. (P1) 0 < d(m1,42) <1 
Since A7}(S,,¢1),4- 1 (Say,2) € [0,k], then 0 < |A1(se,,¢1) -A™1(Se),2)| < k, similarly 
we can get 0 < |A~1(sp,, 91) — A} (5g), 92) | < k0 < |A1 (544,71) — A} (Sy9/72)| <_k, then 
O< |A~" (S11) ~ A" (Sap, 2) | + a (spy, 1) =<" (sp,, #2) | oF |A7 (8x71) - A*(Sx9/72)| < 3k, 
S00 < (|A-"(Ses,1) — A“*(Suar2)| + |A-? (Sp-91) — 4" (Spa 2) | + |AMSeu1) ~ A-4(5y2-72)|) S 


3k. 
Therefore 0 < d(1,42) < 1, the proof is completed. 
(P2) if d(m1,42) =0, then y, = y2 
(qr, mz) = 3p (AA (Sur 1) — 471 (Sug, P2)| + |" (Sp, 91) — 47 (Spy, G2) | + [ATM Saar) — A" (Sp2/'72)|) = 


=> ([A*(Say-f1) — A*(Sagf2)| = 0, [A (8p,, 1) — A" (Spy, 92) | = 0, |A~*(Sx1-71) — A*(Sx2/'72)| = 0) 
> (A (Say, 1) = A! (Sap, 2), 471 (sp,, 91) = A” (Spo, 2), O71 (Sx,-71) =A~ 1(Sxp,12)) 


That means 7; = 72, so (P2) if d(y1,y2) = 0, then ny = np is right. 
(P3) d(1,2) = 4(y21) 


2) = 3¢ (A (Say P1) — 7 (Sug, 2)| + [O71 (Sp, 1) — 47" (Spy, G2) | + [OM Sxar71) — 47 (Sx272)) 
3K (A 1 (Say 2) — A-* (Say P1)| + [4-1 (sp, 92) — A*(sp,, 91) | + [A (Sx9772) — AM Sy1-71)|) = d(y2,11) 


a3 


So we complete the proof. (P3) d(#1,12) = d(42,111) holds. 
(P4) d(mi,t2) + 4(y2,43) = 4(q1 13) 


if |A* (Say 1) ~ A" (Sus, s)| +|A~(sp,,91) — A" (spy, 3) | 
d(m, 12 = 3r ( +|A-t on ae A7! (Sy, 73) | 
“Nay $1) = A} (Sa9,2) + A! (Sag, 2) — A} (Sa53)| 
=%{ + ve (spy P1) — 47! (S65, 92) + A7"(Sp,, 92) — A" (Sp5, 3) | 
+|A-1 (844,71) — AT} (Sy9,12) + AW} (Sy9/'12) — A71(Sy5,73)| 
A" (51,1) — A" (Sag, P2)| + [At (Sag, 2) — AW" (Sn5,3)| 
+[/A> (Sp,, #1) =x (spy, $2) | a5 |a- (5g, $2) a (5p,, 93) | 
+|A7} (Sx, 1) — Av! (Sxo, 2) | + |A-t (Sxp, 72) = Aol (Sx5, 73) | 
= d(1,42) + d(y2,73) 





IA 
Be 
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2.3. The Aggregation Operators of 2TLNNs 


Definition 5 ((28]). Let qj = { (Seri), (55, gj); (Sq vi) \ (j =1,2,...,n) bea group of 2TLNNs, then 
the 2TLNNWA and 2TLNNWG operators proposed by Wang et al. [25] are defined as follows. 











n 
2TLNNWA (171, 172, .- +, 1]n) = @111 B Way2-..B Wan cai (8) 

j= 

and , 
2TLNNWG (91, 12,--- 11x) = (11) ® (12)... (An) = @ (m4) (9) 


where w; is weighting vector of 1);,j = 1,2,...,n. which satisfies 0 < w; <1, Li joj =1. 


Theorem 2 ([28]). Let nj = { (saj.))- (s5,, 9); (Sxj.1) \Gi =1,2,...,n) be a group of 2TLNNs, then 
the operation results by 2TLNNWA and 2TLNNWG operators are also a 2TLNN where 


2TLNNWA (171, 112, ---, Mn) = 
j 


ANY 

ene ™Y) 
2TLNNWG (171, 172, ---,!n) = Bn) | 
r a(t eum | } rm ii(s ~2h) ) an 
ee-al)) 


Tes 


Oj; 





ros 


bo, 
mn 


and 








—— 


J 


2.4. The Original TODIM Method 


The TODIM method, which is based on prospect theory (PT), considers the subjectivity of DM’s 
behaviors and can provide the dominance of each alternative over others with particular operation 
formulas, and is more reasonable and scientific in the application of MAGDM problems. 

Assume that {171,1]2,...1]m} be a group of alternatives, {c1,c2,...Cy} be a list of criteria with 
weighting vector be {w1,W2,...Wn}, thereby satisfying w; € [0,1] and 7, w; = 1. Construct a 
decision matrix 4 = [dij] Kisii where 45 means the estimate results of the alternative 7;(i = 1,2,...,m) 
based on the criterion c;(j = 1,2,...,n). Suppose that wj, = w;/wz be relative weight of c; to cp 
where wy = max (7; ) k,j =1,2,...,n. The traditional TODIM method decision making steps can be 
summarized as follows: 

Step 1. Normalize 7 = [dj] ,,,.,, into 4! = [a%,| en’ 

Step 2. Calculate the dominance degree of 7; over each alternative 7 based on c;. Let p be the 
attenuation factor of the losses. Then 


5(i, It) = Lai nin Mt) ( ../M) (12) 
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Vir (dij = dij) /Yj=1 Wik if dij = aj >0 
dj(yim) = 4 9 if dij — dj = 0 (13) 
ty (Eh wie) (dij = dt) / Wik if dij a ay <0 


where 0;(1;, 4+) (dij — 44; > 0) means gain and 8;(1;, 17+) (dij — 44; < 0) indicates loss. 
Step 3. Compute the overall value of 5(1;) with formula (14): 





s O(Mi Mt) — min 3 s(n) } 
t=1 1 t=1 


max 5 o(Hi, n)} - min} es s(n) } 
t=1 u f=1 


1 





(qi) = (14) 


Step 4. To choose the best alternative by rank the values of 5(1;), the alternative with maximum 
value is the best choice. 


3. The TODIM Method with 2TLNNs 


Assume that {171,172,-..1m} be a group of alternatives, {d1,d2,...d,} be a list of experts with 
weighting vector be {01,02,...v:}, and {c1,C2,...Cn} be a list of criteria with weighting vector be 
{W1,W2,...Wn}, thereby satisfying w; € [0,1],07; € [0,1] and Vi, w; = 1, pea v; = 1. Construct 


_ sy “ n A A A 
a decision matrix 7” = ie where Ni = (Snij- i) ; (5p,,, 91) P (Sey 1H) means the 
estimate results of the alternative 7;(i = 1,2,...,m) based on the criterion Cj (j =1,2,...,n) by expert 


A A 
dD. (Seiji) denotes the degree of truth-membership (TMD), (sp, gi) denotes the degree 
A 
of indeterminacy-membership (IMD) and (Sey-1H) denotes the degree of falsity-membership 


(FMD), 0 < A-1(sey-4ij) 4-1 (spy. i) +A-1 (sey) < 3k (i=1,2,...,m,j =1,2,...,n). 
let Wik = w;/ Wx 0< Wik S 1) be relative weight of cj to cr where wy = max(w;) (fH 1,2 pe 205M): 
Consider both the 2TLNNs theories and traditional TODIM method which based on prospect 
theory (PT), we try to propose a 2TLNNs TODIM method to solve MAGDM problems effectively. The 
model can be depicted as follows: 
Step 1. Calculate the value of Wik = wj/ Wk (0 < Wye S ai} We = max (wj) (k,j =1,2,...,n). 
Step 2. According to the computing results of relative weight w;x, we can calculate the dominance 


degree of 7} over each alternative 1 based on cj by expert dj). let p be the attenuation factor of the 
losses. Then 





ena(nh - rt) /Yj=1 Wik if rh - rh >0 
o (ni, me) = 4 0 ifr} —ri =0 (15) 





1 n . A yA . *fiA. __ gh 
1) (Tha wp)a(na rh) / je if ti; "<0 


A 





a(rh—r§) = 2 (sar) — 3° (sarts)| +O 93)) 3" (er) 


where oN (Ni, me) (r} = rh > 0) means gain and O (Hi, me) (r} os rh <0) indicates loss, and based on 


Definition 4, d(r} - rh) means the normalized Hamming distance between rh and rh. 


(16) 
+ 
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Next we construct a matrix model of dominance degree on = [3 (Ni, | under criteria Cj by 
mxm 
expert d, to express Equation (15) more clearly. 


41 2 ete Ym 
m [ ° ON (mutta) ++» OM Mm) 
A A 
yo | 8 (y2,m1) 0 .-. 8° (12,Nm) 17 
Omim)y= |! hs f=12..., a”) 
Ym ON tm m1) oO (ni, t) sia 0 


Step 3. Compute overall dominance degree on = [ohn m)| to get the matrix model 
mxm 
on = [& (i 8) pnscon* 


n 
O (mis ge) = OF (nim) (i,t = 1,2,-..,12) (18) 
j=l 
m a Ym 
m i. (p42). A laled 
yo | (y2,m) 0 ... O(y2,19m) 19 
Oni m) =. ; : es 
nm | (ym) (im)... 0 


Step 4. Calculate the overall dominance 06(y;,7;) based on the expert weighting vector 
{v1,02,...0¢} and the results of Equation (19). 


a 
o(i, yt) = Yvan (yim) (i,t ='1,2,....;1) (20) 
j=l 


The overall dominance 6(7;, 4) matrix can be constructed by Formula (21) as follows: 


41 12 stots Ym 
m 0 Oj(mi,y2) «+. (1, 4m) 
yo | Oi(q2-I1) 0 --»  Oj(42/4m) 21 
(mm) = 2 | 7, aia a ee me 
Mm di(Ymei) Oj (Hit) +. 0 | 
Step 5. Compute the overall value of 5(4;) with Formula (22): 
m a 2 m 
L o(yir yt) — min} Lx snd} 
6(4;) = —> = (22) 





max{ Fo n)} = min} ¥ (ni, n)} 


Step 6. To choose the best alternative by rank the values of 5(1;), the alternative with maximum 
value is the best choice. 


4. The Numerical Example 


4.1. Calculation Steps Based on MAGDM Problems 


Construction engineering projects have the following characteristics: large investment, many 
participants, complex project environment, and a wide range of risk factors on the basis of the 
engineering procurement construction (EPC) mode. Therefore, it is necessary to analyze and assess 
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risks during the life cycle of a construction engineering project, with a risk assessment being beneficial 
for implementing projects and completing project goals. Construction engineering projects face a 
range of political, economic, social natural and other types of risks during the implementation process. 
These risks have a great influence on construction companies, and produce many high probability 
factors which are difficult to estimate and quantify. Thus, we provide a numerical example for 
construction engineering project risk assessment (adapted from Reference [27]), using the TODIM 
method with 2TLNNs, in order to illustrate the method proposed in this paper. Assuming that there 
are five possible construction projects 7;(i = 1,2,3,4,5) to select from and four criteria to assess these 
construction projects: @) Gj is the construction work environment; @) G2 is the construction site safety 
protection measures; (3) G3 is the safety management ability of the engineering project management; 
and @) Gy is the safety production responsibility system. The five possible construction projects 
yi(i = 1,2,3,4,5) are to be evaluated with 2TLNNs with the four criteria by three experts d* (criteria 
weight w = (0.14, 0.33, 0.29, 0.24), experts weight v = (0.45, 0.15, 0.40)., listed in Tables 1-3. 


Table 1. 2-tuple linguistic neutrosophic numbers (2TLNNs) evaluation matrix by d o 


Gi G2 G3 G4 
m {(s4,0), (S2,0), (S1,0)} _ {(S5,0), (S3,0), (S2,0)} — {(S4,0), (81,0), (81,0)} —{(S3,), (S2,0), ($2,0)} 


$f , { yf 
12 {(s5,0), (S4,0), (S4,0)} — {(83,0), (S4,0), (S2,0)} — {(S2,0), (81,0), (83,0)} —{(S4,0), (81,0), ($2,0)} 
113 {(s5,0), (s4,0), (S2,0)} — {(S2,0), (4,0), (S5,0)}_— {(S3,0), (2,0), (S4,0)} —{(S2,0), (S1,0), (84,0)} 
} { y { } { 
$f , { yf 





4 {(s3,0), (52,0), (S3,0)} —_{(S4,0), (83,0), (S2,0)} — {(83,0), (83,0), (S4,0)} — {(S2,0), (81,0), (81,0)} 
115 {(s1,0), (54,0), (S5,0)} —_{(S2,0), (83,0), (S1,0)} — {(S3,0), (84,0), ($5,0)} —{(S2,0), (84,0), ($3,0)} 


Table 2. 2TLNNs evaluation matrix by a, 





Gi G) G3 G4 


m {(s5,0), (51,0), (S2,0)} — {(S4,0), (53,0), (S1,0)} — {(S4,0), (S2,0), (81,0)} —{($5,0), (81,0), ($2,0)} 
112 {(s4,0), (s3,0), (s3,0)} —_{(s3,0), (s1,0), (s4,0)} — {(S2,0), (81,0), (s3,0)} _{(s5,0), (4,0), (81,0)} 
13 {(s3,0), (84,0), (3,0)} — {(S2,0), (S4,0), (85,0)} — {(S5,0), (81,0), (S2,0)} —_{(S2,0), (81,0), (S2,0)} 
$f , { yf 
} { , { } { 





14 {(s4,0), (55,0), (S4,0)} — {(S2,0), (53,0), (S4,0)} — {(S3,0), (83,0), (S4,0)} — {(S4,0), ($40), (85,0)} 
15 {(S2,0), (54,0), (S5,0)} — {(83,0), (81,0), (S5,0)} — {(S2,0), (83,0), (S4,0)} —{(S2,0), (81,0), (83,0)} 


Table 3. 2TLNNs evaluation matrix by a, 


Gi G2 G3 Gq 
mM {(s5,0), (S1,0), (S1,0)} _ {(85,0), (81,0), (S2,0)} — {(S3,0), (83,0), (81,0)} —{(S4,0), (S20), (81,0)} 


} { } { } 
12 {(s5,0), (84,0), (s5,0)} — {(S3,0), (S2,0), (S1,0)} —{(S2,0), (S1,0), (S4,0)} —{(S4,0), (85,0), ($3,0)} 
13 {(S2,0), (81,0), (S4,0)} —_ {(5,0), (S40), (S3,0)}  {(S4,0), (83,0), (S3,0)} _{(S5,0), (S2,0), (83,0)} 
bef bf } { 
} { , { } 





14 {(S2,0), (51,0), (S3,0)} —_{(S4,0), (81,0), (S2,0)}—_{(85,0), (83,0), (S2,0)} —{(S1,0), (84,0), ($5,0)} 
15 {(s1,0), (54,0), (S5,0)} —_ {(S2,0), (84,0), (S4,0)} — {(83,0), (84,0), (83,0)}  {(S2,0), (84,0), ($4,0)} 


Step 1. Calculate the value of w= w;/wz(0 < wy <1), we = max(w;) (k,j = 1,2,...,n). 
Pp j j i j) Md 


Wr = max(0.14, 0.33, 0.29, 0.24) = 0.33 
Wie = W;/ We = (0.4242, 1.0000, 0.8788, 0.7273)" 


Step 2. According to the computing results of relative weight w;x, we can calculate the dominance 
degree of nh over each alternative 7; based on c; by Ath experts. The operation results are listed as 
follows. (9 = 2.4) 
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% 


B 


For expert d1, the dominance degree TH can be calculated: 


For expert dz, the dominance degree TF can be calculated: 


For expert d3, the dominance degree ie can be calculated: 


m 
m2 
13 
m4 
45 


m 
12 
13 
m4 
15 


m 
12 
13 
m4 


15 


m 
42 
13 
m4 
5 


42 
13 
m4 
15 


m 
M2 
13 
m4 
45 


| —0.7874 





| —0.5158 





| —0.4467 


| —0.8705 





| —0.3159 


m 2 

0.0000 0.2160 
—0.6429 0.0000 
—0.5250  —0.3712 
—0.4546 0.1972 
—0.5869 
m 172 
0.0000 0.2539 


—0.3647 0.0000 

—0.4078  —0.3159 

—0.4467.  —0.3647 
—0.4467 


m™ 12 
0.0000 0.1764 


—0.5250 0.0000 
—0.6429 —0.3712 
—0.6944 —0.4546 
| —0.7874 —0.5869 
m No 


0.0000 0.2838 
—0.4078 0.0000 
0.2198 0.2539 
—0.4078  —0.3647 


—0.3159 


m 12 
0.0000 0.2333 
—0.6944 0.0000 
—0.6429 0.2333 
—0.5869 0.2494 
—0.5250 
m Ne 
0.0000 0.3109 
—0.4467 0.0000 
—0.3159 0.2838 
0.2198 0.3358 


—0.4078 


13 
0.1764 
—0.3712 
0.0000 
—0.5869 
—0.6944 

3 
0.2838 
0.2198 
0.0000 

—0.1824 


—0.3159 


13 
0.2160 
0.1247 
0.0000 

—0.4546 
—0.4546 
3 
—0.3159 
—0.3647 
0.0000 
—0.4467 


—0.4825 


13 
0.2160 
—0.6944 
0.0000 
0.0882 
—0.5869 

13 
0.2198 
—0.4078 
0.0000 
0.1795 


—0.2579 


4 
0.1528 
—0.5869 
—0.5869 
0.0000 
—0.6429 

14 
0.3109 
0.2539 
0.1269 
0.0000 

—0.2579 


14 
0.2333 
0.1528 
0.1528 
0.0000 

—0.5250 

4 
0.2838 
0.2539 
0.3109 
0.0000 


—0.1824 


14 
0.1972 
—0.7424 
—0.2625 
0.0000 
—0.6429 

4 
—0.3159 
—0.4825 
—0.2579 

0.0000 


—0.3647 


5 
0.2646 
0.1972 
0.2333 
0.2160 
0.0000 

5 
0.3590 
0.3109 
0.2198 
0.1795 
0.0000 


5 
0.2646 
0.1972 
0.1528 
0.1764 
0.0000 

15 
0.3109 
0.2198 
0.3358 
0.1269 


0.0000 


15 
0.2925 
0.1764 
0.1972 
0.2160 
0.0000 

15 
0.2198 
0.2838 
0.1795 
0.2539 
0.0000 
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m 
42 
13 
14 
15 


m 
2 
13 
14a 


45 


m 
42 
13 
14 


45 


m 
2 
13 
Na 


"5 


Na 
3 
14 
15 


m 
12 
13 
Na 


15 











m 
0.0000 
—0.2961 
—0.4523 


—0.1710 


| —0.3419 


m 

0.0000 

0.1633 
—0.4009 


0.2000 


| —0.4009 


m 
0.0000 
—0.4188 
—0.4523 


—0.3823 


| 0.4523 


m 
0.0000 
—0.4009 
—0.3472 
—0.5304 


| —0.4009 


mM 
0.0000 
—0.3419 
—0.3419 
—0.1710 


| —0.4835 


m 
0.0000 
—0.4483 
—0.3472 
—0.6014 


| —0.5304 


2 
0.2345 
0.0000 
—0.3419 
0.1915 
0.2345 
2 
—0.2835 
0.0000 
—0.4009 
—0.3472 


—0.4910 


12 
0.3317 
0.0000 
—0.3823 
—0.2961 
—0.1710 
2 
0.2309 
0.0000 
—0.5304 
—0.4483 


—0.5670 


12 
0.2708 
0.0000 
—0.4188 
0.2345 
—0.4188 
2 
0.2582 
0.0000 
0.2309 
—0.4910 


—0.4009 


113 
0.3582 
0.2708 
0.0000 
0.3317 
0.3028 

"3 

0.2309 
0.2309 
0.0000 
0.2000 
—0.4009 


113 
0.3582 
0.3028 
0.0000 
0.1915 
0.2708 
13 
0.2000 
0.3055 
0.0000 
—0.5670 
—0.2005 


113 
0.2708 
0.3317 
0.0000 
0.3028 

—0.3419 

13 

0.2000 
—0.4009 
0.0000 
—0.5670 
—0.4910 


1a 
0.1354 
—0.2418 
—0.4188 
0.0000 
—0.2961 
14 
—0.3472 
0.2000 
—0.3472 
0.0000 
—0.4483 


Ma 
0.3028 
0.2345 

—0.2418 
0.0000 
0.2708 

14 

0.3055 
0.2582 
0.3266 
0.0000 


0.3055 


Na 
0.1354 
—0.2961 
—0.3823 
0.0000 
—0.4523 

14 
0.3464 
0.2828 
0.3266 
0.0000 


0.1633 


95 
0.2708 
—0.2961 
—0.3823 
0.2345 
0.0000 

5 
0.2309 
0.2828 
0.2309 
0.2582 


0.0000 


5 
0.3582 
0.1354 

—0.3419 
0.2708 
0.0000 

45 
0.2309 
0.3266 
0.1155 

—0.5304 
0.0000 


15 
0.3830 
0.3317 
0.2708 
0.3582 
0.0000 

15 

0.3055 

0.2309 

0.2828 
—0.2835 


0.0000 











Symmetry 2018, 10, 486 


Step 3. Compute overall dominance degree on = [2* (ni, n2)] to get the matrix 4 = 
mxm 


[o* (gi, gr) mxm 


41 
gt 2 
113 
14 


15 1 


41 
g2 2 
13 
74 


15 | 


41 
we — FW 
113 
14 


15 1 

















1 2 13 14 
0.0000 0.4209 1.0494 0.2518 
—1.1405 0.0000 0.3504 + —0.3748 
—1.7860 —1.4299 0.0000 —1.2260 
0.8723 —0.3233 —0.2376 0.0000 
2.0461 —1.2902 —1.1085 —1.6452 

1 vp 13 14 
0.0000 1.0228 0.4584 1.1254 
—1.7524 0.0000 0.3683 (0.8993 
—1.2226 —1.0300 0.0000 0.5485 
2.0149 —1.5637 —1.2769 0.0000 
2.0874 —1.6408 —0.8668 —0.1310 

1 2 13 14 
0.0000 1.0732 0.9067 0.3631 
—1.9313 0.0000 —1.1715 —1.2382 
—1.6479 0.3293 0.0000 + —0.5761 
—1.1394 0.3287 0.0085 ~—-0.0000 
2.2003 —1.7524 —1.6778 —1.2967 





5 
7:51253 
0.4948 
0.3018 
0.8882 
0.0000 


15 


1.1647 
0.8791 
0.2621 | 
0.0437 
0.0000 


5 
1.2008 
1.0228 
0.9304 
0.5446 | 
0.0000 


Step 4. Calculate the overall dominance 0(y;,7;) based on the expert weighting vector 


(0.45, 0.15, 0.40) and the results of 64 = [0 (1;, 71)] 


O(yi Nt) = 


41 
2 
13 
4 
5 


mxm 





14 
0.4274 


15 
1.1614 ] 


—0.5290 0.7637 
—0.6998 0.5473 


0.0000 





uh 2 13 
0.0000 = 0.7721 0.9037 
—1.5486 0.0000 —0.2557 

—1.6463 —0.6662 0.0000 
1.1505 —0.2485 —0.2971 
2.1140 1.5277 —1.3000 


Step 5. Compute the overall value of 5(4;) with the Formula (22): 


5(41) = 1.0000 , d(y2 





0.6241 


1.2787 0.0000 


= 0.4903, 5(73) = 0.3959, 6(44) = 0.5428, 6(y5) = 0.0000. 


Step 6. To choose the best alternative by rank the values of 5(1;), the alternative with maximum 
value is the best choice. According to step 5, the ranking of 7; is 7) > y4 > 42 > 43 > 5, and it is clear 


that the best choice is 771. 


4.2. The Affection Analysis of the Parameter p 


By altering parameters p in the computing process of the 2TLNNs TODIM method, we can depict 
the effects on ordering. The calculation results follow. 
From the calculation results of Table 4, we can easily ascertain that the best alternative is 7 by 
altering the values of p. Next we will compare our proposed 2TLNNs TODIM method with the existing 
method using 2TLNNWA and 2TLNNWG operators. 
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Table 4. Ordering of 17; by altering parameters p. 








? 6(41) 6(y2) 6(y3) d(ya) o(ys) Ordering 

1.0 .0000 0.4947 0.4182 0.5601 0.0000 m >a > 2 > 43 > 75 
1 -0000 0.4943 0.4162 0.5586 0.0000 m >a > 2 > 93 > 75 
1.2 0000 0.4939 0.4143 0.5571 0.0000 m > 4 > 2 > 73 > 75 
15 -0000 0.4929 0.4090 0.5530 0.0000 m >a > 2 > 43 > 75 
1.7 .0000 0.4922 0.4058 0.5505 0.0000 1 > 4 > 42 > 3 > 5 
2.0 -0000 0.4914 0.4013 0.5470 0.0000 m >a > 2 > 73 > 75 
23) .0000 0.4906 0.3972 0.5438 0.0000 m1 > Na > 42> 3 > 5 
25 .0000 0.4901 0.3947 0.5418 0.0000 1 > 4 > 42> 3 > 5 
3.0 .0000 0.4890 0.3889 0.5373 0.0000 m1 > a > y2 > 3 > 45 
4.0 .0000 0.4871 0.3794 0.5299 0.0000 1 > 14 > 42> 3 > 45 








4.3. Comparative Analyses 


In this section, we compare our proposed 2TLNNs TIDOM model with the 2TLNNWA and 
2TLNNWG operators defined by Wang et al. [28]. Based on the values of Tables 1-3 and expert 
weighting vector (0.45, 0.15, 0.40)", we can utilize overall rh to rij by 2TLNNWA operator. 


Based on the values of Tables 5 and 6 and attributes weighting vector w = (0.14, 0.33, 0.29, 0.24)", 
we can utilize overall rj; to r; by 2TLNNWA and 2TLNNWG operators. 


Table 5. Utilizing results r;; with 2TLNNWA operator. 











Gi Gp 
mn {(s5, 0.1892), (s1, 0.1892), (s1, 0.2746)} {(s4, 0.3182), (s2, —0.0668), (s2, —0.4308)} 
io {(s5, —0.2746), (s4, 0.3831), (Sq, —0.0455)} {(s3, 0.0000), (Sp, 0.3784), (so, —0.0681)} 
13 {(s3, 0.4425), (sp, 0.2974), (s3, 0.0414)} {(s4, 0.2974), (sz, 0.2974), (sa, 0.0760)} 
Na {(s3, 0.0794), (s3, —0.2438), (s3, 0.3178)} {(s3, 0.4509), (8, —0.0668), (S>, 0.0000)} 
is {(s1, 0.3756), (s4, 0.0000), (ss, 0.0000)} {(S2, 0.3831), (82, 0.2914), (s3, 0.0582)} 
G3 G4 
im {(sa, —0.3522), (S», —0.0221), (s1, 0.0000)} {(sa, 0.2634), (82, 0.4308), (s2, 0.0000)} 
n2 {(S2, 0.0000), (s1, 0.0000), (s3, 0.3659)} {(s4, 0.4308), (s3, 0.0925), (sz, 0.3522)} 
ig {(S4, 0.2634), (sp, 0.1545), (S3, 0.1383)} {(s4, —0.2974), (s1, 0.3195), (s3, —0.2028)} 
4 {(s4, 0.0668), (s3, 0.0000), (s3, 0.0314)} {(s3, 0.4313), (3, —0.1716), (s3, 0.3437)} 
Is {(s3, —0.3178), (s4, 0.3831), (S4, —0.2303)} {(s9, 0.0000), (s>, 0.4623), (s3, 0.3659)} 





Table 6. Utilizing results r; with 2TLNNWA and 2TLNNWG operators. 








2TLNNWA Operator 2TLNNWG Operator 
1 {(s4, 0.2205), (sz, —0.2707), (s1, 0.4176)} {(s4, 0.1619), (so, —0.2365), (sy, 0.4819)} 
2 {(s4, —0.4760), (sz, 0.0894), (s3, —0.3699)} {(s3, 0.1212), (so, 0.4422), (s3, —0.1731)} 
13 {(s4, —0.1504), (sz, —0.1127), (s3, 0.3133)} {(s4, —0.1820), (s2, —0.0499), (s3, 0.4089)} 
14 {(s3, 0.4248), (s3, —0.4716), (s3, —0.2600)} {(s3, 0.3183), (s3, —0.3984), (sz, —0.1444)} 
15 {(s2, 0.2598), (s3, —0.1229), (sa, —0.4380)} {(s2, 0.1896), (s3, 0.0416), (s4, —0.2731)} 





Calculating the alternative scores s(r;) by score functions of 2TLNNs as listed in Table 7. 


Table 7. Alternative scores s(r;) with 2TLNNWA and 2TLNNWG operators. 





2TLNNWA Operator 2TLNNWG Operator 
s(p1) = 0.7263, s(p2) = 0.6002, s(~1) = 0.7176, s(p2) = 0.5473, 
5(p3) = 0.5916, s(p4) = 0.5642, s(@3) = 0.5811, s(p4) = 0.5478, 
s(ps5) = 0.4345. s(ps5) = 0.4123. 


Then we can obtain the ranking of alternatives with 2TLNNWA and 2TLNNWG operators. The 
calculating result is listed in Table 8. 
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Table 8. Ranking of alternatives with 2TLNNWA and 2TLNNWG operators. 





Order 
2TLNNWA m1 > 42> 43 > Ya > 5 
2TLNNWG m > 13 > 44> 2 > 45 
2TLNNs TODIM m> a> Yo > 3 > 45 


Comparing the results between our proposed 2TLNNs TODIM method and 2TLNNWA and 
2TLNNWG operators, they have the same best choice 4; and differ slightly in the ranking of alternatives. 
However, the 2TLNNs TODIM method considers the subjectivity of DM’s behaviors and provides 
the dominance of each alternative over others with particular operation formulas, and can be more 
reasonable and scientific in the application of MAGDM problems. 


5. Conclusions 


In our article, we proposed the 2TLNNs TODIM method based on the fundamental theories of 
2TLNNs and the original TODIM model. Firstly, we briefly introduced the definition, operation laws, 
aggregation operators and the distance calculating method of 2TLNNs. Then, the calculation steps of 
the original TODIM model were presented in simplified form. Thereafter, we extended the original 
TODIM model to the 2TLNNs environment to build the 2TLNNs TIDOM model, our proposed method 
which is more reasonable and scientific in considering the subjectivity of DM’s behaviors and the 
dominance of each alternative over others. Finally, a numerical example for the safety assessment of 
construction projects was proposed to illustrate the new method and some comparisons were also 
conducted to further illustrate the advantages of the new method. In the future, the application of the 
proposed models and methods of 2TLNNs can be investigated in MAGDM problems [42-53], risk 
analysis and many other uncertain and fuzzy environments [54-65]. 
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Abstract: In this article, we combine the original VIKOR model with a triangular fuzzy neutrosophic 
set to propose the triangular fuzzy neutrosophic VIKOR method. In the extended method, we use 
the triangular fuzzy neutrosophic numbers (TFNNs) to present the criteria values in multiple criteria 
group decision making (MCGDM) problems. Firstly, we summarily introduce the fundamental 
concepts, operation formulas and distance calculating method of TFNNs. Then we review some 
aggregation operators of TFNNs. Thereafter, we extend the original VIKOR model to the triangular 
fuzzy neutrosophic environment and introduce the calculating steps of the TFNNs VIKOR method, 
our proposed method which is more reasonable and scientific for considering the conflicting criteria. 
Furthermore, a numerical example for potential evaluation of emerging technology commercialization 
is presented to illustrate the new method, and some comparisons are also conducted to further 
illustrate advantages of the new method. 


Keywords: MCGDM problems; triangular fuzzy neutrosophic sets (TFNSs); VIKOR model; TFNNs 
VIKOR method; potential evaluation; emerging technology commercialization 





1. Introduction 


The VIKOR (VIseKriterijumska Optimizacija I KOmpromisno Resenje) method [1] has been used 
to investigate multiple criteria group decision making (MCGDM) problems and has been widely 
used in many domains. In the existing literature, more and more traditional MCGDM models have 
been studied, such as: the grey relational analysis model [2-4]; the multi-objective optimization by 
ratio analysis plus the full multiplicative form (MULTIMOORA) model [5,6]; the Preference Ranking 
Organization Method for Enrichment of Evaluations (PROMETHEE) model [7]; the ELimination Et 
Choix Traduisant la REalité (ELECTRE) model [8]; and the Technique for Order of Preference by 
Similarity to Ideal Solution (TOPSIS) model [9,10]. 

In many real MCGDM problems, it is not easy to describe the criteria values with accurate 
values due to the fuzziness and complexity of the alternatives, and so it can be more effective and 
useful to describe the criteria values with fuzzy information. Fuzzy set theory [11] has been used 
as a feasible tool for MCGDM [12,13] problems. Smarandache [14,15] proposed the neutrosophic 
set (NS). Then, Wang et al. [16,17] defined the single-valued neutrosophic sets (SVNSs) and interval 
neutrosophic sets (INSs). Wang et al. [18,19] explored some aggregation operators of SVNNs and 
extended the SVNS to a 2-tuple linguistic neutrosophic number environment. Wu et al. [20] studied 
SVNNs with Hamy operators under 2-tuple linguistic neutrosophic numbers. Biswas et al. [21] 
provided the definition of a triangular fuzzy neutrosophic number (TFNN) in which the degree 
of truth-membership (MD), indeterminacy-membership (IMD) and falsity-membership (FMD) are 
depicted by TFNNs. Sahin et al. [22] studied multiple attribute decision making (MADM) problems 
with centroid single valued triangular neutrosophic numbers. Samah et al. [23] studied two ranking 
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means based on information systems quality (ISQ) theory and the TFNNs environment. Ye [24] 
provided the definition of trapezoidal neutrosophic sets. Biswas et al. [25] studied some applications 
under the trapezoidal fuzzy neutrosophic environment. Tan and Zhang [26] defined some trapezoidal 
fuzzy neutrosophic aggregation operators. 

Opricovic [1] used the VIKOR model to investigate some MCGDM problems with conflicting 
criteria [27,28]. Bausys and Zavadskas [29] established the INS VIKOR model. Liu and 
Park et al. [30] studied the VIKOR model under interval-valued intuitionistic fuzzy sets (IVIFSs). 
Selvakumari et al. [31] proposed the extended VIKOR model by constructing an octagonal 
neutrosophic soft matrix. Wan et al. [32] proposed the VIKOR model with triangular intuitionistic 
fuzzy numbers (TIFN), Liu et al. [33] provided the linguistic VIKOR model, and Qin et al. [34] 
developed the interval type-2 fuzzy VIKOR model. Chen [35] proposed the remoteness index-based 
Pythagorean fuzzy VIKOR methods with a generalized distance measure for multiple criteria decision 
analysis. Liao et al. [36] explored the VIKOR method with the hesitant fuzzy linguistic information. 
Ren et al. [37] provided the dual hesitant fuzzy VIKOR model. Li et al. [38] provided the VIKOR 
model with linguistic intuitionistic fuzzy numbers. Pouresmaeil et al. [39] established the SVNNs 
VIKOR model. Huang et al. [40] extended the VIKOR method to INSs. Zhang and Wei [41] extended 
the VIKOR method to a hesitant fuzzy environment. 

However, there has been no study about the VIKOR model for MCGDM problems with TFNNs, 
so taking the TFNNs VIKOR model into account is of necessity. The goal of our article is to combine 
the original VIKOR model with TFNNs to study MCGDM problems. The structure of our paper is as 
follows. Section 1 introduces the concepts, operation formulas and the distance calculating method 
of TFNNs. Section 2 reviews some aggregation operators of TFNNs. Section 3 extends the original 
VIKOR model to a TFN environment and introduces the required calculating steps of TFNNs VIKOR 
method. Section 4 provides a numerical example for potential evaluation of emerging technology 
commercialization and introduces a comparison between our proposed methods and the existing 
method. Section 5 summarises our conclusions. 


2. Preliminaries 


2.1. Triangular Fuzzy Neutrosophic Sets 


Based on the concepts of a traditional triangular fuzzy set and the fundamental theory of a single 
valued neutrosophic set (SVNS), the triangular fuzzy neutrosophic sets (TFNSs), which were first 
defined by Biswas et al., [21] can be depicted as follows: 


Definition 1 [21]. Let X be a fixed set. The TFNSs y can be depicted as: 











= { (x,y (X), G9 (x), Yq (x)) |x € X} (1) 
where Py (x), Py (x) and Yy(x) © [0,1] represent the degree of the truth membership, the indeterminacy 
membership and the falsity membership, respectively, which can be expressed by triangular fuzzy numbers 
as follows. 

n(x) = ($5 (2) 00 (2), 64 (x)),0 < 6x) < OM (x) < g(x) <1 Q) 
on(x) = (99(x) 97'(2), PH (X)).0 S eux) < ONt(x) < GY (x) <1 2) 
mo = (Gor ye) o<4e <4 @<Ye=1 (4) 
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and the truth membership function can be defined: 


rt) gh (x) <x < g(x) 
aoe PZ) SxS G(x), 
= x—pu (x 
M1) = 9 crate OG) SxS oC), 6) 
0, otherwise. 


For convenience, we let 7 = {(¢", o™, p4), (ep! o™, ep), (y™, yy} be a TENN which satisfies 
the condition 0 < pu + gu + oa <3. 


Definition 2 [21]. Assume there are three TENNs m, = {($t,9%, 6%), (pt, oM #4 ae AS v1 oe U) 
m2 = 1 (92,28 92'), (92, P21 92), (13,72 1a) Sand = { (POM), (9 OM, (TY 


the operation laws of them can be defined: 


is 


; (gt + $3 — of o7, 91" + of — gM ox, oY + oF — oT 9Y), (pt eh, ef eX, oY 9), 
872 = 
ae Grate) 
2) m@ yp = q PPE PL G2" OF 92), (OL + Pr — P12, PL + 92 — PL GR PL + 92 — PL 92): 
(yb + 75 — vba M+ = MOM Ut od = tad) 





w 
SS 
a 
Il 
—_—S 


1—(1-9')",1- (1-9M)",1- (1 Cann ee 














Oe eee rm Vaso 


According to Definition 2, it is clear that the operation laws have the following properties: 


A2 
mep=mOm, mS2pn=r2@m, ((m)*") = (my: (6) 
An ® y2) = Am. Anz, (11 @ y2)* = (m1)* ® ()* (7) 
Ayn ® Ag = (Ar + A2)in (mn) ® (m1)? = (mM). (8) 


Definition 3 [21]. Let 7 = {(9", g™, og), (g", g™, eg), (74, ™, 7) \ bea TENN, the score and accuracy 
functions of 4 can be expressed: 














L M 4 pu La M 4 @u 
s(4) = 35 a eres ile a ae [ s(7) € [0,1] (9) 
n(n) = 5[(9¢ +29! +94) - (ab +2y 4 7)], hn) € [-11] (10) 


Let 4; and 72 be two TFNNs. Then, based on Definition 3, the following assertion holds true. 


(1) if s(m1) <s(y2), then m < ya; 
then 41 > N92; 


2), 

12), h(y1) < (yz), then yy < 2; 
), A(y1) > h(y2), then 4, > 12; 
) 


319 


Symmetry 2018, 10, 497 
2.2. The Normalized Hamming Distance between TFNNs 


Definition 4 [32]. Lem = {(¢r er or), (Pr er er). (1 1) f and 
2 = { (5, gM, py), (gh, gM, py), (v4, yM, 7) } be two TFNNs. Then the normalized Hamming distance 
is defined by: 
_{ (oe eal + lent 928 + lo — 92 
dm 42) = 5) +ler—e2l+ler— ex +ley — 9%'| a) 


Ela —9e| Flt 90 ler = 98 | 








Theorem 1. Assume that there are three TFNNs yn, = { (ob, oM, pt), (of, gM, ae 1 ‘ele 
yr = { (Ph, 02", 05'), (Po, 2", Pa), (V2, 12", 19') } and n = {(9",9™,9%), (9,9, gD, (17, 7") 
the Hamming distance d(41, 12) has the following properties: 


, 





(P1) 0 <d(m,42) <1; (P2) if d(,12) = 0, then 7, = 172; 
(P3) d(p,92) =4(y2,m1); (PA) dn, 42) + d(y2, 43) = a(n, 73). 
Proof. (P1) 0 < d(m1,y2) < 

Since 0 < go! <1, Aa < |ot-—o5| < 1, similarly we see 0 < |pM@—oM| < 10 < 
|e —92| < 1.0 < |pt—93| < 10 < |git— 9% < 10 < |p —9@3| < 10 < lv7—72| < 
1,0 < | -M|<10< int ~% |<). S00 < |¢t 5| + lot — $34] + ley — $3'| + ler a 











ler —9n | ler er | le ele a | le 9 
Therefore 0 < d(y1,y2) < 1, veich ee the proof. 


(P2) if d(q1,42) =0, then 4, = y2 





























aon) =3( Ho # da| + lol — 92] + lol — a8] + lek — eal + let! eztl + ler—alt \ _ 
lot — vb] + ltt — of] + fot — 
ie gh 0 je oM| = 0, |g — | = 0, |et — o4| =0,|9@ — oM| = 0, |p — ol| "| 
lot — 73\ | =0,|r4 |=0 























(ot = 95,9! = gS oT = 5 of = 95,014 = OM of = ort = 11M = Yay = 77/) 
That means 7; = y2, and so (P2) if d(y1,42) = 0, then 91 = np is correct. 
(P3) d(m,m2) = 4(y2,11) 








Ina well ae lle =| 
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So we complete the proof of (P3), which asserts that equality d(41, 172) = d(42,171) holds. 
(P4) d(q1,12) + 4 (42,93) = d(m/13) 
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Hlayt =1b og = al 4 le a ot 0 + le Ho ee = 99 | 
lot — 51 + [65 — 5] + [pit — $3") + |e — of] + [ort — p5'| + |p5! — 93! 
<5] lor —95|+ler— 5] + lot — 9S] + lok — o%| + lot! — of | + lot — 95! 
tlt + |e — 15] + [yt — 84] + [od — 984] + [ot — | + [od - | 








= d(1,42) + d(y2,73) 
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Then, triangular fuzzy neutrosophic number weighted averaging (TFNNWA) and triangular 
fuzzy neutrosophic number weighted geometric (TFNNWG) operators are introduced as follows: 


Definition 5 [21]. Let 4; = { (914M, 0%), (ot, eM, gt), (ot, ie a) \Gi =1,2,...,n) bea group of 
TFNNs, then the TENNWA and TFNNWG operators proposed by Biswas et al. [21] are defined as follows. 


n 


TFNNWA (171, 172,.--,1]n) = @1I1 B Way2...B Wan © winj (12) 











and 


n A 
TFNNWG (11,172, --/)n) = (111)! ® (412)? -..® (Yn) *" = en” (13) 


where 0; is weight vector of Nj] =1,2,...,n, which satisfies 0 < WS Lj w= 1. 


Theorem 2 [21]. Let nj = { (gf, 9M, 911), (gh, 9M, 11), (vk 1M 1#) bG = 1,2,...,) be a group of 
TFNNs, then the operation results by TFNNWA and TFNNWG operators are also a TFNN where 


TFNNWA (171,972, ---/4n) = © WN; 











= . He of) m1 of)" T1(1-a)” / (14) 
Te CoA). Cot) (oH) CF, GOB)” (8) at t)”) 
and ji 
TEFNNWG (11, 172,.-«,1]n) = Soy 
1 TE (t- 9)" Th (1 eff)"a- Th (1— of)", © 
; 15 
=) (2M 9f)"- (a aft)"a- 1-7)", 
Th Go)”. Con)". (08)") 


2.3. VIKOR Method 

Denote n alternatives under consideration as O,,O2,---,O,, the evaluation attribute as 
Ci,C2,---,Cn, and the rating of each alternative OF = 1,---,n) with respect to attribute 
Cj (j =1,-+-,m) as fij- Then the compromise ranking algorithm of the VIKOR method [42-45] has the 


following steps: 
Step 1. Determine the best rating fi and the worst rating f; for all the attributes. For example, 


it the attribute 7 represents a benefit, then 


f= min fi = min fy (16) 


Naturally, a candidate having scores (fj', fs°,---,frt) would be positive ideal whereas a 
candidate having scores (fy, fy ,--- , fm ) would be a negative ideal candidate. It is assumed that such 
a positive ideal candidate does not exist; otherwise, the decision would be trivial. 
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Step 2. Compute the values and S; and Rj(j = 1,--- ,m) which represent the average and the 
worst group scores of the alternatives Oj, respectively, with the relations 








Zz ie if) 

5)= ent 8 (0, 1] (17) 
+ fy 

ae [« a - al Rj = [0,1] my 


m 
Here, Wj (Yo w; = 1,4; € [0,1],i = 1,2,--- ,m) is the relative importance weights of the criteria 


set by the decision maker. The smaller values of $ ; and R; correspond to the better, average and worse 
group scores of alternatives Oj, respectively. 
Step 3. Compute the Q; values for j = 1,2,--- ,m with the relation 














a(S;—S*) (1 —«)(Rj — R*) io 
ay Grae) a 
where 
S* = minS;,S~ = maxS; (20) 
j j 
RY = mink;j,R™ = maxR; (21) 
j j 


and a is the weight of decision making strategy “the majority of attribute” (or “the maximum 
group utility”). The compromise can be selected with “voting by majority” (a > 0.5), with “consensus” 
(a = 0.5), with “veto” (a < 0.5). 

Step 4. Rank the alternatives by sorting each S, R and Q values in a decreasing order. The result 
is a set of three ranking lists denoted as 5/}, R[j and Q)). 

Step 5. Propose the alternative Oj; corresponding to On (the smallest among Qj values) as 
compromise solution if 

C1. The alternative Oj; has an acceptable advantage; in other words, Qi] = Qny > DQ where 
DQ= oa and m is the number of alternatives. 

C2. The alternative On is stable within the decision making process; in other words, it is also the 
best ranked in S/) or Rij. 

If one of the above conditions is not satisfied, then a set of compromise solutions is proposed, 
which consists of: 


e Alternatives Oj; and Oj. where Qj. = Qp] if only the condition is not satisfied, or 


e = Alternatives Oj, Oj2,--+ , Ojx if the condition C; is not satisfied; and Oj, is determined by the 
relation Q; — Qi < DQ for the maximum k where Qix = Qhy (the positions of these alternatives 
are in closeness). 


3. VIKOR Model for MCGDM Problems with TFNNs 


Let {91,92,-..@m} be a group of alternatives, {d,,dz,...d;} be a list of experts 
with weighting vector being {v1,02,...v:}, and {c1,Co,...¢n} be a list of criteria with 
weighting vector being {w1,w2,...Wn}, which thereby satisfies w; € [0,1],v, € [0,1] and 
Vi, wi = 1y5 4 va = 1. Construct the evaluation matrixes n* = nh a where 

A A A A A A A A A 
"i; = { ((¢4) , (¢M) , (9) i (04) , (9!) , (ot) ), ((xs) , (vi) : (1) \ means the 
estimate results of the alternative g;(i=1,2,...,m) based on the criterion cj( f= La Aaseny by 


A nN a 
expert d,. Let (5) P (¢!) ; (9) ) € [0,1] denote the degree of truth-membership (TMD), 
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a 
((¢ 1)" (¢ ‘) "(9 uy) ) € [0,1] denote the degree of indeterminacy-membership (IMD) and 
M 
Vij 


A A 
((r 1)" j (¥ . (7 f) ) € [0,1] denote the degree of falsity-membership (FMD) 0 < (91) + 
(9 uy" + (v)" <3i=1,2,...,m,j=1,2,...,0,A=1,2,--,¢ 

Considering both the TFNNs theories and the traditional VIKOR model, we try to propose a 
TFNNs VIKOR model to study MCGDM problems effectively. The model can be depicted as follows: 

Step 1. Construct the decision matrixes 7* = [nA | ,and utilize overall values of y* = [A] 

Ul mxn 4] mxn 

toy = [17i;] mxn DY using equal (14) or (15); 

Step 2. Compute the positive ideal solution (PIS) g* and the negative ideal solution (NIS) g~; 


w= {((oR) CY" P)")-( CORY -C089(0H)’)-(G)"-C#)" GY") } 
& = (AOD A-CHO} @ 


For benefit attribute 





























((of)*- (of) (o4)") (max(of),max( oi") max( 4!) ), 

((ot)". (oP) t)"). p= Sareaieay! a 
(CMCaics (nin (rf) min (rf), (1) 

(of) (9) (9%) ). (min (;) min (of), min( #4!) ), 

((of) (ot) (et) ). f= sayeae mee @s 
( (at) Ct) ky) (max( rh) -mar( xf) max (1H) 

(Cot) (a) (o)"), | ( (auin(og) min oy"), min( ot!) ), 
((9f)"-(e8)"(##)"). f= 4. (mpe(ot)-max(ett)-max(wtt)) f 29 
(Caf) pt)” O4)") (max (af) max (7!) max (xt!) } 

(of) (08) (of) ). (max 9f),max(9}),max(9H) ) 

(ot) (ot) (oft). p=) (inCo)-min(of!)-min(a) Fn 
(of) (4) (rH) ) (min (1) min ("min (14) J 


323 


Symmetry 2018, 10, 497 


Step 3. Based on Equation (11) and the attribute weighting vector w;, we can calculate the values 
of x; and 1p; which express the average and the worst group scores of @j;. 


((o) °C)" )")- | (opto), 
a (Cet) "(at)" (o#)"), }. (shea) 

































































cy ALD en) Ca)" JL ents ~ 
AL (et) or) a (of) -(o"") »(6#) ), 
al) (of) (ot) (oF) ")e p-4 (C8) (ot) (a2) 
(OH) OF) | | (GA -G9- Oy) 
(9) (aM) (9H a, oh, gM, pl), 
| rer (¢)"). : (eeeeth | 
came ((xt)*. (i) * 8)*) (vb, ot) 7 
TT" 6 f (oR (a9 (#4)"), : ee) } 
a (oro. ty), 
(of) (7)? 


where d is the normalized Hamming distance and 0 


< 
satisfies )7? | w; = 1. 


Step 4. Compute the values of Q; based on the results of x; and 1p;, the calculating formula is 
characterized as follows: 





0; = 0 IE) 4 gg OP) 





30 
"Gao F) (8) 
where 
xt = minx, x = maxx; (31) 
yt = ming, ~~ = maxy; (32) 


where a means the coefficient of decision making strategic. a > 0.5 depicts “the maximum 
group utility”, « = 0.5 depicts equality and w < 0.5 depicts the minimum regret. 

Step 5. To choose the best alternative in accordance with the values of Q,;, the alternative with 
minimum value is the best choice. 


4. Numerical Example 


4.1. Calculating Steps Based on MCGDM Problems 


In this section we present a numerical example to show potential evaluation of emerging 
technology commercialization with TFNNs in order to illustrate the method proposed in this paper. 
There is a panel with five possible emerging technology enterprises @;(i = 1,2,3,4,5) to select from. 
The experts select four criteria to evaluate the five possible emerging technology enterprises: @ cy 
stands for the technical advancement; (2) cz stands for the potential market and market risk; @ c3 
stands for the industrialization infrastructure, human resources and financial conditions; @ c4 stands 
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for the employment creation and the development of science and technology. The five possible 
emerging technology enterprises @;(i = 1,2,3,4,5) are to be evaluated using the TFNNs with the 
four criteria by three experts d,(A = 1,2,3) (criteria weight w = (0.42, 0.13, 0.25, 0.30), experts weight 
v = (0.35,0.45,0.20).), which are given in Tables 1-3. 


Table 1. Triangular fuzzy neutrosophic numbers (TFNNs) evaluation matrix by dj. 











































































































oT co C3 c4 
0.6,0.8,0.9), 0.3,0.5,0.7), 0.5, 0.6, 0.7), (0.4, 0.7,0.9), 
91 0.2,0.3,0.5), 0.4, 0.5, 0.6), 0.1, 0.2, 0.3), (0.5, 0.6, 0.8), 
(0.1, 0.3, 0.4) 0.2,0.4,0.5 0.2,0.3, 0.4 0.2, 0.4, 0.6 
0.5,0.6,0.7), 0.2, 0.4, 0.6), 0.5,0.6,0.9), (0.4,0.5,0.7), 
92 0.4, 0.5, 0.6), 0.3, 0.5, 0.7), 0.6,0.7,0.8), (0.3, 0.4, 0.6), 
(0.3, 0.4, 0.5) 0.2,0.3,0.5 0.5, 0.6, 0.7 0.5, 0.6, 0.8 
0.3,0.5, 0.6), 0.2,0.3,0.4), 0.7,0.8,0.9), (0.4, 0.5, 0.8), 
93 0.2,0.4,0.5), 0.4, 0.5, 0.6), 0.3, 0.5, 0.6), (0.5,0.7,0.9), 
(0.5, 0.6, 0.8) 0.6, 0.7, 0.8 0.2, 0.4, 0.5 0.2,0.3, 0.4 
0.2,0.5,0.7), 0.5,0.7,0.8), 0.4, 0.6, 0.8), (0.5,0.7,0.9), 
pa 0.3,0.6,0.8), 0.3, 0.4, 0.5), 0.3, 0.4, 0.5), (0.4, 0.6, 0.8), 
(0.1, 0.2, 0.3) 0.2,0.5, 0.7 0.2,0.3, 0.6 0.2,0.3, 0.5 
0.7,0.8,0.9), 0.5,0.7,0.8), 0.5, 0.6, 0.7), (0.3, 0.4, 0.9), 
5 0.2,0.3,0.4), 0.4, 0.5, 0.8), 0.2,0.4,0.5), (0.2,0.4,0.5), 
(0.2, 0.3, 0.4) 0.2,0.4,0.5 0.1, 0.4, 0.6 0.1, 0.5, 0.6 
Table 2. TFNNs evaluation matrix by dp. 
oT C2 C3 c4 
0.5,0.7,0.8), 0.2, 0.4, 0.6), 0.4, 0.5, 0.6), (0.3, 0.5, 0.8), 
91 0.1, 0.2,0.4), 0.3, 0.4, 0.5), 0.2,0.4,0.5), (0.4,0.5,0.7), 
(0.1, 0.2, 0.3) 0.1, 0.3, 0.4 0.3,0.5, 0.7 0.3, 0.4, 0.5 
0.4,0.5,0.7), 0.3, 0.4, 0.5), 0.4,0.5,0.7), (0.2, 0.4, 0.6), 
92 0.3,0.6,0.8), 0.2,0.4, 0.6), 0.5,0.6,0.9), (0.2, 0.3, 0.4), 
(0.4, 0.6, 0.7) 0.3,0.4,0.5 0.3, 0.4, 0.6 0.1, 0.3, 0.5 
0.4,0.7,0.9), 0.1, 0.3,0.5), 0.2,0.4,0.5), (0.4, 0.5, 0.7), 
93 0.3,0.5,0.8), 0.2,0.4,0.7), 0.3,0.5, 0.7), (0.5, 0.8,0.9), 
(0.6, 0.8, 0.9) 0.5, 0.8, 0.9 0.2, 0.4, 0.6 0.2,0.3, 0.6 
0.3,0.4,0.7), 0.2,0.8,0.9), 0.5,0.7,0.9), (0.4, 0.5, 0.6), 
Pa 0.3,0.7,0.9), 0.4, 0.5, 0.6), 0.3, 0.4, 0.5), (0.2, 0.3, 0.4), 
(0.2,0.4,0.5) 0.4, 0.5, 0.7 0.2,0.3, 0.4 0.1, 0.2, 0.3 
0.5,0.6,0.7), 0.6,0.7,0.9), 0.5, 0.6, 0.8), (0.3, 0.4, 0.7), 
5 0.1, 0.4, 0.5), 0.4, 0.5, 0.7), 0.3,0.4, 0.5), (0.1, 0.4, 0.5), 
(0.2, 0.3, 0.6) 0.3, 0.4, 0.5 0.4, 0.5, 0.6 0.1, 0.3, 0.6 
Table 3. TFNNs evaluation matrix by d3. 
cy C2 C3 C4 
(0.5, 0.6, 0.8), 0.3, 0.4, 0.6), (0.4, 0.5, 0.8), (0.4, 0.6, 0.8), 
91 (0.1, 0.2, 0.6), 0.4,0.5,0.7), (0.3, 0.4, 0.5), (0.4, 0.6,0.7), 
(0.1, 0.2, 0.4) (0.2, 0.3, 0.4) (0.3, 0.6, 0.8) (0.3, 0.4, 0.5) 
(0.4, 0.5, 0.6), 0.3, 0.4, 0.6), (0.3, 0.5, 0.7), (0.3, 0.4, 0.6), 
92 (0.5, 0.6, 0.7), 0.2,0.4,0.5), (0.2, 0.6, 0.9), (0.2, 0.3,0.5), 
(0.5, 0.6, 0.7) (0.3, 0.4, 0.5) (0.3, 0.4, 0.7) (0.2, 0.3, 0.5) 
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Table 3. Cont. 

















1 C2 ¢3 C4 
0.5,0.7,0.8), 0.2,0.3,0.5), 0.3, 0.4, 0.5), (0.3,0.5,0.7), 
93 0.4, 0.5, 0.7), 0.2, 0.4, 0.5), 0.3, 0.4, 0.6), (0.5,0.7,0.9), 
(0.7, 0.8, 0.9) 0.5, 0.7, 0.9) (0.2,0.4,0.5) 0.2, 0.3, 0.4) 
0.3,0.4,0.5), 0.2, 0.5, 0.8), 0.5, 0.6, 0.9), (0.3,0.5,0.7), 
4 0.3, 0.8, 0.9), 0.4, 0.5, 0.9), 0.3, 0.4, 0.6), (0.2,0.3,0.5), 
(0.1,0.4, 0.5) 0.4, 0.6, 0.7) (0.2, 0.3,0.5) 0.1, 0.2, 0.4) 
0.5,0.6, 0.8), 0.6,0.7,0.8), 0.5, 0.6, 0.7), (0.3,0.4,0.5), 
95 0.1, 0.4, 0.6), 0.4, 0.5, 0.6), 0.3, 0.4, 0.6), (0.2,0.4,0.5), 
(0.2,0.3,0.5) 0.3, 0.4, 0.5) (0.4,0.5,0.7) 0.1,0.3,0.4) 
Step 1. Utilize overall values of 4* = A toy = [nij using the TFNNWA operator; the 
a mxn mxn 


aggregation results are listed in Table 4 as follows. 




















Table 4. The aggregation values by TFNNWA operator. 


C1 


c2 





_— 


(0.5376, 0.7243, 0.8431), 
(0.1275, 0.2305, 0.4690), 


—— 


ee 


(0.2566, 0.4371, 0.6383), 
) 



































1 (0.3514, 0.4522, 0.5700), 
(0.1000, 0.2305, 0.3514) 0.1464, 0.3318, 0.4325) 
(0.4371, 0.5376, 0.6822), (0.2665, 0.4000, 0.5577), 
92 (0.3675, 0.5629, 0.7043), (0.2305, 0.4325, 0.6106), 
(0.3782, 0.5206, 0.6222) 0.2603, 0.3617, 0.5000) 
(0.3894, 0.6413, 0.8134), (0.1565, 0.3000, 0.4671), 
3 (0.2757, 0.4624, 0.6608), (0.2549, 0.4325, 0.6201), 
(0.5805, 0.7234, 0.8637) 0.5329, 0.7434, 0.8637) 
(0.2665, 0.4371, 0.6677), (0.3213, 0.7231, 0.8536), 
Pa (0.3000, 0.6812, 0.8637), (0.3617, 0.4624, 0.6105), 
(0.1366, 0.3138, 0.4181) 0.3138, 0.5186, 0.7000) 
(0.5819, 0.6862, 0.8117), (0.5675, 0.7000, 0.8536), 
5 (0.1275, 0.3617, 0.4796), (0.4000, 0.5000, 0.7112), 
(0.2000, 0.3000, 0.5020) 0.2603, 0.4000, 0.5000) 
C3 cq 
(0.4371, 0.5376, 0.6851), (0.3569, 0.6001, 0.8431), 
1 (0.1702, 0.3138, 0.4181), (0.4325, 0.5527, 0.7335), 
(0.2603, 0.4337, 0.5911) 0.2603, 0.4000, 0.5329) 
(0.4195, 0.5376, 0.7958), (0.2957, 0.4371, 0.6383), 
G2 (0.4437, 0.6333, 0.8637), (0.2305, 0.3318, 0.4820), 
(0.3587, 0.4610, 0.6531) 0.2018, 0.3824, 0.5894) 
(0.4474, 0.5915, 0.7153), (0.3812, 0.5000, 0.7397), 
3 (0.3000, 0.4782, 0.6431), (0.5000, 0.7434, 0.9000), 
(0.2000, 0.4000, 0.5428) 0.2000, 0.3000, 0.4801) 
(0.4671, 0.6486, 0.8725), (0.4195, 0.5819, 0.7675), 
Pa (0.3000, 0.4000, 0.5186), (0.2549, 0.3824, 0.5331), 
(0.2000, 0.3000, 0.4820) 0.1275, 0.2305, 0.3800) 
(0.5000, 0.6000, 0.7500), (0.3000, 0.4000, 0.7738), 
5 (0.2603, 0.4000, 0.5186), (0.1464, 0.4000, 0.5000), 


(0.2462, 0.4624, 0.6188) 





0.1000, 0.3587, 0.5533) 
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Step 2. Compute the values of g* (PIS) and g~ (NIS), for all benefit attributes and based on the 
Formulas (24) and (25), we can obtain the (PIS) g* and (NIS) g~ as follows. 


{ (0.5819, 0.7243, 0.8431), (0.1275, 0.2305, 0.4690), (0.1000, 0.2305, 0.3514) } 
+ _ J {(0.5675, 0.7231, 0.8536), (0.2305, 0.4325, 0.5700), (0.1464, 0.3318, 0.4325) } 
{ (0.5000, 0.6486, 0.8725), (0.1702, 0.3138, 0.4181), (0.2000, 0.3000, 0.4820) } 
{ (0.4195, 0.6001, 0.8431), (0.1464, 0.3318, 0.4820), (0.1000, 0.2305, 0.3800) } 


, 


{ (0.2665, 0.4371, 0.6677), (0.3675, 0.6812, 0.8637), (0.5805, 0.7234, 0.8637) }, 
_ J {(0.1565, 0.3000, 0.4671), (0.4000, 0.5000, 0.7112), (0.5329, 0.7434, 0.8637) }, 
a { (0.4195, 0.5376, 0.6851), (0.4437, 0.6333, 0.8637), (0.3587, 0.4624, 0.6531) } 
{ (0.2957, 0.4000, 0.6383), (0.5000, 0.7434, 0.9000), (0.2603, 0.4000, 0.5894) } 




















Step 3. Based on Equation (11) and the attribute weighting vector w,, calculate the values of 7; 
and tj. 
X1 = 0.3101, x2 = 0.6959, x3 = 0.7621, x4 = 0.3877, 75 = 0.3039, 


1 = 0.1738, pz = 0.2683, 3 = 0.2963, py = 0.2486, 5 = 0.1038. 


Step 4. Compute the values of 0; based on the results of x; and ;; the calculating values are 
listed as follows. (Let a = 0.6) 


O41 = 0.1534, O2 = 0.8550, O3 = 1.0000, OA4 = 0.4106, O5 = 0.0000. 


Step 5. To choose the best alternative by rank the values of O,, the ranking of OQ; is O5 > Oy > 
Og > Oz > O3, and the best alternative is g5. 


4.2. Comparative Analyses 


In this section, we compare our proposed extended TFNNs VIKOR model with the TFNNWA 
and TFNNWG operators defined by Biswas [21]. 

Based on the values of Table 4 and attributes weighting vector w = (0.42, 0.13, 0.25, 0.30)", we can 
utilize overall 7;; to 7; by TFNNWA and TFNNWG operators. 

Calculate results 4; by TFNNWA operator: 


im = {(0.4720, 0.6616, 0.8270), (0.1835, 0.3051, 0.4956), (0.1413, 0.2884, 0.4196) } 
no = {(0.4071, 0.5302, 0.7247), (0.2852, 0.4513, 0.6269), (0.2672, 0.4113, 0.5744) } 
113 = { (0.4064, 0.5970, 0.7779), (0.2930, 0.4935, 0.6851), (0.3026, 0.4654, 0.6354) } 
1a = { (0.3941, 0.6060, 0.8109), (0.2595, 0.4589, 0.6196), (0.1344, 0.2689, 0.4126) } 

= {(0.5302, 0.6414, 0.8251), (0.1500, 0.3602, 0.4843), (0.1508, 0.3246, 0.5081) } 


Calculate results 4; by TFNNWG operator: 


41 = {(0.3854, 0.5761, 0.7590), (0.2812, 0.4078, 0.5965), (0.2060, 0.3674, 0.5071) 
nz = {(0.3321, 0.4569, 0.6516), (0.3634, 0.5475, 0.7355), (0.2672, 0.4113, 0.5744) 
73 = {(0.3238, 0.5054, 0.6977), (0.3755, 0.5954, 0.7831), (0.4438, 0.6137, 0.7741) 
et ),( ),( ) 

( Jo Jo ) 


ee 


4 = { (0.3154, 0.5166, 0.7381), (0.3200, 0.5653, 0.7461), (0.1873, 0.3436, 0.4993 
45 = {(0.4336, 0.5449, 0.7733), (0.2185, 0.4286, 0.5624), (0.2096, 0.3963, 0.5793) } 


Calculating the alternative scores s(1;) by score functions of TFNNs as listed in Table 5. 
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Table 5. Alternative scores s(17;) by TFNNWA and TFNNWG operators. 





TFNNWA Operator TFNNWG Operator 
s(1) = 0.6277, (92) = 0.5431, s(41) = 0.5692, s(y) = 0.4928, 
s(43) = 0.5299, s(y4) = 0.5961, s(43) = 0.4507, s(y4) = 0.5444, 

s(45) = 0.6078. s(45) = 0.5546. 


The ranking of alternatives by TFNNWA and TFNNWG operators are listed in Table 6. 


Table 6. Rank of alternatives by TFNNWA and TENNWG operators. 





Order 
TFNNWA G1 > 95 > Pa > G2 > P3 
TFNNWG G1 > 95 > Pa > P2> P3 
TFNNs VIKOR 95 > Pi > Pa > (2 > 3 


Comparing the values of our proposed TFNNs VIKOR method with those of TFNNWA and 
TFNNWG operators, the results are slightly different in their ranking of the alternatives and the best 
alternatives are not same. The TFNNs VIKOR method can consider the conflicting attributes and can 
be more reasonable and scientific in the application of MCGDM problems. 


5. Conclusions 


In our article, we proposed the TFNNs VIKOR method based on the fundamental theories of 
TENNSs and the original VIKOR model. Firstly, we introduced the concepts, operation formulas 
and the distance calculating method of TFNNs. Then we reviewed some aggregation operators of 
TENNs. Thereafter, the calculating steps of the VIKOR model for TFNNs MCGDM problems were 
simply presented using our proposed method, which is more scientific and reasonable for considering 
the conflicting attributes. Furthermore, a numerical example for potential evaluation of emerging 
technology commercialization has been proposed to illustrate the new method and some comparisons 
were also conducted to further illustrate the advantages of the new method. 

In the future, our proposed TFNN VIKOR model can be applied to risk analysis, 
MCGDM problems [46-57] and many other uncertain and fuzzy environments [58-74]. 
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Abstract: Since language is used for thinking and expressing habits of humans in real life, 
the linguistic evaluation for an objective thing is expressed easily in linguistic terms/values. However, 
existing linguistic concepts cannot describe linguistic arguments regarding an evaluated object in 
two-dimensional universal sets (TDUSs). To describe linguistic neutrosophic arguments in decision 
making problems regarding TDUSs, this study proposes a Q-linguistic neutrosophic variable set 
(Q-LNVS) for the first time, which depicts its truth, indeterminacy, and falsity linguistic values 
independently corresponding to TDUSs, and vector similarity measures of Q-LNVSs. Thereafter, 
a linguistic neutrosophic multi-attribute decision-making (MADM) approach by using the presented 
similarity measures, including the cosine, Dice, and Jaccard measures, is developed under Q-linguistic 
neutrosophic setting. Lastly, the applicability and effectiveness of the presented MADM approach is 
presented by an illustrative example under Q-linguistic neutrosophic setting. 


Keywords: Q-linguistic neutrosophic variable set; vector similarity measure; cosine measure; 
Dice measure; Jaccard measure; decision making 





1. Introduction 


Since language is used for thinking and expressing habits of humans in real life, the linguistic 
evaluation for an objective thing is expressed easily in linguistic terms/values [1]. Hence, they were 
applied to linguistic fuzzy reason [1] and linguistic decision-making (DM) problems [2-9]. Because of 
linguistic uncertainty and hesitancy in the linguistic evaluation for an objective thing, there exist the 
representations of interval/uncertain linguistic numbers or hesitant linguistic numbers. Hence, on the 
one hand, interval/uncertain linguistic numbers were proposed and applied to (group) DM problems 
in uncertain linguistic setting [10-14]. On the other hand, hesitant linguistic variables (LVs) and hesitant 
uncertain LVs were presented and applied in (group) DM problems in hesitant (uncertain) linguistic 
setting [15-19]. In addition, a linguistic cubic variable was put forward based on combining an interval 
LV with a unique LV and used for DM problems in linguistic cubic setting [20,21]. Further, a linguistic 
cubic hesitant fuzzy number/variable was presented to depict the hybrid information of its uncertain 
linguistic argument and its hesitant linguistic argument and utilized for DM problems in linguistic 
cubic hesitant fuzzy setting [22]. By combining a neutrosophic number with language, a neutrosophic 
linguistic number and some weighted aggregation operators of neutrosophic linguistic numbers [23] 
were introduced for neutrosophic linguistic number DM problems, and then the similarity measure 
and expected value of hesitant neutrosophic linguistic numbers [24] were further presented for DM 
problems with hesitant neutrosophic linguistic numbers. 
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In real life environments, the truth, indeterminacy, and falsity linguistic arguments regarding an 
objective thing are presented in a human’s thinking and expressing process and linguistic neutrosophic 
variables /numbers (LNVs) were presented to depict truth, falsity, and indeterminacy linguistic degrees 
independently [25]. Then, some aggregation operators of LNVs [25,26], cosine measures of LNVs [27], 
and correlation coefficients of LNVs [28] were proposed, respectively, for DM problems in LNV setting. 
Regarding the combination of a neutrosophic linguistic number and an LNYV, linguistic neutrosophic 
uncertain numbers and their weighted aggregation operators were presented for DM in uncertain 
linguistic setting [29]. By the hybrid form of an interval LV (an uncertain linguistic argument) and a 
single-valued LNV (an argument of confident degree), single-valued linguistic neutrosophic interval 
LVs, and their weighted aggregation operators were proposed for DM along with uncertain/interval 
linguistic arguments and their linguistic neutrosophic confident degrees [30]. Regarding hesitant 
LNV environment, similarity measures between hesitant LNVs were presented by the least common 
multiple cardinality and applied to hesitant linguistic neutrosophic DM problems [31]. By the hybrid 
form of LNV [25] and linguistic cubic numbers [20], linguistic neutrosophic cubic numbers and their 
aggregation operators were introduced for linguistic neutrosophic cubic DM problems [32,33]. 

However, the various linguistic concepts are all described in a unique universal set, and then in 
some decision situations there exist the assessment problems of alternatives over two-dimensional 
universal sets (TDUSs). For example, suppose a person would like to purchase a house in a group 
of four houses (a set of four alternatives H = {H,, H2, H3, H4}). In his/her attractive evaluation 
of houses, the price (x1), environment (x2), and traffic (x3) of the four houses are considered as a 
universal set X = {x1, X2, x3}, and selecting two cities cy and cz are considered as another universal set 
C = {c1, C2}. Obviously, the above various linguistic arguments cannot represent such an assessment 
problem for each alternative Aj (G = 1, 2, 3, 4) over the TDUSs X = {x1, x2, x3} and C = {cy, co} in 
linguistic DM setting. Then, a Q-neutrosophic set and a Q-neutrosophic soft set were put forward 
regarding TDUSs and applied to Q-neutrosophic soft DM problems [34]. Although they can express 
and handle the assessment problems with TDUSs in neutrosophic DM environments, they cannot 
carry out linguistic neutrosophic DM problems over TDUSs. To solve this problem, this study presents 
a Q-linguistic neutrosophic variable set (Q-LNVS) for the first time to express the linguistic evaluation 
problems of the truth, falsity, and indeterminacy over TDUSs from the predefined linguistic term set 
(LTS). It then puts forward the vector similarity measures of Q-LNVSs, including the cosine, Dice, 
and Jaccard measures of Q-LNVSs, and then establishes a multi-attribute DM approach of Q-LNVSs 
by the vector similarity measures of Q-LNVs to solve linguistic neutrosophic DM problems along 
with TDUSs. It is obvious that the proposed DM approach shows the advantage of carrying out the 
linguistic neutrosophic DM problems regarding TDUSs, which existing linguistic neutrosophic DM 
approaches [25-28] and Q-linguistic neutrosophic soft DM approaches [34] cannot solve. 

The framework of this study is organized below. The second section proposes Q-LNVSs and 
vector similarity measures between Q-LNVSs, including the cosine, Dice, and Jaccard measures of 
Q-LNVSs. The third section develops a multi-attribute DM approach of Q-LNVSs by using the vector 
similarity measures in Q-linguistic neutrosophic setting. An illustrative example and its sensitivity 
analysis to weights are presented in the fourth section. The last section contains conclusions and 
future study. 


2. Vector Similarity Measures of Q-LNVSs 


First, we present the concept of Q-LNVS to depict a linguistic neutrosophic evaluation problem 
by the truth, falsity, and indeterminacy linguistic arguments over TDUSs in linguistic setting. 
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Definition 1. Set X = (x1, x2,..., Xn} and Q ={q1, q2,...,qml as TDUSs and let LTS be S = {s,|1 € [0, gl}, 
where g + 1 is an odd cardinality. Then a Q-LNVS L in X and Q is defined by the following form: 


a) 4 (xin), St (i 9j), Su (ir 49), S0(ir 9) 21 © XG] EQ 
St (xi, 9j), 8i(Xi, qj), 86 (i qj) © S, 7 =1,2,...,m;i =1,2,...,0 


where 8;(X;, qj), Su (Xj, qj), Sy (Xj, qj) are the truth, indeterminacy, and falsity LVs, respectively, in TDUSs for t, 
u,v € [0, g]. 


Then, the basic linguistic element Ca qj), St(Xi, qj), Su (Xi, qj), So(Xi, qj)) in L is simply denoted by 
li i ((xir qi), Stijs Sujr Sv; , which is called a Q-linguistic neutrosophic element (Q-LNE). 


Example 1. Suppose a person would like to buy a house from a city. There is a set of two potential houses 
H ={Ly, Lo} in two cities. Then, set their price (x1), environment (x2), and traffic (x3) as a universal set 
X = (x1, X2,x3} and set the two cities as another universal set Q = {q1, q2}. Based on the predefined LTS 
S ={so = extremely low, s1 = very low, sz = low, s3 = slightly low, sg = medium, s5 = slightly high, sg = high, 
s7 = very high, sg = extremely high}, the two Q-LNE sets obtained from S are given as follows: 


Ly = {<(x1, 41), 86, $1, $2>, <(%1, 92), $5, $2, 83>, <(X2, 41), S41 83, 82>, <(X2, 42), 87, $1, 83>, 
<(x3, 41), 86, 82, 81>, <(X3, 42), 86, $1, 81>}, 


Ly = {<(x1, 41), 83, $4, $5>, <(X1, 92), $4, $2, 81>, <(X2, 4), 84, 82, 82>, <(X2, 42), 85, $1, 82>, 
<(X3, qu), $5, 82, 81>, <(X3, 42), 86, $3, 82>}. 


In the following, we give the vector similarity measures between Q-LNVSs, including the cosine, 
Dice, and Jaccard measures of Q-LNVSs. 


Definition 2. Let TDUSs be X = {x1,x2,... , Xn} and Q={q1,42,... , Gp} and let i = (0, aise) 
ij ij ij 


and i = ((si4))sa/Sa/8a ) (Gj=1,2,...,p;i=1,2,...,n) be two groups of Q-LNEs in two Q-LNVSs 
ij ij ij 


L; and Ly regarding the LTS S = {s;|1 € [0, g]}. Then, the cosine, Dice, and Jaccard measures of the Q-LNVSs 
Ly and Lz are defined, respectively, as follows: 


C(igisy=s 1 
(L1, Lz) eoP DL he sul eB robe) , (1) 


ha Dy (Hd) oh Ty P gD BY +02 +2) 














D(Li,L2) =s rey? DHLy (thf tule +0707) , (2) 

EP Diy (RY +h) oh) EP DE BY +08) 402)7] 
Li,L2) =s 3 
I( 1, 2) spy OL, HB tu} oF +0} 2) (3) 





y 
Thy Dg (ORY +h) HOLY HEP DL BY HOB Y (08) DP BE, GL th oP +0) 02) 


Obviously, the above cosine, Dice, and Jaccard measures satisfy the following properties: 


(1) SoS CL, Ly), Diy, Ly), J(L1, Ly) < Sg; 
(2) C(L1, Le) = C(L2, L1), D(L1, Lg) = D(L2, L1), J(L1, L2) = J(L2, £1); 
(3) C(Ly, Lp) = D(Ly, Ly) = Ji, Ly) = Sg if and only if Ly = Lp. 


When the importance of elements x; (i = 1, 2, ..., m) and qj G = 1, 2,..., p) is taken into 
account, the weight vectors corresponding to X = {x1, X2,--. , Xn} and Q = {q1, 42, --- , qp} are given 
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as W = {W1, W2,... , Wn} and w = {w1, W2,... , Wp}, respectively. Thus, the weighted cosine, Dice, and 
Jaccard measures of L; and L can be presented, respectively, as follows: 


Cw(L1,L2) = s ax eTh es , (4) 


poaethy ar aR aeeT Jef EP EE wl) +63) +02)" ] 

















Dy(L1, Lp) =s 2gD fy DIL Kae ete if (5) 
2 2 
EP EH w,lC) HOR) HOLY THEE y oD wR) +02) +02) ] 
Ly,L2) =s : 6 
Tw( Ly 2) . , , sup 1 oT 7 vue wate) ( ) 
CP CH willy Huh y Hoh) HEP oP wR Y Huy +R) DE o EP 4 w, (th +ul.ot +007) 


Example 2. Let us consider two Q-LNE sets Ly = {<(x 1, 41), 86, 81, 82>, <(X1, 92), $5, $2, 83>, <(X2, 91), $4, $3, 
82>, <(X2, 42), $7, $1, 83>, <(X3, G1), 86, $2, $1>, <(X3, G2), 86, $1, 81>} and Lz = {<(x1, q1), $3, $4, 85>, <(X1, 42), 
S4, 82, $1>, <(X2, G1), $4, $2, 82>, <(X2, G2), $5, $1, 82>, <(X3, 91), 85, $2, $1>, <(X3, 42), 86, $3, S2>} in the LTS 
S ={so, $1, 82,... , Sg} with g = 8 and the TDUSs X = {x1, x2, x3} and Q = {q1, qz}. Suppose the weight vectors 
for X ={x1, x2, x3} and Q = {q1, q2/ are given as w = (0.4, 0.25, 0.35) and w = (0.4, 0.6), respectively. Then, 
we compute the measure values of Cw(L1, Lz), Dw(L1, L2), Jw(L1, Lz). 


By using Equations (4)-(6), their calculational processes are shown as follows: 


Cw(L1, Lz) = 
w(L1, La) an Ean Hh Het ehR) 


PER ER Hh Hh Dye odd 8) +08) 4027] 


53_, w, (th t2 +ubo 40! 

















— of 0410.4(6 x 341x442 x5) +0.25(4 x 443x242 x2) +035(6x5+2x2+1x 1+ 
{ 0.6(0.4(5 x 4+2x2+4+3x 1) +0.25(7x5+1x14+3x2)+0.35(6 x6+1x3+1 x 2)] | 
]f 0.4[0.4(62 + 12 + 22) + 0.25(42 + 32 + 2?) +.0.35(62 + 22 +12)]+ | Tf 0.4[0.42(32 + 42 + 52) + 0.25(42 + 22 + 22) + 0.35(52 + 22 + 12)]+ 
{ 0.6[0.4(57 + 2? + 3) + 0.25(77 + 1? + 32) + 0.35(67 + 1? + 17)] \. { 0.6[0.47 (4? + 2? + 17) + 0.25(5? + 17 + 27) + 0.35(6? + 37 + 27)] | 
= $7.09137 





Dw(L1,L2) = s 2 
w (Li, Lz) a we 1 henley 
2 oS ye aay +(uh hanes 195840, PCM +R +02)" ) 





= val ana (6x34+1x4+2x5)+0.25(4x44+3x2+2x2)+0.35(6x5+2x24+1x1)]+ } 
0.6(0.4(5 x 44+2x24+3x 1) +0.25(7 x54+1x1+3x 2) +0.35(6 x6+1x3+1x 2)] 
0.4[0.4(67 + 17 + 27) + 0.25(47 + 3? +27) +0.35(6 +27 + 17)]+ 0.4[0.4 (3? + 4? + 57) +. 0.25(47 + 2? + 27) +0.35(67 + 27 + 17)]+ 
{ 0.6[0.4(57 + 27 + 37) + 0.25(77 + 17 +3?) +0.35(67 + 17 + 17)] \ 0.6[0.47(47 + 27 + 17) + 0.25(5? + 1? + 27) +0.35(67 + 3° + 27)] } 

























































































= 87.0777, 
falbite) = 8 = 1h 1 ea eye) 
a 2 oR w,{(4 i +(uh iy +(h) oh Fat OER 1% ay +(u2 i) (oR I= rh 1eo 1 UHR uh oF +oh-07.) 
= Treen 1x44+2x5)+0.25(4x4+3x24+2x2)+0.35(6x5+2x2+1x1)]4 
0.6[0.4(5 x 4+2x24+3x1)+0.25(7x5+1x1+3x2)+0.35(6 x6+1x3+1x 2)] 
0.4[0.4(67 + 17 + 2?) + 0.25(42 + 3? + 27) + 0.35(67 + 2? + 12)]4 
0.6[0.4(5? + 2? + 34) + 0.25(77 + 12 + 3¢) + 0.35(6? + 12 + 17) 
0.4[0.47(37 + 4? + 5*) + 0.25(47 + 2? + 27) + 0.35(5? + 2? + 1*)]4 } 
0.6[0.42(4? + 22 + 12) + 0.25(5? + 12 + 27) + 0.35(67 + 3? + 22)] 
-{ 0.4[0.4(6 x 3+1x44+2x5)+0.25(4x4+3x24+2x2)+0.35(6x54+2x2+1x1)]4 | 
0.6(0.4(5 x4+2x24+3x1)+0.25(7x54+1x14+3x2)+0.35(6 x6+1x3+1x 2)] 
= 56.3460, 


Obviously, the above vector measure values still belong to the LTS S. 


3. DM Approach Based on the Vector Similarity Measures 


This section proposes a Q-linguistic neutrosophic multi-attribute DM approach based on the Dice, 
cosine, and Jaccard measures (the three vector measures) of Q-LNVSs in Q-LNVS setting. 
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Suppose there is a multi-attribute DM problem, in which L = {Lj, Lz, ... , Lm} is denoted by a set 
of m alternatives. Then, TDUSs (two kinds of attribute sets) are specified as X = {x1,X2,...,Xn} 
and Q= {q1,42,..., Op}, respectively, and then their corresponding weigh vectors are given as 

= (W1, W2, ..., Wn) and w = (Wj, Wp, ..., Wy). Whereas, a decision maker is required to assess the 
alternatives Ly (k = 1, 2, ..., m) on the attributes x; (i = 1, 2,..., ) and qj Gj =1,2,..., p) by 
Q-LNEs regarding the given LTS S = {s;|/ € [0, g]} with the odd cardinality g + 1. In the assessment 
process, the decision maker gives the truth, falsity, and indeterminacy linguistic values for x; and 
qj on an alternative L; by corresponding linguistic terms in S, which are constructed as a Q-LNE 


Ik = ( (x4) 545, KS a) G=1,2,...,p;i=1,2,...,n;k=1,2,...,m). Hence, all the Q-LNEs 
ij Mj Oi 
yy 
Thus, the proposed DM method using the vector similarity measures of Q-LNVSs is applied to 


the multi-attribute DM problem with Q-LNVS information. Whereas, the DM steps are depicted in 
detail below: 


Step 1: Since [} = f +/Syt/Sy¢ ) = i Ij), mi mi i 
ep ince Tj; (Os qj)/s § “7 Sy 5) (CG qj) max(sy min(s, ) min(s))) is an 


ideal Q-LNE as the best Q LNE, we can establish the following ideal Q-LNVS 


v= {(Gim.sq,s ui Sos ) 


Step 2: By applying Equations (4)—(6), the cosine/Dice/Jaccard measure between Lx (k = 1,2, ... , m) 
and L’ is given by using the following formula: 


provided by the decision maker can be composed of a decision matrix of Q-LNEs L = (is) : 
mxng 


x; © X,q; € Q,k =1,2,...,m,j =1,2,...,p,i=1,2,...,n 7. (7) 
qj J P. 




















* — 
Cult) —s wa =1 a 1 eM) : (8) 
[Tha oEPLa leh) +h) CORY I EP eH yw, L08 (08)? (0H) 
or 
*) 
Dw(Ly, L*) = 8 gh wPI PU arieey , (9) 
2. 
oP wr Ce +(w Fh) THER POHL wR (uk) 08) 
or 
Ip") =s 10 
Jeo(Le, L*) slp , eM wea) (10) 
EP DP wyl (thy +(u ky HOR HEP oI wiles) (ug) + OF )P|-EP_ wD, w, (th th eukot tok ot) 


Step 3: According to the linguistic values of the vector similarity measures, the alternatives are ranked 
and the best alternative L;« is chosen regarding the biggest linguistic value for X and Q. 

Step 4: Based on xj EX (j =1,2,...,p) org; € Q(i=1, 2,...,), we need to calculate the measure 
values between Lys (xj,qj) and L*(x;,q;): 


C(Lae (ira), L* (xing) = 8 eter for j=1,2,...,p, (1) 


a ij ij" ‘ij iy 
2 
PER (EY + OHh COR) I DE gE)? (Hh)? C08") 




















or 
C(Lye (Xi, qj), L* (Xi qj)) =s8 sop ty ep fori = 1,2, ...,1; (12) 
[Dh (BY (Wh COR Pg OR)? (us + COF 7] 
‘a0 . * . * = a 
D (Lee (xi,9;), L* (xin qj) = 5 2a (hit eu sok ot) forj=1,2,...,p, (13) 
7 (OE) Hak) oR) EEE (CE)? + (up)? + (OF PI 
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or 
* a Pen! 3 
D (Lye (xi, q;),L (xi, qj) =s 2S wegeaheptoley fori=1,2,...,n; (14) 
5 
EP (ER) (uk) +(e HEE + (uf? +(0f 
J (Lee (xi, 9)), L* (xiqj)) = SEL, (Hitt bukot toh ot) forj=1,2,...,p, (15) 
TIL (Hu) CoRR (G5) Hh)? (of PII Ci ak ob tok of 

or 

] (Lee (xi qj), L* (xin gj) = 8 oe shia fori=1,2,...,n. (16) 





EP (ey HE HEE (EHR) COR ID Ct rao veo) 
Step 5: According to the linguistic values of C(Ly (xj, qj), L* (Xi, qj)) or D (Lee (xi, q;), L* (xi q;)) or 
J (Lee (xi, 94), L* (xiv qj) for X or Q (depending on some actual situation), we can determine the 
best one x; or qj+ corresponding to the biggest linguistic value. 


Step 6: End. 
4. Illustrative Example and Sensitivity Analysis to Weights 


4.1. Illustrative Example 


Suppose a person would like to buy a house in one of two cities. There are four potential houses 
(alternatives) of Lx (k = 1, 2, 3, 4) in two cities. Then, set their price (x1), environment (x2), and traffic 
(x3) as a universal set X = {x1, x2, x3} and set the two cities as another universal set Q = {91, qz2}. Thus, 
the Q-LNEs can indicate the influence of both the three attributes of houses and the two cities on 
his/her buying attractive degree of a house. Herewith, the two weigh vectors of X and Q are given 
as w = (0.4, 0.25, 0.35) and w = (0.4, 0.6), respectively. Whereas, the alternative L; (k = 1, 2, 3, 4) are 
assessed over the TDUSs X = {x1, x2, x3} and Q = {q1, q2} from the given LTS S = {sg = extremely low, 
s] = very low, 82 = low, s3 = slightly low, s4 = medium, ss = slightly high, s¢ = high, s7 = very high, 
sg = extremely high} with g = 8. In the assessment process, the decision maker /buyer can give the 
truth, indeterminacy, and falsity values for x; and q; on an alternative L; by corresponding linguistic 
terms in S, and then establish Q-LNEs Ik = ((, qj)/s tk 8 Sy Sk ) (Gj =1, 2;1= 1,2, 3;k =1, 2,3, 4), which 


ij 
are constructed as the DM matrix of Q-LNEs: 


((x1, 91), 86/82/81) ((%1,92),87/82/83) ((32,41), 8582/81) ((%2/92),84,51,81) ((*3-91),85r82/82) ((3, 42), 87, $2, $2) 
— Ly (x1, 41), $6, 51,5: 2) ((x1, 92), $7, 81,81) (2,91), $6 $178 1) ((X2, 42), 85,81, 82) ((x3,41), 56/51, 83) ((x3, 42), 87/82/81) 
(x1 91), ) ((%1-42) )  ((%2091),$4r81/81)  ((X2/42) ) ((%3-91), ) (3-42) ) 
(x91), ) ((%1-492) ) (2,91) )  ((%242) ) ((%3-41), ) (3-42) ) 


X27 91), $5, 53,53, 


*1, 491), 55,52, 53 %1, 92), 56,52, 54 
X1, 91), 55/51/51 %1, 92), 56753755 


2,42), 55, 52,52 3,491), $4, 52,52 X3,92),55,52,83 
X27 42), 56, 52,54 %X3, 91), 85/51/51 X3, 92), 56,52, 83 


Thus, the proposed multi-attribute DM approach can be used for this Q-linguistic neutrosophic 
DM problem. The DM steps are depicted below: 
Firstly, we establish the ideal alternative from the DM matrix L by the ideal Q-LNE set: 


L* = {((x1, 91) 186784784) (x1, 92), Sy, $1/81), ( (x2,41), S67 84/81) ((x2, 92), S6r $181), ( (x3,q1), S654, $1), ((x3, 92), Sy, $5, 81) }. 


Then, by Equations (8)-(10), the measure results and ranking of the four alternatives are given in 
Table 1. 
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Table 1. Measure results and ranking of the four alternatives. 





Measure Method Measure Value between L;, (k = 1, 2,3, 4) and L” Ranking 
Cw (Lx, L*) $7.7472, $7.9088 §7.3465, $7.2437 Ly > Ly > Lg > Ly 
Dy (Ly, L*) 87.7470, 87.9087 87.3207/ $7.2387 Ly > Ly > Lg > Ly 
Tw (Lp, L*) $7,5095, $7.8194, 56,7478, $6.6097 Ly > Ly > Lg > Ly 


Based on Table 1, all the ranking orders are identical regarding the cosine, Dice, and Jaccard 
measures. Then, the best alternative is Lo. 

Next, the measure values of Equations (11), (13), and (15) regarding Q, and the best city regarding 
Ly are given in Table 2. 


Table 2. Measure results regarding Q and the best city. 








Measure Method Measure Result The Best City 
C(L2(xj,91), L* (xi, 91)), C(La (Xi, 42), L* (xi, 92)) 87,8409, 87.9457 92 
D(L2(xj,91), L* (xi,91)), D(L2(%i, 92), L* (Xi, 92)) 87,8326, 87.9424 92 
J(L2 (xi, 91), L* (xi, q1)), J (Lo (xi, 42), L* (xi, 92)) 87.6721, 87.8857 q2z 


Lastly, the results based on Table 2 indicate that the buyer should buy the house Lp in the best city qz. 


4.2. Sensitivity Analysis to Weights 


To indicate the influence of the weights on ranking orders in the illustrative example, we consider 
that the two weigh vectors of X and Q are given as w = (1/3, 1/3, 1/3) and w = (1/2, 1/2), respectively, 
to analyze the sensitivity of the weights with respect to the ranking orders of the four alternatives. 
In this case, by Equations (8)-(10) the measure results and ranking of the four alternatives are indicated 
in Table 3. 


Table 3. Measure results and ranking of the four alternatives with w = (1/3, 1/3, 1/3) and w = (1/2, 1/2). 








Measure Method Measure Value between L;, (k = 1, 2,3, 4) and L” Ranking 
Cw (Lt, L*) 87.7470, $7.8918, 87.3878, $7.2922 Ly > Ly > Lg > Lg 
Dw (Lx, L*) 87.7430, 87.8917, 87.3448, $7.2892 Ly > Ly > Lg > Ly 
Jw (Ly, L*) $7,5019/ §7.7863, 56,7888, 96.6944 Ly > Ly >L3 > Lg 


In this case, there exists the same ranking order in Tables 1 and 3 regarding the cosine, Dice, 
and Jaccard measures. Then, the best alternative is sill Lz), which means the buyer should also buy 
house Ly in the best city qz based on Table 2. It is obvious that all the ranking orders imply the decision 
robustness based on the cosine, Dice, and Jaccard measures regarding the change of weights in this 
illustrative example, which also show no sensitivity of all the ranking orders with respect to the change 
of the weights. In the actual DM applications, however, one of three vector measures can be selected 
by decision makers’ preference or actual requirements. 

However, existing various linguistic neutrosophic DM approaches [25-28] cannot handle the 
DM problems in Q-LNVS setting; while our proposed DM method can carry out both the existing 
DM problems with LNV information [25-28] and the DM problems with Q-LNVS information, which 
shows its advantage in Q-LNVS setting because the LNV set is a special case of Q-LNVS under a 
universal set. Furthermore, the existing Q-neutrosophic soft DM approach [34] cannot deal with the 
DM problems with Q-LNVS information because the Q-neutrosophic soft set [34] cannot express 
Q-linguistic neutrosophic information. Hence, our proposed Q-linguistic neutrosophic DM method 
provides a new way for linguistic neutrosophic DM with TDUSs. 


338 


Symmetry 2018, 10, 531 


5. Conclusions 


This study presented the concept of Q-LNVS for the first time to describe the truth, falsity, 
and indeterminacy linguistic arguments in TDUSs, and then the cosine, Dice, and Jaccard measures of 
Q-LNVSs in vector space. Next, a Q-linguistic neutrosophic multi-attribute DM approach in Q-LNVS 
setting was established by using the cosine, Dice, and Jaccard measures of Q-LNVSs to solve linguistic 
neutrosophic DM problems regarding TDUSs. Lastly, the application of the developed DM approach 
was given by an illustrative example in Q-LNVS setting. The decision results show that the established 
multi-attribute DM approach of Q-LNVSs can solve linguistic neutrosophic DM problems regarding 
TDUSs (two-dimensional attribute sets) in Q-LNVS setting, which indicates its main advantage and 
contribution. Based on the first study, the three vector measures of Q-LNVSs will be further used for 
medical diagnosis, data mining, and clustering analysis for future research in Q-LNVS setting. 
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Abstract: After the neutrosophic set (NS) was proposed, NS was used in many uncertainty problems. 
The single-valued neutrosophic set (SVNS) is a special case of NS that can be used to solve real-word 
problems. This paper mainly studies multigranulation neutrosophic rough sets (MNRSs) and their 
applications in multi-attribute group decision-making. Firstly, the existing definition of neutrosophic 
rough set (we call it type-I neutrosophic rough set (NRS;) in this paper) is analyzed, and then 
the definition of type-II neutrosophic rough set (NRSj), which is similar to NRSj, is given and 
its properties are studied. Secondly, a type-III neutrosophic rough set (NRSy71) is proposed and 
its differences from NRS; and NRSy are provided. Thirdly, single granulation NRSs are extended 
to multigranulation NRSs, and the type-I multigranulation neutrosophic rough set (MNRS)) is 
studied. The type-II multigranulation neutrosophic rough set (MNRSj;) and type-II multigranulation 
neutrosophic rough set (MNRSj) are proposed and their different properties are outlined. We found 
that the three kinds of MNRSs generate tcorresponding NRSs when all the NRs are the same. Finally, 
MNRSyy in two universes is proposed and an algorithm for decision-making based on MNRSjy is 
provided. A car ranking example is studied to explain the application of the proposed model. 


Keywords: inclusion relation; neutrosophic rough set; multi-attribute group decision-making 
(MAGDM); multigranulation neutrosophic rough set (MNRS); two universes 





1. Introduction 


Many theories have been applied to solve problems with imprecision and uncertainty. Fuzzy set 
(FS) theories [1-3] use the degree of membership to solve the fuzziness. Rough set (RS) theories [4-7] 
deal with uncertainty by lower and upper approximation (LUA). Soft set theories [8—10] deal with 
uncertainty by using a parametrized set. However, all these theories have their own restrictions. 
Smarandache proposed the concept of the neutrosophic set (NS) [11], which was a generalization of 
the intuitionistic fuzzy set (IFS). To address real-world uncertainty problems, Wang et al. proposed the 
single-valued neutrosophic set (SVNS) [12]. Many theories about neutrosophic sets were studied and 
extended single-valued neutrosophic set [13-15]. Zhang et al. [16] analyzed two kinds of inclusion 
relations of the NS and then proposed the type-3 inclusion relation of NS. The combinations of the 
FS and RS are popular and produce many interesting results [17]. Broumi and Smarandache [18] 
combined the RS and NS, then produced a rough NS and studied its qualities. Yang et al. [19] combined 
the SVNS and RS, then produced the SVNRS (single-valued neutrosophic rough set) and studied 
its qualities. 

From the view point of granular computing, the RS uses upper and lower approximations 
to solve uncertainty problems, shown by single granularity. However, with the complexity of 
real-word problems, we often encounter multiple relationship concepts. Qian and Liang [20] proposed 
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a multigranularity rough set (MGRS). Many scholars have generalized MGRS and acquired some 
interesting consequences [21-26]. Zhang et al. [27] proposed non-dual MGRSs and investigated 
their qualities. 

Few articles have been published about the combination of NSs and multigranulation rough 
sets. In this paper, we study three kinds of neutrosophic rough sets (NRSs) and multigranulation 
neutrosophic rough sets (MNRSs) that are based on three kinds of inclusion relationships of NS 
and corresponding union and intersection relationships [11,12,16]. Their different properties are 
discussed. We found that MNRSs degenerate to corresponding NRSs when the NRs are the same. 
Yang et al. [19] defined the NRS; and considered its properties. Bo et al. [28] proposed MNRS; and 
discussed its properties. In this paper, we study NRSy and MNRSjy. We also study NRSy and 
MNRSyjz, which are based on a type-3 inclusion relationship and corresponding union and intersection 
relationships. Finally, we use MNRSy on two universes to solve multi-attribute group decision-making 
(MAGDM) problems. 

The structure of this article is as follows: In Section 2, some basic notions and operations of 
NRS, and NRSy are introduced. In Section 3, the definition of NRSyy is proposed and its qualities are 
investigated, and the differences between NRS;, NRSj, and NRSjy are illustrated using an example. 
In Section 4, MNRS; and MNRSy are discussed. In Section 5, MNRSjy is proposed and its differences 
from MNRS; and MNRSy are studied. In Section 6, MNRSyy on two universes is proposed and 
an application to solve the MAGDM problem is outlined. Finally, Section 7 provides our conclusions 
and outlook. 


2. Preliminary 
In this chapter, we look back at several basic concepts of type-I NRS, then propose the definition 
and properties of type-II NRS. 


Definition 1. [12] A single valued neutrosophic set A in X is denoted by: 


A = {(x,Ta(x),1a(x), Fa(x))|x € X}, (1) 


where TA(x), IA(x), FA(x) € [0, 1] for each point x in X and satisfies the condition 0 < T(x) + I4(x) + Fa(x) < 3. 
For convenience, “SVNS” is abbreviated to “NS” later. Here, NS(X) denotes the set of all SVNS in X. 


Definition 2. [29] A neutrosophic relation (NR) is a neutrosophic fuzzy subset of X x Y, that is, Vx € X, 
yey, 

R(x, y) = (TR, IR, Fr), (2) 
where Tr: X x Y — [0, 1], In: X x Y + [0, 1], and Fr: X x Y + [0,1] and satisfies 0 < Tr + In + Fr < 3. 
NR(X x Y) denotes all the NRs in X x Y. 


Definition 3. [19] Suppose (U, R) is a neutrosophic approximation space (NAS). VA € NS(U), the LUA of A, 
denoted by R(A) and R(A), is defined as: Vx € U, 


R(A) = 9,,(R(x,y) UAW), RA) =U, (R(&9) 9 AWY)). @) 


The pair (R(A), R(A)) is called the SVNRS of A. In this paper, we called it type-I neutrosophic rough set 
(NRSj). Because the definition of NRS, is based on the type-1 operator of NS, the definition can be written as: 


NRSi(A) = eee) Us A(y)), NRS1(A) = (Ray) M1 A(y))- (4) 





Proposition 1. [19] Suppose (U, R) is an NAS. VA, B € NS(UD, we have: 
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(1) IfA Cc, B, then NRS;(A) ei NRS,(B) and NRS;(A) Cy NRS;(B). 
(2) NRS|(A ‘ea B) = NRS;(A) ian NRS;(B), NRS/(A Uy B) = NRS;(A) Uy NRS|(B). 
(3) NRS;(A) U; NRS;(B) Gy NRS;(A Uy B), NRS;(A My B) Cy NRS;(A) My NRS|(B). 

















According to the NRS;, we can get the definition and properties of NRSj, which is based on the 
type-2 operator of NS. 


Definition 4. Suppose (U, R) is an NAS. VA € NS(U), the type-II LUA of A, is defined as: 


NRSjj(A) = fa ey) Us A(y)), NRSji(A) = Ua siey) M2 A(y)) (5) 
€ ye 


The pair (NRSj1(A), NRS7{(A)) is called NRSy of A. 


Proposition 2. Suppose (U, R) is an NAS. VA, B € NS(U), we have: 





(1) IfA Co B, then NRSj;(A) Co NRSj;(B), NRS7;(A) Co NRS7;(B). 
(2) NRS7(A No B) = NRSj(A) ia NRSj1(B), NRSi(A Us B) = NRS1(A) Us NRSj1(B). 
(3) NRS7;(A) Us NRSj71(B) Co NRS1(A U2 B), NRS7(A N2 B) =) NRS11(A) N2 NRS7{(B). 





























Definition 5. [22] Suppose A, B are two NSs, then the Hamming distance between A and B is defined as: 





dy (A,B) = Elta) Ta(xi)| + |La(xi) — Ip (xi)| + |Fa(xi) — Fa(xi)|}- (6) 


3. Type-III NRS 


In this chapter, we introduce a new NRS, type-II NRS (NRSjq). We provide the differences 
between the three kinds of NRSs. The properties of NRSyy are also given. 


Definition 6. Suppose (U, R) is an NAS. VA € NS(U), the type-II LUA of A, is defined as: 


NRSj11(A) = 3 (R(x 9) U3 A(y)), NRSi1(A) = Us (R(x, ¥) M3 A(y)). 
ye ye 


The pair (NRSj11(A), NRS71i(A)) is called NRSqy of A. 


Proposition 3. Suppose (U, R) is an NAS. VA, B € NS(U), we have: 





(1) If A G3 B, then NRSj11(A) C3 NRS711(B), NRSj11(A) C3 NRSyy1(B). 
(2) NRSi(AM3 B) C3 NRSi(A) M3 NRSi1(B), NRSi1(A) U3 NRSi1(B) C3 NRSr1(A Us B). 
(3) NRSiq(AM3 B) C3 NRSqq1(A) M3 NRSq11(B), NRSqq1(A) U3 NRS11(B) C3 NRS771(A Us B). 























Proof. (1) Assume A C3 B, 
Case 1: If T4(x) < Tp(x), Fa(x) > Fp(x), then: 


Tyrsi1(A)(*) = fee) V Ta(y)] < eae V Ta(y)] = Tyrsi1(B) (*) 


Exrsi1(A)(*) = v TR (x) A Fa(y)] = wala) A Fa(y)] = Exrsy7(B) (*)- 


ye 
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Hence, 
NRSin1(A) C3 NRSri(B). 


Case 2: If T4(x) = Tp(x), F(x) > Fp(x), then: 


Tyrsj1(A)(X) = Ae! VTa(y)] = pee! V Ta(y)] = Tyrs,,(B) (X) 


Fyrsy)(a)(*) = V [Tr(x,y) A Fa(y)] = ule) A Fa(y)] = Enrsy)(B) (2). 


V 
yeu 


Hence, 


Case 3: suppose T(x) = T(x), Fa(x) = Fp(x) and I(x) < Ip(x), then: 


Tyrsy1(A)(*) = pee) V Ta(y)] = jee) V Ta(y)] = Tyrsi1(B) (*) 





Eyrsiy(A)(*) = yet FR(%Y) A Fa(y)] = Pe) A Fa(y)] = Exrsi,(B) (*) 


Ta(yj), — R°(x,yj) C3 A(yj) C3 AYR) Yer yj) € U 
IRsin(A)(*) = 4 Tre (x,y), A(yj) Ss R°(x,¥;) 
, else 


Ip(yj), — Rif (x, yj) Sa Bly) S3 BY), Very € U 
TMNRSi°(B)(*) = 4 Ire (x-¥;), B(yj) Sa Ri°(x,¥;) 
A else 


Hence, IRS (A) (*) x IRS 1(B)(*)- So NRSj11(A) C3 NRSj11(B). 
Summing up the above, if A C3 B, then NRSj1;(A) C3 NRSp1(B). 
Similarly, we can get NRSj1;(A) C3 NRS77;(B). 

(2) According the Definition 6, we have: 

















NRSii(AN3 B) = aay) U3 (AM B)(y)] 


M3 





Ag (R°(x,y) Us aw) 


C3 [o (R°(x,y) U3 A(y)) 
yeu 


yeu 
= NRSj11(A) N3 NRSj71(B). 

















Similarly, 
NRSji1(A) U3 NRSii(B) = 3 (Re(x9) U3 A(y))} Us Ha (RY) Us aw 
ye ye 
C3 M3 [R°(x,y) Us (A U3 B)(y)] 
yeu 
= NRS111(A U3 B). 














(3) The proof is similar to that of Case 2. 
Example 1. Define NAS (U, R), where U = {x1, x2} and R is given in Table 1. 


Table 1. A neutrosophic relation R. 








R xy x2 
x1 (0.4, 0.6, 0.7) (0.2, 0.2, 0.9) 
x2 (0.7, 0.1, 0.4) (0.8, 0.8, 0.6) 
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Suppose A is an NS and A = {(x1, 0.8, 0.2, 0.1), (x2, 0.4, 0.9, 0.5). Then, by Definitions 3, 4 and 6, 
we can get: 

NRS}(A)(x1) = (0.8,0.8,0.2), NRS;(A)(x2) = (0.6,0.2,0.5), 
NRS/(A)(x1) = (0.4,0.6,0.7), NRS;(A)(x2) = (0.7,0.2,0.4), 

NRSj1(A)(x1) = (0.8,0.4,0.2), NRSj(A)(x2) = (0.6,0.9,0.5), 

NRSji(A) (x1) = (0.4,0.2,0.7), NRSj1(A) (x2) = (0.7,0.8,0.4), 
NRSji1(A) (x1) = (0.8,1,0.2), NRSj1(A) (x2) = (0.6,0,0.5), 

NRSj11(A)(x1) = (0.4,0.6,0.7), NRSj1;(A)(x2) = (0.7,0.1,0.4). 


4. Type-I and Type-II MNRS 


We have proposed a kind of multigranulation neutrosophic rough set [30] (we called it type-I 
multigranulation neutrosophic rough set in this paper). MNRS; is based on a type-1 operator of NRs. 
In this chapter, we define the type-II multigranulation neutrosophic rough set (MNRSj), which is 
based on a type-2 operator of NRs. 


Definition 7. [28] Suppose U is a non-empty finite universe, and R; (1 <i < m) is a binary NR on U. We call 
the tuple ordered set (U, R;) the multigranulation neutrosophic approximation space (MNAS). 


Definition 8. [28] Suppose (U, R;) is an MNAS. VA € NS(U), the type-I optimistic LUA of A, represented by 
MNRS,°(A) and MNRS;, (A), is defined as: 


=1\yceu 


MNRS,°(A)(x) = U1 (2 (Ri° (x,y) Ur ay) 


MNRS, (A)(x) = m1 (u (Ri(x,y) M1 Aw) 


=1\yceu 
Then, A is named a definable NS when MNRS;°(A) = MNRS, (A). Alternatively, we name the pair 
(MNRS,°(A), MNRS;’(A)) an optimistic MNRS}. 


Definition 9. [30] Suppose (U, R;) isan MNAS. VA € NS(U), the type-I pessimistic LUA of A, represented 
by MNRS;? (A) and MNRS;? (A), is defined as: 


MNRS/?(A)(x) = (oye f(x,y) Ut aw) 
i=1 ye 

MNRS)" (A)(x) = Uy (oye (XY) 1 aw), 
i=1 ye 


Similarly, A is named a definable NS when MNRS,?(A) = MNRS)’ (A). Alternatively, we name the 
pair (MNRS,?(A), MNRS)"(A)) a pessimistic MNRSy. 





Definition 10. Suppose (U, R;) isan MNAS. VA € NS(U), the type-II optimistic LUA of A, represented by 
MNRS,;°(A) and MNRSj; (A), is defined as: 


MNRS17°(A) (x) = Up ( M2 (Ri€(x, y) U2 ay)) 
=1\ycu 


MNRS17 (A)(x) = "2 ( Us (Ri(x,y) M2 ay)). 
=1\ycu 
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Then, A is named a definable NS when MNRS1)°(A) = MNRSi; (A). Alternatively, we name the pair 


(MNRS 1°(A), MNRS 1 (A)) an optimistic MNRSq. 


Definition 11. Suppose (U, R;) is an MNAS. VA € NS(U), the type-II pessimistic LUA of A, represented by 
MNRSj,?(A) and MNRS77’ (A), is defined as: 


m 


MNRS1?(A)(x) = M2 ( M2 (Rif (x,y) U2 awy)) 
i=1\ycu 


MNRSj7"(A)(x) = Up ( U2 (Ri(x,y) M2 awy)). 
i=1\yceu 


Similarly, A is named a definable NS when MNRS1{?(A) = MNRSj_’ (A). Alternatively, we name the 
pair (MNRS11" (A), MNRSi" (A)) a pessimistic MNRSy. 





Proposition 4. Suppose (U, R;) is an MNAS. VA, B € NS(U), then: 


(1) 
(2) 
(3) 


(4) 
(5) 
(6) 
(7) 


(8) 


S WatasYeun 


MNRS))°(A) = ~ MNRSi, (~ A), MNRS1,?(A) = ~ MNRS77" (~ A). 

MNRSj; (A) = ~ MNRSj)°(~ A), MNRS;"(A) = ~ MNRS1)?(~ A). 

MNRS))°(A ay) B) = MNRS,°(A) N2 MNRS,;°(B), MNRS7?(A M2 B) = MNRS1;? (A) M2 
MNRSjj?(B). 
MNRS7y (A U2 B) 
MNRSj;" (B). 
A Co B => MNRS))°(A) Co MNRS1)°(B), MNRS1;?(A) Co MNRS7;?(B) 
A Cy B => MNRSj,’ (A) C2 MNRSj;’ (B), MNRS7"(A) Cx MNRSj71" (B) 
MNRS|)°(A Up MNRS,,°(B) Co MNRS|)°(A Us B), MNRS);? (A) U2 MNRS7;? (B) Co 
MNRS1)?(A Up B). 

MNRS), AN B) Co MNRSj;’ (A) Na MNRS,; (B), MNRS7)" (A M2 B) Co MNRSj/" (A) Na 
MNRS;;" (B). 








MNRSj7 (A) Ur MNRSjy (B), MNRSj7?(AU2B) = MNRS71"(A) Us 














a 
a 














Proof. Equations (1), (2), (5), and (6) are obviously according to Definitions 10 and 11. Next, we will 
prove Equations (3), (4), (7), and (8). 


MNRS))°(A M2 B)(x) = 


(3) By Definition 10, 


LCs 


Ap (Rif (x,y) U2 (AN2 aiw)) 
yeu 


= 


a _™ Il 


2 (a2 (Ria Y) Us A(y)) A (Rif (x,y) U2 aw) 


=[U, ( Me (Rif (x,y) ww) Me (vs ( Me (Rif (x,y) Ua mw) ) 


i=1 \ycu i=1\yeu 
= MNRS],° A(x) M2 MNRS7°B(y). 


Similarly, from Definition 11, we can get the following: 


MNRS,)"(A M2 B) = MNRS1? (A) Az MNRS jj? (B). 





(4) The proof is similar to that of Equation (3). 
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(7) By Definition 10, we can get: 


TMNRS1°(AU2B)(*) = = maxmin {max| Fr, (x,y), (max(Ta(y), Te (y)))]} 


= maxmin {max| (max(Fr, (x,y), Ta(y))), (max(Fp, (x,y), Ta(y)))]} 


i=1 ye 


> max} |maxmin(max(Fe, (x,y), Ta(y))) |, |maxmin(max(Fr, (x,y), Ta(y))) 
{| eu | I 1 yeu | } 


= max( Tnvrsi0(a)(* ), TMNRS1°(B) (x)). 





= maxmin {max (1 ~ Ir,(x,y)), (max(La(y), Ia(y)))] } 


= = maxmin {max (max((1 — Ir,(x,y)),La(y))), (max((1 — Ir, (x,y)),IB(y)))] } 


> max main (mar (1 ~ I (4-9))- ay) ] [ mmin(mna((1 ~ I, (2-99) t0(4)))] 


i=1 ye 


TMs y1°(AUpB) (*) 


= max(Inives,(4) ( x), IMNRS11°(B) (x)). 


baeaaumn) = minmax{ min(Tr, (1, y), (min(E4(y),Fe(y)))]} 


i=1 yeu 
= minmax{ min{min(Ta,(x,y),Fa(y))]- bin( Te, (*-y),Fa(y))]} 
< min{ {minmax(omin(Te,(x,y),Fa(y)) } [miinmax(min( Ts (sy), Fe(y)))| 


= min (Fes, °(a)(X), Fan rs,.°(B) (*) )- 





Hence, MNRS);°(A) U2 MNRS);°(B) Co MNRS))°(A Us B). 

Additionally, according to Definition 11, we can get MNRSj;?(A) U2 MNRS71?(B) Co 
MNRS7;? (A U2 B). 

(8) The proof is similar to that of Equation (7). 




















Remark 1. Note that if the NRs are the same one, then the optimistic (pessimistic) MNRSy degenerates into 
NRSy in Section 2. 


5. Type-III MNRS 


In this chapter, MNRSyq, which is based on a type-3 inclusion relation and corresponding union 
and intersection relations, is proposed and their characterizations are provided. 


Definition 12. Suppose (U, R;) isan MNAS. VA € NS(U), the type-II optimistic LUA of A, represented by 
MNRS711°(A) and MNRSi, (A), is defined as: 


MNRSi11°(A) (x) = Us ( Ms (Ri (x,y) Us awy)) 
=1\ycu 


—= m 
MNRSi11 (A)(x) = 3 ( U3 (Ri(x,y) M3 a) . 
i=1\ yeu 
Then, A is named a definable NS when MNRSj11°(A) = MNRSir (A). Alternatively, we name the 
pair (MNRS111°(A), MNRSji1"(A)) an optimistic MNRSqy. 


Definition 13. Suppose (U, R;) isan MNAS. VA € NS(U), the type-II pessimistic LUA of A, represented by 
MNRSj1;?(A) and MNRSii/' (A), is defined as: 


MNRSj1)?(A) (x) = M3 (oye i (x,y) Us a) 
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MNRSj1' (A) (x) = Us ( U3 (Ri(x,y) M3 awy)). 
i=1 \ycu 


Similarly, A is named a definable NS when MNRSjq1? (A) = MNRSi1/' (A). Alternatively, we name 
the pair (MNRSi11"(A), MNRSi11" (A)) a pessimistic MNRSyq. 
Proposition 5. Suppose (U, R;) isan MNAS. VA, B € NS(U), then: 


(1) MNRS11°(A) =~ MNRSiq (~ A), MNRSj11"(A) =~ MNRSqi7" (~ A). 

(2) MNRSzy (A) =~ MNRSj717°(~ A), MNRSqq7" (A) =~ MNRSy71?(~ A). 

(3) A C3 B= MNRS71/°(A) C3 MNRS711°(B), MNRS jy? (A) C3 MNRSj1)?(B). 
M 
A 














(4) AC3 B= MNRSii)°(A) C3 MNRSj17 (B), MNRSj11"(A) C3 MNRSj1;"(B). 

(5) MNRS717°(AN3 B C3 MNRS711°(A) N3 MNRS71;°(B), MNRS7?(ANs3 B) C3 
MNRS711?(A M3 MNRSj17"(B). 

(6) MNRSii, A) U3 MNRSii, B) G3 MNRSiy (A U3 B), MNRSii;' (A) U3 MNRSji;" (B) C3 
MNRSii1°(A Us B). 

(7) MNRSj1;°(A) U3 MNRS777°(B) C3 MNRS11)°(A U3 B), MNRSy1)?(A) U3 MNRSj1;?(B) C3 
MNRS11;?(A U3 B). 

(8) MNRSyy, Afn3 B C3 MNRSqy (A) M3 MNRSiz (B), MNRS]' (A N3 B) C3 


MNRSi' (A 3 MNRS11)" B). 






































Proof. Equations (1) and (2) can be directly derived from Definitions 12 and 13. We only provide the 
proof of Equations (3)-(8). 

(3) Suppose A C3 B, then: 

Case 1: If T4(x) < Tp(x), Fa(x) > Fp(x), then: 


m m 
TMnrsq11°(A)(X) = s AAS [Fr,(x,y) V Ta(y)] < ny Ae [Fr,(x,y) V Ta(y)] = Tunes, )°(B)(*) 


IV 


m m 
FMNRS119(A)(*) = AN ne [Tr,(x,y) A Fa(y)| A ae [Tr, (x,y) A Fe(y)] = Fawrsyy°(B) (2) 


Hence, MNRSj11°(A) C3 MNRSj17°(B). 
Case 2: If T4(x) = Tp(x), F(x) > Fp(x), then: 


m m 
TMNRS 119A) (%) = Vi ve [Fr,(x,y) V Ta(y)] = he [Fr, (x,y) V Ta(y)] = Tanrs,;°(B) (*) 


m 


FMNRS1119(A)(*) = A wi [Tr, (x,y) A Fa(y)] A ne [Tr, (x,y) A Fe(y)] = Favrsy)°(B) (*)- 


IV 


Hence, MNRSj11°(A) C3 MNRSy711°(B). 
Case 3: suppose T(x) = T(x), F(x) = Fg(x) and I4(x) < Ip(x), then: 


m m 
Tons 11)°(A)(X) = a yeu [Fr,(x,y) V Ta(y)] = ai yeu [Fr;(x,y) V Ta(y)] = Tunes, 7°(B) (*) 


m m 
FMNRS1119(A) (*) = ls a [Tr;(x,y) A Fa(y)] = & we [Tr, (x,y) A Fe(y)] = Fawrsy°(B) (X) 


Ta(yj), Rie (x, yj) C3 A(yj) S3 AYR) Yer yy € U 
TMNRS1119(A) (*) = Tree (x¥j), A(yj) Sa Ri® (x, yj) 
0, else 
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Ta (yj), Rif (yj) C3 B(yj) C3 BUYk)/ Yeryj € U 
Tvnrs11,°(B)(*) = Tr (x,y), B(yj) Ca Rif (x,y) 
0, else 


Hence, TMNRS11°(A) (x) < TMNRS111°(B) (x). So, MNRS11/°(A) C3 MNRS11;°(B). 
Summing up the above, if A C3 B, then MNRSj1;°(A) C3 MNRSj11°(B). 
Similarly, we can get MNRS17;?(A) C3 MNRSj11?(B). 

(4) The proof is similar to that of Equation (3). 

(5) From Definition 12, we have: 














MNRSi1°(AN3B) = Us (toe U3 (A(y) M3 aw) 


C3 Us (oy (Rem U3 A(y)) M3 (RiS (x,y) U3 B(y))) 


Cs (2, ( Me (Ri°(9) sw)) M3 fe ( Ms (Ri (XY) Us mw) ) 
i=1\ye PSENYS 
= MNRSj11°(A) M3 MNRSi11°(B): 


Similarly, from Definition 13, we can get MNRSj77?(A 3 B) C3 MNRS717? (A) M3 MNRSy717?(B). 
(6) From Definition 12, we have: 


MNRSji7' (A) U3 MNRSiii (B) = (* ( U3 (Ri(x,y) 3 aw) U3 (* ( U3 (Ri(x,y) 3 mw) 
i=1 \yeu i=1 \ycu 


Cs As Us ((Ri(2y) M3 A(y)) Us (Rilx,¥) M3 BY))) 


m 

S3 M3 | Us (Ri(x,¥) M3 (A(y) Us B(y))) 
i=1\ yeu 

= MNRSjy (A U3 B). 


Similarly, from Definition 13, we can get MNRSi' (A U3 B) = MNRSii;" (A) U3 MNRSi1;' (B). 
(7) From Definition 12, we have: 


m 
MNRSi1°(AU3B) = U3 3 (Ri*(x-¥) U3 (A Us aw) 
i=1\ye 


3 De (Ree¥) Us (A(y) Us B(y))) 


m 
3 U3 
i=1 yeu 


-(0, Ms (Rif (x,y) U3 A(y)) Ju Us 
i yeu i=1 


= MNRS11)°(A) U3 MNRSy711°(B). 


M3 (RiX (x,y) U3 A(y)) 


Us | 3 (Ri°(x,y) Us B(y)) 
yeu 














Ag (Rif (x,y) Us ay)| ) 


yeu 





Hence, MNRS111°(A) U3 MNRS71)°(B) C3 MNRS111°(A Us B). 


Additionally, from Definition 13, we can get MNRSj71;?(A) U3 MNRS7;?(B) G3 
MNRSj1/?(A U3 B). 
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(8) From Definition 12, we have: 


MNRSiit (A Ms B) = =A (upc 3, (x,y) M3 (AN ay) 
ye 
U3 
yeu 


3 *( 


z (* Us (Ri(x,y) Ns Ay) 


yeu 
Hence, MNRSj11 (A M3 B) C3 MNRSi (A) M3 MNRSi (B). 
Similarly, from Definition 13, we can get MNRSj1)" (A M3 B) C3 MNRS711" (A) N3 MNRS711" (B). 


M3 ( Us (R coe) 


1 


i 


ae i(x,y) M3 A(y)) 











Us (Ri(x,y) M3 av} 


yeu 


) 3 (* Us (Ri(x,y) M3 aww} 


yeu 
= MNRSz (A) M3 MNRS7r (B). 




















Remark 2. Note that if the NRs are the same one, then the optimistic (pessimistic) MNRSjq degenerates into 
NRSjyy in Section 3. 








6. Type-III MNRS in Two Universes with Its Applications 


In this chapter, we propose the concept of MNRSjy in two universes and use it to deal with the 
MAGDM problem. 


Definition 14. [28] Suppose U, V are two non-empty finite universes, and R; € NS(U x V)(1<i<m)isa 
binary NR. We call (U, V, R,) the MNAS in two universes. 


Definition 15. Suppose (U, V, R;) is an MNAS in two universes. VA € NS(V) and x € U, the type-II 
optimistic LUA of A in (U, V, Rj), represented by MNRS11;°(A) and MNRSjj, (A), is defined as: 


MNRSi11°(A)(x) = Us ( Mg (Ri (x,y) Us ay) 
i=1 \ye 


MNRSrir (A)(x) = M3 ( Us (Ri(x,y) M3 Aw). 
i=1 \yeV 


—sT. 


Then, A is named a definable NS in two universes when MNRS111°(A) = MNRSjz (A). Alternatively, 
we name the pair (MNRSi11°(A), MNRSyy (A 





YS 


an optimistic MNRSyq in two universes. 


Definition 16. Suppose (U, V, R;) is an MNAS in two universes. VA € NS(V) and x € U, the type-II 
pessimistic LUA of A in (U, V, R;), denoted by MNRSjq1? (A) and MNRSii,' (A), is defined as follows: 


MNRSjq1?(A)(x) = rs ( Ag (Rif (x,y) U3 aw) 
=1\yeVv 


MNRSji1' (A) (x) = Us ( U3 (Ri(x,y) M3 ay)) . 
=1\yeV 


Similarly, A is named a definable NS when MNRSj1;?(A) = MNRSii7" (A). Alternatively, we name 
the pair (MNRSi11?(A), MNRSiii" (A)) a pessimistic MNRSyy in two universes. 
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Remark 3. Note that if the two domains are the same, then the optimistic (pessimistic) MNRSyq in two 
universes degenerates into the optimistic (pessimistic) MNRSjq in a single universe in Section 5. 


The MAGDM problem is becoming more and more generally present in our daily life. MAGDM 
means to select or rank all the feasible alternatives in various criterions. There are many ways to solve 
the MAGDM problem, but we use MNRS to solve it in this paper. Next, we give the basic description 
of the considered MAGDM problem. 

For the car-ranking question, suppose U = {x1, X2,... , Xn} is the decision set and V = {y1, y2,..., 
Ym} is the criteria set in which x represents “very popular”, x2 represents “popular”, x3 represents 
“less popular”, ... , X, represents “not popular”, y; represents the vehicle type”, y2 represents the 
size of the space, 3 represents the ride height, y4 represents quality, and ... , ym represents length of 
durability. Then, / selection experts make evaluations about the criteria sets according to their own 
experiences. Here, the evaluations were shown by NRs. Next, we calculate the degree of popularity 
for a given car. Therefore, we need to use MGNRS to solve the above problem. For the MAGDM 
problem under a multigranulation neutrosophic environment, the optimistic lower approximation can 
be regarded as an optimistic risk decision, and the optimistic upper approximation can be regarded 
as an optimistic conservative decision. Additionally, the pessimistic lower approximation can be 
regarded as a pessimistic risk decision and the pessimistic upper approximation can be regarded as 
a pessimistic conservative decision. According to the distance of neutrosophic sets, we define the 
difference function dy(A, B)(x;) = (1/3)(1 Ta(x) — T(x)! + |I4(x) — Ip(x;)! + | Ea(x;) — Fp (xj) 1). We 
used the difference function to represent the distance of optimistic (pessimistic) upper and lower 
approximation. The smaller the value of the distance is, the better the alternative x; is, because the 
risk decision and the conservative decision are close. By comparing the distance value, all alternatives 
can be ranked and we can choose the optimal alternative. In this paper, we only used three kinds of 
optimistic upper and lower approximation to decision-making. 

Next, we show the process of the above car-ranking question based on MGNRSs over two 
universes. Let Ry € NR(U x V) be NRs from U to V, where V(xj, yj) € U x V, Ri(%i, yj) denotes the 
degree of popularity for criteria set y; (y; € V). Rj can be obtained according to experts’ experience. 
Given a car A, according to the unconventional questionnaire (suppose there are three options—“like”, 
“not like”, and “neutral” to choose for each of the criteria sets, and everyone can choose one or more 
options), then we can get the popularity of every criterion as described by an NS A in the universe V 
according to the questionnaire. By use of the following Algorithm 1, we can determine the degree of 
popularity of the given car A. 


Algorithm 1 Decision algorithm 





Input Multigranulation neutrosophic decision information systems (U, V, R). 

Output The degree of popularity of the given car. 

Step 1 Computing three kinds of optimistic multigranulation LUA MNRS/°(A), MNRSy (A), 
MNRS,;°(A), MNRSj (A), MNRS111°(A), MNRSj11 (A). 

Step 2 Calculate d(MNRS,°(x;), MNRSy (x;)), d( MNRSj1°(x;), MNRS77 (x;)) and 
d(MNRS111°(x;), MNRSi11 (xi)). 

Step 3 The best choice is to select xj, (which means that the most welcome degree is xj) if 
d(MNRS? (xp), MNRS° (xj)) = minjes12,... nj 4(MNRS® (x;), MNRS’ (xj). 

Step 4 If i has two or more values, then each x), will be the best choice. In this case, the car may have two or 
more popularities and each x; will be regarded as the most possible popularity; otherwise, we use other 
methods to make a decision. 








Next, we use an example to explain the algorithm. 
Let U = {x1, x2, x3, x4} be the decision set, in which x; denotes “very popular”, x2 denotes 
“popular”, x3 denotes “less popular”, and x4 denotes “not popular”. Let V = {y1, y2, ¥3, Ya, Ys} be 
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criteria sets, in which y; denotes the vehicle type, y2 denotes the size of the space, y3 denotes the ride 
height, y4 denotes quality, and ys denotes length of durability. 

Suppose that R;, R2, and R3 are given by three invited experts. They provide their evaluations for 
all criteria Yj with respect to decision set elements x;. The evaluation R1, Ro, and R3 are NRs between 
attribute set V and decision evaluation set U., that is., there are Rj, Ro, Rg © NR(U x V). 

Suppose three experts present their judgment (the neutrosophic relation R;, Ry, and R3) for the 


attribute and decision sets in Tables 2-4: 


Table 2. Neutrosophic relation Rj. 














Ri Yi Y2 y3 4 Ys 

xy (0.8, 0.6, 0.5) (0.2, 0.3, 0.9) (0, 0, 1) (0.7, 0.5, 0.6) (0, 0, 1) 

X92 (0.6, 0.4, 0.6) (0.9, 0.3, 0.4) (1, 0, 0) (0, 0, 1) (0.3, 0.6, 0.7) 

x3 (0.2, 0.5, 0.9) (0.6, 0.7, 0.5) (0.8, 0.7, 0.8) (0, 0, 1) (1, 0, 0) 

X4 (0.6, 0.4, 0.7) (0, 0, 1) (0, 0, 1) (0.9, 0.8, 0.1) (0, 0,1) 
Table 3. Neutrosophic relation Rp. 

Ro v1 Y2 ¥3 Ya Ys 

Xy (0.9, 0.3, 0.6) (0, 0, 1) (0, 0, 1) (0.5, 0.6, 0.5) (0.2, 0.3, 0.9) 

X92 (0.3, 0.7, 0.8) (0.7, 0.5, 0.6) (0.9, 0.1, 0.1) (0, 0, 1) (0.4, 0.5, 0.8) 

x3 (0.1, 0.6, 0.8) (0.3, 0.6, 0.5) (0.7, 0.3, 0.6) (0, 0, 1) (1, 0, 0) 

x4 (0.7, 0.5, 0.6) (0, 0, 1) (0, 0, 1) (1, 0, 0) (0, 0, 1) 
Table 4. Neutrosophic relation R3. 

R3 Y1 Y2 ¥3 Ya Ys 

Xy (0.6, 0.9, 0.4) (0.1, 0.1, 0.8) (0.1, 0, 0.9) (0.8, 0.4, 0.8) (0, 0, 1) 

X92 (0.5, 0.6, 0.6) (0.6, 0.2, 0.7) (1, 0, 0) (0, 0, 1) (0, 0, 1) 

x3 (0.1, 0.4, 0.7) (0.2, 0.2, 0.7) (0.5, 0.7, 0.6) (0, 0, 1) (0.9, 0.1, 0.2) 

X4 (0.6, 0.3, 0.4) (0, 0, 1) (0, 0, 1) (0.7, 0.5, 0.4) (0, 0, 1) 





Suppose A is a car and each criterion in V is as follows: 


A={(y1, 0.9, 0.2, 0.2), (y2, 0.2, 0.7, 0.8), (y3, 0, 1, 0.3), (ya, 0.7, 0.6, 0.3), (ys, 0.1, 0.8, 0.9)}. 


Then, we can calculate the three kinds of optimistic LUAs of A as follow: 





























MNRS,°(A)(x1) = (0.8, 1,0.3), MNRS;°(A)(x2) = (0.1,0.9,0.6), 
MNRS/°(A)(x3) = (0.2,0.8, 0.9), MNRS1"(A )(xa) = (0.7,1,0.3), 
MNRSy (A)(x1) = (0.7,0.6,0.5), MNRSy' (A) (xz) = (0.3, 0.6,0.3), 
MNRSy (A)(x3) = (0.2,0.6,0.8), MNRS; (A) (x4) = (0.7,0.5,0.4), 
MNRSj71°(A)(x1) = (0.8, 0.6,0.3), MNRSj1°(A) (x2) = (0.1,0.6,0.6), 
MNRS1i°(A)(x3) = (0.2,0.6,0.9), MNRSii°(A) (x4) = (0.7,0.6,0.3), 
MNRS); (A)(x1) = (0.7,0.4,0.5), MNRS;,°(A)(x2) = (0.3,0.2,0.3), 
MNRSj, (A) (x3) = (0.2,0.6,0.8), MNRSj; (A) (x4) = (0.7,0.2,0.4), 
MNRS111°(A)(x1) = (0.8,0,0.3), MNRSj711°(A (x2) = = (0.1, 0, 0.6), 
MNRS),)° A x3) = 0.2,0.9,0.9), MNRSir (A (x4) = (0.7, 0.6, 0.3), 
MNRSiz (A) (x1) = (0.7,1,0.5), MNRSii1 (A) (x2) = (0.3,0,0.3), 
MNRSj7y1 (A) (x3 = (0.2, 0.7, 0.8) MNRSi (A) (x4) = (0.7, 0.5, 0.4). 
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Therefore, we can get: 


d(MNRS;°(x1), MNRSry (x1)) = 0.7/3, d(MNRS)° (x2), MNR5Sy (x2)) = 0.8/3, 
d(MNRS,;°(x3), MNRS; (x3)) = 0.1, d(MNRS;° (x4), MNRSry (x4)) = 0.2, 
d(MNRSj1°(x1), MNRSj7 (x1)) = 0.5/3, d(MNRS11° (x2), MNRS7 (xz)) = 0.3, 
d(MNRSj11°(x3), MNRS7 (x3)) = 0.1/3, d(MNRS17°(x4), MNRS7y (xa)) = 0.5/3, 
d(MNRSj11°(x1), MNRSqyp (x1)) = 1.3/3, d(MNRS111°(x2), MNRS iq (x2)) = 0.5/3, 
d(MNRS111° (x3), MNRSqzy (x3)) = 0.1, d(MNRSj17° (x4), MNRSry (x4)) = 0.2/3. 


Thus, for the type-I and type-II MNRS, the optimistic best choice is to select x3, that is, this car 
is less popular; for the type-II MNRS, the optimistic best choice is to select x4, that is, this car is 
not popular. 


7. Conclusions 


NRS and MNRS are extensions of the Pawlak rough set theory. In this paper, we analysed the 
NRS; and NRSj, we proposed model NRSyy, and used an example to outline the differences between 
the three kinds of NRS. We gave the definition of MNRSyy, which is based on the type-3 operator 
relation of NS, and considered their properties. Furthermore, we proposed MNRSjy in two universes 
and we presented an algorithm of the MAGDM problem based on it. 

In the future, we will be researching other types of fusions of MGRSs and NSs. We will also study 
the applications of concepts in this paper to some algebraic systems (for example, pseudo-BCI algebras, 
neutrosophic triplet groups, see [30,31]). 
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Abstract: Single valued trapezoidal neutrosophic numbers (SVTNNs) are very useful tools for 
describing complex information, because of their advantage in describing the information completely, 
accurately and comprehensively for decision-making problems. In the paper, a method based on 
SVTNNs is proposed for dealing with multi-criteria group decision-making (MCGDM) problems. 
Firstly, the new operations SVITNNs are developed for avoiding evaluation information aggregation 
loss and distortion. Then the possibility degrees and comparison of SVTNNs are proposed from 
the probability viewpoint for ranking and comparing the single valued trapezoidal neutrosophic 
information reasonably and accurately. Based on the new operations and possibility degrees 
of SVINNs, the single valued trapezoidal neutrosophic power average (SVTNPA) and single 
valued trapezoidal neutrosophic power geometric (SVTNPG) operators are proposed to aggregate 
the single valued trapezoidal neutrosophic information. Furthermore, based on the developed 
aggregation operators, a single valued trapezoidal neutrosophic MCGDM method is developed. 
Finally, the proposed method is applied to solve the practical problem of the most appropriate 
green supplier selection and the rank results compared with the previous approach demonstrate the 
proposed method's effectiveness. 


Keywords: single valued trapezoidal neutrosophic number; multi-criteria group decision making; 
possibility degree; power aggregation operators 





1. Introduction 


Multi-criteria decision-making (MCDM) problems are important issues in practice and many 
MCDM methods have been proposed to deal with such issues. Due to the vagueness of human being 
thinking and the increased complexity of the objects, there are always much uncertainty, incomplete, 
indeterminate and inconsistent information in evaluating objects. Traditionally, vagueness information 
is always described by fuzzy sets (FSs) [1] using the membership function, intuitionistic fuzzy sets 
(IFSs) [2] using membership and non-membership functions and hesitant fuzzy sets (HFSs) [3] using 
one/several possible membership degrees. Many fuzzy methods are proposed, for example, Medina [4] 
extends the fuzzy soft set by Multi-adjoint concept lattices, Pozna & Precup [5] proposed the operator 
and application to a fuzzy model, Jane et al. [6] proposed fuzzy S-tree for medical image retrieval 
and Kumar & Jarial [7] proposed a hybrid clustering method based on an improved artificial bee 
colony and fuzzy c-means algorithm. However, fuzzy sets cannot deal with the indeterminate 


Symmetry 2018, 10, 590; doi:10.3390/sym10110590 355 www.mdpi.com/journal/symmetry 


Symmetry 2018, 10, 590 


information and inconsistent information which exists commonly in complex MCDM problems. 
As a generalization of the IFSs [2], neutrosophic sets (NSs) [8-10] are proposed to deal with the 
uncertainty, incomplete, indeterminate and inconsistent information by using the truth-membership, 
indeterminacy-membership and falsity-membership functions. 

Due to the advantages of handling uncertainty, imprecise, incomplete, indeterminate and 
inconsistent information existing in real world, NSs have attracted many researchers’ attentions 
However NSs are proposed from the philosophical point of view, it is difficult to be directly applied in 
real scientific and engineering areas without specific descriptions. Therefore, in accordance with the real 
demand difference, three main subsets of NSs were proposed, namely single valued neutrosophic sets 
(SVNSs) [11], interval neutrosophic sets (INSs) [12] and multi-valued neutrosophic set (MVNSs) [13]. 
Based on the aforementioned sets by specifying the NSs, many MCDM methods were developed, 
which can be classified as three main aspects: aggregation operators, measures and the extension of 
classic decision-making methods. These methods have been successfully applied in many areas, such as 
medical diagnosis [14,15], medical treatment [16], neural networks [17], supplier selection [18,19] and 
green product development [20]. 

With regard to aggregation operators of SVNSs, Liu and Wang [21] proposed a single-valued 
neutrosophic normalized weighted Bonferroni mean operator, Liu et al. [22] proposed the generalized 
neutrosophic operators, Sahin [23] developed the neutrosophic weighted operators. Considering real 
situations, INSs is more suitable and flexible for describing incomplete information than SVNs. 
Sun et al. [24] introduced the interval neutrosophic number Choquet integral operator, Ye [25] 
proposed the interval neutrosophic number ordered weighted operators, Zhang et al. [26] proposed the 
interval neutrosophic number weighted operators. All of these methods demonstrate the effectiveness. 

In respect of measures, Sahin and Kucuk [27] proposed the subset-hood measure for SVNSs, 
Ye [28-30] and Wu et al. [31] developed some measures of SVNSs including the weighted correlation 
coefficient [28], cross-entropy [29,31], similarity measure [30]. Broumi and Smarandache proposed the 
correlation coefficient [32] and cosine similarity measure [33] distance [34] of INSs, Ye [35] proposed 
the similarity measures between INSs, Sahin and Karabacak [36] developed the inclusion measure for 
INSs. All of these measures are verified by real cases and demonstrate the effectiveness as well. 

In respect of the extension of classic decision-making methods, Zhang and Wu [19] developed an 
extended TOPSIS method for the MCDM with incomplete weight information under a single valued 
neutrosophic environment; Biswas et al. [37] developed the entropy based grey relational analysis 
method to deal with MCDM problems in which all the criteria weight information described by 
SVNSs is unknown; Peng et al. [38] developed the outranking approach for MCDM problems based 
on ELECTRE method; and Sahin and Yigider [39] developed a MCGDM method based on the TOPSIS 
method for dealing with supplier selection problems. Chi and Liu [40] developed the extended TOPSIS 
method for deal MCDM problems based on INSs. 

Peng et al. [13] firstly defined MVN and developed the approach for solving MCGDM problems 
based on the multi-valued neutrosophic power weighted operators. Wang and Li [41] proposed the 
Hamming distance between multi-valued neutrosophic numbers (MVNN) and the extended TODIM 
method for dealing with MCDM problems. Wu et al. [42] proposed the novel MCDM methods based 
on several cross-entropy measures of MVNSs. 

However, these subsets of NSs cannot describe the assessment information with different 
dimensions. For overcoming the shortcomings and improving the flexibility and practicality of these 
sets, by extending the concept of trapezoidal intuitionistic fuzzy numbers (TrIFNs) [43], single valued 
trapezoidal neutrosophic numbers (SVINNs) [44] are proposed for improving the ability to describe 
complex indeterminate and inconsistent information. Then, SVTNNs attract the attention of some 
researchers on them as very useful tools on describing evaluation information. Based on SVTNNs, 
Ye [44] developed the MCDM method on the basis of trapezoidal neutrosophic weighted arithmetic 
averaging (TNWAA) operator or trapezoidal neutrosophic weighted geometric averaging (TNWGA) 
operator. However, the correlation of trapezoidal numbers and three membership degrees has been 
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ignored and the indeterminate-membership degree is regarded to be equal to falsity-membership 
degree in these operators, which will lead to information distortion and loss. Meanwhile, it does 
not take into account the information about the relationships among the assessment information 
being aggregated, which always exists in the process of solving MCDM problems. To overcome 
this shortcoming, motivated by the ideal of power aggregation operators [45,46], considering the 
relationship among the information being aggregated and the possibility degree widely used as 
a very useful tool to aggregate and rank uncertain data from the probability viewpoint, in this 
paper we propose the possibility degrees of SVITNNs, single trapezoidal neutrosophic power average 
(SVINPA) and single valued trapezoidal neutrosophic power geometric (SVTNPG) operators to deal 
with MCGDM problems. The prominent characteristics of these proposed operators are taking into 
account relationship among the aggregation information and overcome the drawbacks of the existing 
operator of SVINNs. Then, we utilize these operators and possibility degrees to develop a novel single 
valued trapezoidal neutrosophic MCGDM method. 
The motivation and main attribution of the paper are presented as below: 


(1) The novel operation laws of SVTNNs are conducted to overcome the lack of operation laws of 
SVTNNs appeared in previous paper. 

(2) Based on the novel operations of SVINNs, the SVTNPA and SVTNPG operators are developed. 

(3) Based on the concept of the possibility degree, the possibility degree of SVTNNs is defined 
and presented. 

(4) Based on possibility degree of SVTNNs, SVITNPA and SVTNPG operators, a novel method for 
solving MCGDM problems under single trapezoidal neutrosophic environment is developed. 


The rest of the paper is organized as follows. In Section 2, we introduce some basic concepts and 
operators related to subsets of NS. In Section 3, we propose new operations, possibility degrees and 
comparison of SVTNNs. SVITNPA and SVTNPG operators are developed in Section 4. The method 
for solving MCGDM problems under single trapezoidal neutrosophic environment is developed in 
Section 5. An illustrative example for selecting the most appropriate green supplier for Shanghai 
General Motors Company is provided in Section 6. Meanwhile a comparison with other method 
is presented to show the effectiveness of the proposed approach. Finally, conclusions are drawn 
in Section 7. 


2. Preliminaries 


In this section, some basic concepts, definitions of SVTNNs and two aggregation operators are 
introduced, which are laying groundwork of latter analysis. 


2.1. NS and SVNS 


Definition 1 ([14]). Let X be a space of points (objects), with a generic element in X denoted by x. 
A NS A in X is characterized by three membership functions, namely truth-membership function T(x), 
indeterminacy-membership function I, (x) and falsity-membership function F4(x), where T(x), La(x) and 
F(x) are real standard or nonstandard subsets of |~0,17[, i.e., Ta(x) : X 4]70,17[, La(x) : X ]70,17[ 
and Fa(x):X—]~0,1*[. Therefore, it is no restriction on the sum of Ta(x), I4(x) and Fa(x) and 
“O< Ta (x) + a(x) + Fa(x) < 3T. 


The neutrosophic set needs to be specified from a technical point of view, otherwise it is difficult to 
apply in the real scientific and engineering areas. Therefore, Wang et al. [13] proposed the concept SVNS 
as an instance of neutrosophic set for easily operating and conveniently applying in practical issues. 
Definition 2 ([13]). Let X be a space of points (objects). A SVNS A in X can be expressed as follows: 


A = {x,(Ta(x),1a(x), Fa(x))|x € X}, 
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where Ta(x) € [0,1], I4(x) € [0,1] and Fa(x) € [0,1]. 
Obviously, the sum of T(x), I4(x) and F4(x) satisfies the condition 0 < T4(x) + I4(x) + Fa(x) < 3. 


2.2. The Trapezoidal Fuzzy Number and SVITINNs 


Definition 3 ([43,47]). Let @ be a trapezoidal fuzzy number a = (a1,a2,43,a4) and a, < az < a3 < ag. 
Then its membership function piq(x) : R — [0,1] can be defined as follows: 


(x — a1) pq/(a2— 41), a4 SX < ay; 


Mar a2 SX < 43; 
pax) = Qe os 

(aq — x) ptq/(a4—43), a3 <x < a4; 

0, otherwise. 


Because of the great validity and feasibility of trapezoidal fuzzy numbers and SVNSs in 
decision-making problems, Ye [44] developed the SVTNNs by combining the two concepts. 


Definition 4 ([44]). Let U be a space of points (objects). Then a SVTNN a can be represented as 
a = ([a1, 42,43, a4], (T(a), I(a), F(a))) 


whose truth-membership T(«), indeterminacy-membership I(«) and falsity-membership F(«) can be described 
as follows: 





x —ay)T(a)/(az— a4), a4 <x < a; 
<x < a3; 
T(«) = T(a), ag 5X8 43, 
a4 —x)T(w)/(ag— 43), a3 <x < ag; 

0, otherwise. 
x—4a,)I(a)/(ay— 41), a, < xX < ay; 
<x < a3; 
I(w) = I(a), 425X843; 
a4—X)I(a)/(ag—43), a3 <x < a4; 

0, otherwise. 
x —a,)F(u)/(a2— 41), a, < xX < ay; 
<x < a3; 
Fie) = 2 7 ag<x< 231 
4—X)F(a)/(ag— 43), a3 <x < a4; 

0, otherwise. 


Especially, if a; > 0 and aq > 0, then a = ((a1, 42,43, a4], (T(«), I(a), F(a))) becomes a positive 
SVTNN. If I(a) = 1— T(a) — F(«), then the SVTNN is a TrIFN. And if I(a) = 0, F(a) = 0, then the 
SVTNN becomes a trapezoidal fuzzy number, that is a = ((a1, 42,43, a4], T(«)). 


Example 1. Let a, = ({0.3,0.4,0.7,0.8], (0.8, 0.2,0.4)) be a SVINN. Then its truth-membership T(«1), 
indeterminacy-membership I(«1) and falsity-membership F(a) can be obtained, respectively, as follows: 


8(x—0.3), 03<x<04; 


Ta) =) °° 04<x<07; 
UV) 8(08—x), 0.7<x<08; 
0, otherwise. 
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2(x—0.3), 03<x< 0.4; 
tai= 0.2, 0.4<x< 0.7; 
Vv) 2(08—x), 0.7<x<08; 
0, otherwise. 
A(x —0.3), 03<x< 04; 
0.4, 0.4 <x < 0.7; 
Er = , SxS 0.7; 
(a1) 4(0.8—x), 07<x<08; 
0 otherwise. 


2.3. PA and PG Operators 


The power average (PA) operator was firstly proposed by Yager [45]; then, based on PA operator, 
Xu and Yager [46] developed the power geometric (PG) operator. 


Definition 5 ([45,46]). Let h= {h1,h2,-++,hn} a collection of positive real numbers, then PA operator and 
PG operator can be defined, respectively, as follows: 


=e oS Se 


PA(hy,h2,-++,h 
& YE (1+ G(hj)) 





ee eee a (inf(0¥60H))/28 4604) 
i=1 
where G(hj) = Via ji Sup hi, hj), 1 = 1,2,-++,n. Sup(h;,hj) is the support for h; from hj, satisfying the 
following properties: 


(1) Sup(hj,h;) € [0,1]. 


(2) Sup(hj,hj) = = Sup(hj, hj). 
(3) If |; —hj| < |a— D|, then Sup(hj, hj) > Sup(a,b), where a and b are two positive real numbers. 


3. New Operations and Comparison of SVTNNs 


In this section, new operations and comparison method of SVTNNs are proposed for overcoming 
the limitations in Reference [44] which can avoid information loss and distortion effectively. 


3.1. The New Operations of SVTNNs 
In order to aggregate different SVINNs in decision-making process, Ye [44] defined the operations 
of SVINNs. 


Definition 6 ([44]). Let a = ([a1,42,a3,44],(T(a),I(w),F(w))) and Bp = 
([b1, b2, b3, ba], (T(B), 1(B),F(B))) be two positive SVTNNs, 0 < 4 < a < a3 < a < 1, 
0< bi) < bp < b3 < bg <1, = O. Then the operations of SVTNNs can be defined as follows: 


(1) w+ B = (a + br, a2 + bo, a3 + ba, a4 + ba), (T(a) + T(B) — T(a)T(B), 1(a)1(B), F(a)F(B)))i 
(2) aB = ((a1b1, a2b2, a3b3, agbq], (T(a)T(B), 1(a) + 1(B) — I(x) I(B), F(a) + F(B) — F(«)F(B))); 
(3) Gu = ([Ca1, Can, Gas, Cag], (1— (1 — T(a))*,(L(@))®, (F(a))*) i 

(4) ak = ([ar8, 2%, 3%, ag*], ((T(a))%,1 — (1 — 1(a))®,1— (1 F(a))*) ); 


However, there are some shortcomings in Definition 7. 
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(1) The trapezoidal fuzzy numbers and three membership degrees of SVTNNs are considered as two 
separate parts and operated individually in the operation a + 6, which ignore the correlation 
among them and cannot reflect the actual results. 


Example 2. Let «; = ((0.5,0.6,0.7, 0.8], (0,0,1)) and w2 = ([0.2,0.3,0.4, 0.5], (1,0,0)) be two SVTNNs. 


ay + a2 = ((0.5,0.6,0.7,0.8], (0,0,1)) + ([0.2, 0.3, 0.4, 0.5], (1,0,0)) = ([0.7,0.9, 1.1, 1.3], (1,0,0)); 


This result is inaccurate since the falsity-membership of «1, the correlations among trapezoidal 
fuzzy numbers and the membership degrees of a; and «2 are not considered. Thus, the operations 
would be unreasonable. 


(2) The three membership degrees of SVTNNs are also operated as the trapezoidal fuzzy numbers in 
the operation Ca, which can produce the repeat operation and make the result bias. 


Example 3. Let a; = ([0.03,0.05, 0.07, 0.09], (0.3,0.5,0.5)) bea SVTNN, € = 10. Then the result Ga, can 
be obtained by using Definition 6. 


10a; = ([0.3,0.5,0.7,0.9], (0.9718, 0.001, 0.001)) 


The three membership degrees of these SVTNNs are operated repeatedly which make the result 
distort significantly and conflict with common sense. 

For overcoming the limitations existing in the operations proposed by Ye [44], motivated by the 
operations on triangular intuitionistic fuzzy numbers proposed by Wang et al. [48], new operations of 
SVTNNs are defined as below. 


Definition 7. Let « = ([a1,42,43,44],(T(«),1(a), F(a))) and B = ([by, bo, b3, ba], (T(B), I(), F(B))) be 
two positive SVTNNs, 0 < a1 < a2 < a3 < ag < 1,0 < by < bp < 3 < bg < 1,0 > O. Then the new 
operations of SVTNNs can be defined as follows: 











(1) neg(a) = ({1 — 44,1 — a3,1 — an,1 — ay], (T(a), I(x), F(a))); 














(2) « © B = (lar + by, az + bz, 03 + b3, a4 4 by), (eee a 
eeeeee yy, “here p(a) ete atte 9(B) _ but tbe Matte 








(3) @@B = ([arbs, azbo, asbs, aaba], (T(a)T(B), 1(a) + 1(B) ~ 1(a)1(B), F(a) + F(B) — F(a)F(B))); 
(4) Ga = ((Gar, Lan, Gas, Cag], (T(a),1(«), F(a))); 
(6) ak = ([ar8,a28, 36, 048], ((T(a))*,1 — (1 1(a))®,1— (1 F(a))*) ); 


Cx, a B,a® Band a$ do not appear alone in application due to the meaninglessness of their 
results. Only in the aggregation process do # @ 6 and/or « @ B being combined with Ca and/or a 
make sense. 


Example 4. Let a; = ([0.5,0.6,0.7,0.8], (0,0,1)) and a2 = ((0.2,0.3,0.4,0.5], (1,0,0)) be two SVTNNs, 
€ = 2, the following results can be obtained based on Definition 7. 


(1) neg(a,) = ((0.5, 0.6, 0.8, 0.9], (0.4, 0.1, 0.5)); 
(2) a @ a = ([0.3, 0.5, 1.0, 1.2], (0.64, 0.22, 0.26)); 


(3) a1 ® ay = ([0.02, 0.06, 0.24, 0.35], (0.32, 0.37, 0.55)); 
(4) 201 = ([0.2,0.4,0.8, 1.0], (0.4,0.1,0.5)); 
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(5) a2 = ([0.04, 0.09, 0.25, 0.36], (0.16, 0.19, 0.75)). 


Compared with the operations proposed by Ye [44], the new operations of SVTNNs have some 
excellent advantages on reflecting the effect of all truth, indeterminacy and falsity membership 
degrees of SVTNNs on aggregation results and taking into account the correlation of the trapezoidal 
fuzzy numbers and three membership degrees of SVTNNs, which can avoid information loss and 
distortion effectively. 

In terms of the corresponding operations of SVTNNs, the following theorem can be easily proved. 


Theorem 1. Let «1 , &2, «3 be three SVTNNs and ¢ > 0. Then the following equations must be true and easy 
to proof. 

(1) 01 @ag = a2 Oo; 

(2) (a1 a2) Gag = a1 @ (a2 Gas); 

(3) 1 @ ag = a2 @ a4; 

(4) (a1 @ a2) @ ag = a1 ® (a2 Bas); 

(5) Gar @ Gar = 6 (a2 a1); 

(6) (a2 @ a) * = a4" @agt 











3.2. The Possibility Degree 


The possibility degree, which is proposed from the probability viewpoint, is a very useful tool to 
rank uncertain data reasonably and accurately. 


Definition 8 ([49,50]). Let y = [y1,y2] © [0,1] and z = [z,,22] C [0,1] be two real number intervals 
with uniform probability distribution, the probability y > z can be represented as p(y > z), which exists the 
following properties: 


(1) O<ply>z) <1 

(22) py2z)+pz2y)=1. 

(3) Ify =z, then ply 2 z) = p(z2 y) =05. 

(4) If is anarbitrary interval or number, p(y > z) > 0.5, p(z > G) > 0.5, then p(y > €) > 0.5. 
(5) If min(y) > max(z), then p(y > z) = 1. 





Based on the concept of the possibility degree, the possibility degree of two arbitrary positive 
SVTNNs is presented. 


Definition 9. Let a = ([a1,4a2,a3,a4],(T(«),1(w),F(«))) and B = ((bi,b2,b3, ba], (T(B), 1(B), F(B))) be 
two positive SVTNNs, 0 < ay < a2 < a3 < ag < 1,0 < by < bp < D3 < bg < 1. Then the possibility degree 
of « > B p(w > B) can be defined as follows: 

















= cll Thy max(bj~4j,0) + (b4~a1) +2max(T(B)—T(a),0) 
Pla B= ae (mox{ may Th 1 a+ (Oa—ba)-F(a4—m)421T(8)—T@)) o} 
‘ uel peel —aj,0)+(b4—ay)+2max(I( a I(«),0) 
tymmax{ 1 max| ve [bj —a;] + (ba—by)+ (ag —a4) +2|1(B) —I(a)| 0,0 
DH, max(bj—aj,0)+(b4—a1) +2max(F(B)—F(«),0) ol.o 
)-F(a)| "|? : 


et max 1 max| Peal + (G4—P1) + (eae) H2IF( 


= 


where the value of y € [0,1] is the coefficient that can reflect the attitudes of decision-makers. y > 0.5, y = 0.5 
and y < 0.5 denotes, respectively, the decision-makers’ attitude of optimism, compromise and pessimism. 
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Example 5. Let a, = ((0.3,0.4,0.7, 0.8], (0.8,0.2,0.4)) and a2 = ([0.2,0.5,0.6, 0.7], (0.6,0.1,0.3)) be two 
SVTNNs, y = 0.5. The result of p(a1 > a2) can be obtained as follows. 
Because 


DE, max(bj—aj,0)-+(b4—ay)+2max(T(a2)—T(a1),0) 
Dh [bai] +(b4—b1) + (ag—aq)+2IT (a2) —T (a4) | 
_ max(0.2—0.3,0) +max(0.5—0.4,0)-+max(0.6—0.7,0) +-max(0.7—0.8,0) + (0.7—0.4) +2max(0.6—0.8,0) 
[0.2—0.3|+|0.5—0.4| + [0.6—0.7|-+[0.7 0.8] + (0.70.2) + (0.80.3) +2|0.6—0.8] 






































= 14 = 0.222; 
Yt max(bj — a;,0) + (bg — a1) + 2max(I(az) — I(a1),0) 0.4 0.25: 
Ca lbi — ai] + (04 — by) + (ag — a1) + 2|T(a2) — T(ay)| 1-6 
Yt, max(bj — a;,0) + (bg — a1) + 2max(F(a2) — F(a1),0) 0.4 0.25 





Di [bi — a;| + (by — by) + (ag — 21) + 2|F (a2) — F(a) | 1.6 


Therefore, we can obtain 


p(a1 > 2) = x5 (max{1— max(0.222, 0],0} + 0.5 x max{1—max(0.25,0],0} +1 — max{1— max(0.25, 0], 0}) 


(0778 +05 x 075 +025) 


os 


ll 
on 
wae 


Theorem 2. Let « = ([@1, 42,43, 44], (T(«), I(a), F(@))) and B = ([by, bz, b3, ba], (T(B), 1(B), F(B))) be two 
positive SVINNs, 0 < a1 < az < a3 < ag < 1,0 < by < bp < bg < bg < 1. Then the following properties 
must be true. 





(1) O<p(a>B) <1. 

(2) p(a> B)+p(B> a) =1. 

(3) If a; = b;,i = 1,2,3,4, T(w) = T(B), I(a) = 1(B) and F(a) = F(B), then p(a > B) = p(B > «) = 0.5. 
(4) If ¢ is anarbitrary positive SVINN, p(a > B) > 0.5, p(B > ¢) > 0.5, then p(w > ¢) > 0.5. 

(5) If a; > bg, T(x) > T(B), I(w) > 1(B) and F(a) < F(B), then p(w > B) =1. 


Now we prove the property (2), the proofs of other properties are similar to the proof the 
property (2), thus, they are omitted. 


(0) 





_ ve, max(b;—a;,0)-+(b4—a)-+2max(T (B)— a 

Proof. Let x(a, B) Frail + (b4—bs) + (aga) 2IT(B)— 
De, max(b;—a;,0)+(b4—a1)+2max(I(B)—I(«),0) (a B) _ ve, max(b;—4;/ 0)+(b4— ee 
Li bi—ai|+(ba—b1) + (agar) +21 (B)—T(«)| Vg [bi —ai|+ (babi) + (4a) +2|F 
Then 


, — y(a,B) - 


«)| 
B)—F(a),0) 
B)—F(a)| 








p(a> B) = 3( max{1— max|x(a, B),0],0} + ymax{1— max[y(a, B),0],0} + 1 — max{1— max[z(a, B),0],0}). 





Because 
x(a, B) + x(B, a) 
_ Dh max(bj—aj,0)+(b4—ay)+2max(T(B)—T(a),0) , Ly max(aj—bj,0)-+(ag—b, )+2max(T(a)—T(B),0) 
VE [bj —aj|+(ba—b1) + (aa—a1)+2|T(B)—T(@)| © DE |ai—bi|-+(aa—a1) + (bab) +2 (@) -T(B)| 


Yj i —bi|+(ag—by) + (baa) +21 T(@)—T(B)| _ 4. 
TA |i —bi|+ (gay) + (bg by) +2|T (@) —T(B)| : 


y(a,B) + y(B,a) = 1; 2(a, B) +2(B,) = 1, 























We can obtain max{1—max[x(a,f),0],0} + max{1—max|[x(B,«),0],0} = e 
max{1— max([y(«, 6),0],0}+-max{1— max[y(6,«),0],0} 1; 1 — max{1—max[z(a, B),0],0} + 
1 — max{1 — max[z(6,«),0],0} =1. 
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Therefore, 


p(a > B) + P(B > «) 
= yey (max{1 — max([x(a, B),0],0} + Amax{1— max[y(a, B),0],0} +1 — max{1— max[z(w, B),0],0}) 
+ x4 (max{1 — max|[x(B, «),0],0} + Amax{1 — max[y(B, «),0],0} +1 — max{1—max[z(B, «),0],0}) 
= ay (1tA41) =1. 














The proof of the property (2) is completed now. 


3.3. The Comparison Method of SVTNNs 


In this subsection, based on the concept of the possibility degree of two arbitrary positive SVTNNs 
defined in Definition 9, the new comparison method for two SVINNs is presented. 

For comparing different SVTNNs in decision-making process, Ye [44] defined the score function 
and comparison of SVTNNs. 


Definition 10 [44]. Let «a = ([a1, 42,43, 44],(T(a),I(a),F(a))) and B = 
([b1, b2, b3, ba], (T(B), 1(B), F(B))) be two SVINNs. Then the score degree of « S(a) can be defined 


as follows: 


S(a) = sla tar tas +a4) x (2+ T(a) ~ I(a) ~ F(a)). 








If S(w) > S(B), then a > B; if S(a) < S(f), then a = B; if S(a) = S(B), thena ~ B. 

However, the score function is operated by assuming that the parameters of trapezoidal fuzzy 
numbers own same weight, which cannot reflect the different importance for the four parameters of a 
trapezoidal fuzzy number and make aggregating result bias. 


Example 6. Let a; = ((0.1,0.3,0.5,0.6], (0.6,0,0.4)) and a2 = ((0,0.4,0.5,0.6], (0.6,0,0.4)) be two 
SVTNNs. 








1 
77 (0.1+0.3 +0.5 + 0.6) x (2 +0.6 — 00.4) = 0.275; S(ag) = 0.275. 


S(a1) 

We cannot compare these two SVTNNs using the above function but it is easy to know that a is 
superior to a. 

Meanwhile, the function operates the indeterminacy-membership degree as like the 

false-membership degree, which does not take the preference of decision-makers into consideration. 


Example 7. Let a; = ((0.2,0.3,0.4,0.5], (0.6,0,0.4)) and w2 = ((0.2,0.3,0.4,0.5], (0.6,0.4,0)) be two 
SVTNNs. 





S(a1) 





o (0.2+0.3+04+0.5) x (2+ 0.6 —0-— 0.4) = 0.257; S(az) = 0.257. 
S(a1) = S(a2) indicates that a is equal to «2. However, it is obvious that «2 is superior to a. 
These shortcomings existing in the score function given in Definition 10 may make the comparison 
results of SVTNNs unacceptable. For overcoming the limitations of Definition 10, based on the concept 
of the possibility degree of two arbitrary positive SVTNNs defined in Definition 9, we propose a new 
comparison method. 


Definition 11. Let « and B be two positive SVTNNs, ¥ be an arbitrary positive SVTNN and then the 
comparison method can be defined as follows. 
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(1) If p(a>y) > p(B > 7), then « > B, i.e., « is superior to B. 


(2) If p(a> vy) =p(b> 7), then « ~ B, i.e., « is equal to B. 
(3) If p(a> vy) < p(B > 7), then « < B, i.e., B is superior to w. 


Example 8. Let A = 0.5. When using the data of Example 4 and the following can be obtained. 
p(a1 > a&2) = 0.508; p(a2 > a1) = 0.492,s0 01 > a. 
When using the data of Example 5 and the following can be obtained. 


p(a1 > &2) = 0.329; p(a2 > 1) = 0.671,50 &2 > ay. 


Thus, the results of the above two examples are consistent with our common sense. Because the 
score function can overcome the shortcoming existing in Reference [44] by calculating the 
indeterminacy-membership degree by taking into account the preference of decision-makers, the results 
are more grounded in reality than the results obtained by using the score degree proposed by Ye [44]. 


4. Single Valued Trapezoidal Neutrosophic Power Aggregation Operators 
In this section, the SVTNPA and SVITNPG operators based on the new operations of SVTNNs 


are developed. 


Definition 12. Let a; = ([a)1, 4;2, ai3, 44], (T(a;), I(a;), F(a;))) be a collection of positive SVTNNs. Then the 
single valued trapezoidal neutrosophic power average (SVTNPA) operator can be defined as follows: 











_ 1+G(a,) 14+G(a2) 1+G(an) 
SVINPA(a1, A," +n) = pr acta ® pr arate)? © © pr aectayy 
yn 14+G(a; ni) 
Pia (Dearctany tt), 


where G(a;) = Lia jzi Sup(;,a;), Sup(a;,a;) is the support for a; from aj, satisfying the 
following properties. 


(1) Sup(aj,a;) € [0,1]. 

(2) Sup(a;,a;) = Sup(a;, 0). 

(3) If |p(a; > aj) — p(aj > a;)| < |p(t > v) — pv > 7)|, then Sup(aj,a;) > Sup(7,v), where 7 and 
v are two positive SVINNs, p(«; > aj), p(aj > &;), p(t > v) and p(v > 7) are the possibility degree 
Of a; > Xj, Aj > ai, 7 > Vandy > 7. 


The support for a; from a; can be obtained using the function Sup(a;,0;) = 1— 
| p(a; > aj) — p(aj > 4) |. Obviously, the closer the values of the score of a; and a;, the more they 
support each other. 


Theorem 3. Let a; = ([@j1,4j2, 4i3, aja], (T(a;), I(a;), F(a;))) (i = 1,2,--+,n) be a collection of positive 
SVTNNs. The aggregated result, obtained by using the SVTNPA operator, is also a positive SVTNN, and 








. 1+G 
SVTNPA(a1,02,- ++, Xn) an i Tee sti) 


= (([Lpig (T (i) ain), Dja (Ti) in), Veg (T (44) ais), Ua (Ti) aia)] , 
(Gavaee Lier (P(4i) (ai) Lie a (ola) F (i) 
pa (aj) _ par (aj) i ie 1 Pa, aj) 
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where G(aj) = ye 1j¢i SUP (Air &)), Sup(aj,aj) = 1— |p(aj > aj) — p(aj > a;)| is the support for a; 
from «;, T(a;) Er ee: y (ai) = &(T (ai) ai + 27 (aj) aig + 2T(0;)aj3 + T(a;)aj4), P(ai > a) and 


p(aj > «;) are the score functions of «; > aj, &j > Kj. 





Proof. According to Definition 8, the aggregated result is also a positive SVINN. Therefore, Theorem 
3 can be easily proven by using a mathematical induction on n. 


(1) Forn = 2, since 





























14+ G(a 
F( a aan = ([T(@1 ar, T(a4 ara, T(a4 Jang, T(H4 ara], (T (a1), 1(a1), F(a1))); 
1+ G(a) 
Be ; VE i ,(T(a2),1(a2),F : 
F(+ G(ay) 2 ([T(a2)ao1, T(a2)a22, T(&2)a23, T(H2) aoa], (T (a2), (a2), F(a2))) 
Then 
1+G(a) : 1+G (a2) 
SVTNPA(a1, a2) =, weer yt Di G+G(a yy 82 
= (([t(ay aa + 1(02)a34,7 T(a1)a12 + T(oy)ag2, T(H1)a13 + T(H2)A23,T (a1 )a14 + T(z) Ar4] , 
(2 P(a1)T (a1 )+9(a2)T(a2) plar)I(a1)+(a2)I(a2) (ar) Bal eee tel) \ 
play) + (a2) i play) + (a2) : p(a1)+ (a2) : 














(2) If we hold n = k, then 








14+G(a 
SVTNPA(ay, 2, ° + *, &n) Bia (= rata") 


= (|B (0:)ain), Dh 4 (t(0 ain), Dk 4 (t(ai)aia), Dg (t(a)ara)] 
(= Ea(? oe a) rae (aia) Ci (olai Hee) 





aan (ai , ve 1 P(4) : rE 1 (ai) 


When n = k + 1, by the operations described in Definition 10, we have 











reG(a)) i) © Sr Clay) AH 
(([EHEE (e (ada), DE (1 (ai) ain), DE (Ca) aia), DEH (ea) a4) | 
| (ai) T(0)) Tei (ai) 10) a 
Leto) % LE ea)’ CET (ai) ; 


SVTNPA(«1, &2,- ++, Xn) | a if 1+G(a;) ni) 5 14+G(ap41) 

















So,n =k +1, Theorem 2 is also right. 
According to (1) and (2), we can get Theorem 3 hold for any n. 


Example 9. Let a; = ((0.3,0.4,0.7,0.8], (0.8,0.2,0.4)), a2 = ((0.2,0.5,0.6,0.7], (0.6, 0.1,0.3)), 


a3 = ([0.3,0.4,0.5,0.6], (0.7, 0.3,0.3)) and a, = ([0.3,0.5,0.5,0.7], (0.6, 0.2,0.3)) be four positive 
SVTNNs, A = 0.8. Then SVTNPA(«1, &2, «3, a4) can be calculated as follows. 
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Because p(a1 > a2) = 0.566, p(a1 > a3) = 0.541, p(a, > a4) = 0.547, p(ar > a3) = 0.452, 
p(a2 > a4) = 0.467, p(a3 > v4) = 0.530, we can obtain the following results. 


G(a,1) = ja1jei SUP (1, 0)) 
= Do (1— |p(ar > aj) — p(aj > 01)I) 
(1 — |0.566 — 0.434]) + (1 — |0.541 — 0.459|) + (1 — |0.547 — 0.453]) 
= 2.692, 
G(az) = 2.707, G(a3) = 2.762, G(a4) = 2.779. 








— _ 14G(4)_ 142.692 = 
T(ay) FE 0+C(@)) (142.692) F042.707) + (142.762) F277) = 9-247, 


T(a2) = 0.248, T(a3) = 0.252, T(a4) = 0.253. 











(a) = 2(t(a1)an +27 (a1) aq2 + 2T(a1)ay3 + T(a1)a14) = i x 0.247 x (0.342 x 0.442 x 0.7+0.8) = 0.136, 
(a2) = 0.128, p(a3) = 0.113, p(a4) = 0.127. 


Therefore, SVTNPA(«1, 2, 03,44) = ([0.275, 0.450, 0.574, 0.699], (0.676, 0.197, 0.327)). 








Theorem 4. Let aj = ((aj1,4@j2, ai3, 4i4|, (T(a;), 1(a;), F(a;)))(i = 1,2,---,n) be a collection of positive 
SVTNNs. If Sup(a;,a;) = c¢ (c € [0,1],i A j,j = 1,2,--+,n), then SVTNPA operator reduces to single 
valued trapezoidal neutrosophic average (SVTNA) operator as follows: 


1 
SVTNPA(Q1,02,-++,&n) = SVTNA(a1,02,-+ +n) = Oy (5#) 











Proof. Because Sup (aj, aj) c(c€ [0,1),i ¥ j,j = 1,2,---,n), we have G(a;) = LH jxi Sup(aj, aj) = 
(n —1)c. 
Therefore, 


: 1+G(aj); : : 1+(n—1) Vee Ly. 
SVTNPA (04, 02,-* + &n) Pa (pe cea) Pha (pryaroeney"’) : (41). 























Finally, we can get SVTNPA(ay,02,---,&n) = SVTNA(o1,02,-- +, &n) = _,(a;) and the proof 
of Theorem 4 is completed now. 


Definition 13. Let aj = ([aj1,4j2, 4:3, aia], (T(a;), I(ai), F(ai))) (i = 1,2,---,n) be a collection of positive 
SVTNNs. Then the single valued trapezoidal neutrosophic power geometric (SVTNPG) operator can be defined 
as follows: 


1+G(a1) 1+G(a) 14+G(an) 1+G(a;) 
SVTNPG(0y, 02, -*+,0n) = ay PVD) & gy HE FOOD) |... ay Ha M+G@) — gr 1 (85 re) 
OQ, ry i= , 





where G(a;) = Li-1,j4i SUP (ai, aj), Sup(oi, oj) is the support for a; from aj. 


Theorem 5. Let a; = ([@j1,4j2, 43, aja), (T(a;), 1(a;), F(ai))) (i = 1,2,--+-,n) be a collection of positive 
SVTNNs. The aggregated result, obtained by using the SVTNPG operator, is also a positive SVTNN, and 


SVTNPG(a1,02,+++,0n) = @iLy (ast) 
= [Ta an, Tphy aio), TT a"), TE ane], (Ty (PCa), 1 — TOL (1 — 1(au))™™), 
1-1 ((1- F(ai))™))), 
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where T(a;) = SECCONE G(a;) = pSanyer Sup(a;,«;), Sup(aj;,a;) = 1— |p (a; > aj) — p(aj > a;)| 


is the support for «; from «;, p(a; > «;) and p(a; > a;) are the score functions of «; > Xj, &j > Xj. 
The proof of Theorem 5 can refer to Theorem 3. 


Example 10. Use the data of Example 9. Then SVTNPG(a1, 2, «3) can be calculated as follows. 
According to Example 9, we can get T(a,) = 0.247, T(a2) = 0.248, T(a3) = 0.252, T(a4) = 0.253; 


So SVTNPG(ay, a2, 03,04) = ([0.271, 0.447, 0.569, 0.696], (0.669, 0.204, 0.326)). 


Theorem 6. Let aj = ((aj1,4j2, a3, 4i4|, (T(a;), 1(a;), F(a;)))(i = 1,2,---,n) be a collection of positive 
SVTNNs. If Sup(a;,a;) = (c € [0,1],i 4 j,j = 1,2,--+,n) , then SVTNPG operator reduces to single 
valued trapezoidal neutrosophic geometric (SVTNG) operator as follows: 


i= 


SVTNPG(a4,02,-++,n) = SVTING(@1,00,+++,0n) = Oy (i/*). 


The proof of Theorem 6 can refer to Theorem 4. 


5. AMCGDM Method Based on Possibility Degree and Power Aggregation Operators under 
Single Valued Trapezoidal Neutrosophic Environment 


In this section, the possibility degrees of SVTNNs, single trapezoidal neutrosophic power 
weighted aggregation operators are applied to MCGDM problems single valued trapezoidal 
neutrosophic information. 

For a MCGDM problems with single valued trapezoidal neutrosophic information, assume that 
the set of alternatives is B = {B,, Bo,---, Bm}, D = {Dj}, D2,---, Dt} is the set of decision-makers who 
evaluate the alternatives according to the criteria C = {C1,C2,---,Cn}. The evaluation information 
wi (i =1,2,---,m;j =1,2,---,n;y =1,2,---,t) which is described by positive SVINNs, can be given 
by decision-makers Dy(y = 1,2, - -,t) when they assess the alternatives B;(i = 1,2, -- -, m1) with respect 
to the criteria C;(j = 1,2,---,m) and then the decision matrices Ry = (a7) are obtained. A method 
of determining the ranking of the alternatives is introduced here and the decision-making procedures 
are shown as follows. 


Step 1. Normalize the decision matrices. 


Y 


Normalize the decision-making information ai, in the matrices Ry = (a; i . The criteria can 


) 
mxn 

be classified into the benefit type and the cost type. For the benefit-type criterion, the form of the 

evaluation information needs no change; but for the cost-type criterion, the negation operator is used. 


The normalization of the decision matrices can be represented as follows: 


ay — : 
is = Oi Cj € Br 
w= neg (a}:) ,CpECr ’ 


where Br is the set of benefit-type criteria and Cr is the set of cost-type criteria. 


The normalized decision matrices are denoted as Ry = (a;,) : 
mxn 


Step 2. Aggregate the values of alternatives on each criterion to get the collective SVTNNs. 


Based on the Definitions 12 or 13, the collective SVTNNs aj; or jj can be gotten by SVTNPA or 
SVTNPG operator, the aggregation values of decision-makers on each alternative are as follows: 
thy = SVTNPA(#&4, i, - + +, B4,) OF Kiy = SVTNPG(t, Bi, * * +, 04,)- 


on 
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Then the collective preference matrix P = (ay) or P = (iy) nxy can be obtained. 


mxy 
Step 3. Aggregate the values of alternative on each decision-maker to get the overall SVTNNs. 


Based on the Definitions 12 or 13, the overall SVITNNs aj or aj can be gotten by SVTNPA or 
SVTNPG operator, the aggregation values of alternative on each decision-maker are as follows: 


Bi = SVTNPA (ain, 2, + +, 4) or Bi = SVTNPA (Win, in, - - it). 
Then the coverall preference matrix K = (;) or K = (B;) can be obtained. 


Step 4. Calculate the possibility degrees of the assessment values of each alternative superior than 
other alternatives’ values. 


Based on Definition 9, the possibility degrees of Bj > Bi (i # i’) or Bi > Bali # i) can be 
obtained. The matrix of p(B; > Bi) or p(B; > B;) can be represented as U = (p(B; > B,)) 


= ((Bi > By) 


mxm or 
mxm 


Step 5. Calculate the collective possibility degree index of each alternative to derive the overall values 
of the alternatives. 


Aggregate U or U to get the overall possibility degree index p(B;) of the alternative B; by using 
the following functions: 


lym - Lay — 
p(Bi) = tai iP (Bi > By) or p(Bi) = tai iP (Bi > Bi). 


m 
Then the overall possibility degree index matrix Q = (p(Bi))* or Q= (p(Bj))" can be obtained. 
Step 6. Rank the alternatives and select the best one. 


According to the results obtained in Step 5, rank the alternatives by the overall values in 
descending order and the first order alternative is the best. 


6. Illustrative Example 


In this section, a green supplier selection problem is used to illustrate the validity and effectiveness 
of the developed method. 


6.1. Background 


The following case background is adapted from [51]. 

In recent years, more and more people pay attention the serious environmental problems caused 
badly by the rapid economic development of all over the world. The green supply chain management 
becomes imperative under this situation because of its advantages on the sustainable development of 
economics and protection of environment. Meanwhile, it can bring tremendous economic benefit and 
competitive strengthen for the enterprises. 

Motivated by the advantages of green supply chain management, Shanghai General 
Motors (SGM) Company wants to select the most appropriate green supplier as its cooperative 
alliance. After pre-evaluation, four suppliers become the final alternatives for further evaluation, 
including Howden Hua Engineering Company (Bj), Sino Trunk (Bz), Taikai Electric Group Company 
(B3) and Shantui construction machinery Company (B4). SGM employs four experts (Dy(y = 1,2,3,4)) 
coming from the departments of production, purchasing, quality inspection, engineering to form a 
group of decision-makers for evaluating the four suppliers B;(i = 1,2,3,4) according the product 
quality (C;), technology capability (C2), pollution control (C3) and environment management (C4). 
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The four experts Dy (y = 1,2,3,4) give their assessment information about the four green suppliers 
B;(i = 1,2,3,4) according to the four criteria (Cj (j = 1,2,3,4)). Assume that the four experts’ attitudes 
on evaluating the four green suppliers are neutral, that is A = 0.5. The assessment information 

; aii = = 1,2,3,4;j = 1,2,3,4; y = 1,2,3,4) is described by SVINNs and the decision matrices are shown 
in Ry, Ro, R3 and Rg. 


CQ C2 C3 Cs 
By ([0.6, 0.7, 0.8, 0.9], (0.6, 0.3, 0.2)) ([0.3, 0.4, 0.5, 0.6], (0.6, 0.2, 0.4)) ([0.5, 0.6, 0.7, 0.9], (0.3, 0.3, 0.4)) (0.6, 0.7, 0.8, 0.9], (0.5, 0.3, 0.3)) 
Ri= By ({0.3,0.4,0.5, 0.6], (0.7,0.2,0.3)) ({0.4,0.5,0.6,0.7], (0.5,0.2,0.3)) (0.4, 0.5, 0.6,0.8], (0.7,0.2,0.3)) ({0.5, 0.7, 0.8, 0.9], (0.4,0.1,0.6)) 
Bs ({0.3,0.4,0.5, 0.6], (0.4,0.3,0.2)) ({0.3,0.4,0.5,0.7], (0.6,0.1,0.3)) (0.2, 0.4, 0.5, 0.6], (0.5,0.3,0.3)) ({0.6, 0.7, 0.8, 0.9], (0.5, 0.4, 0.2)) 
Bg ([0.1, 0.2, 0.4, 0.5], (0.8,0.2,0.1)) ([0.3,0.4, 0.6, 0.7], (0.2,0.5,0.4))  ([0.5, 0.6, 0.7, 0.8], (0.6,0.3,0.1)) ([0.4, 0.5, 0.6, 0.7], (0.7, 0.1, 0.2)) 
CQ C2 C3 Cs 
By ({0.1,0.3,0.4,0.5], (0.5,0.2,0.4)) ([0.2,0.4,0.6,0.8], (0.8,0.1,0.2)) ({0.2, 0.5, 0.6, 0.8], (0.7,0.3,0.1))  ({0.1, 0.4, 0.5, 0.6], (0.6, 0.2,0.3)) 
Ro= By ({0.2,0.4,0.6, 0.8], (0.6,0.1,0.3)) ({0.4,0.6,0.8, 1.0], (0.7,0.2,0.2)) ({0.4, 0.6, 0.8, 1.0], (0.5,0.2,0.3)) ({0.3, 0.5, 0.6, 0.7], (0.8, 0.1,0.1)) 
Bs ([0.2, 0.4, 0.6, 1.0], (0.6, 0.3,0.2)) ((0.2, 0.4, 0.6, 0.8], (0.8, 0.1,0.2)) ((0.1, 0.2, 0.6, 0.8], (0.6, 0.2,0.2)) ([0.1, 0.2, 0.3, 0.5], (0.6, 0.2, 0.4)) 
By ({0.2,0.3,0.4,0.7], (0.5,0.2,0.3)) ({0.1,0.2,0.3, 0.5], (0.6,0.4,0.2)) ({0.1,0.3,0.5,0.7], (0.7,0.2,0.2)) ({0.1,0.2,0.4, 0.5], (0.5,0.1,0.3)) 
et Cy C3 Cs 
By ([0.5, 0.7,0.8, 0.9], (0.6,0.1,0.3)) (0.4, 0.5, 0.6, 0.8], (0.7,0.2,0.3))  ([0.4, 0.6, 0.7, 0.8], (0.3,0.7,0.1)) _([0.3, 0.5, 0.6, 0.8], (0.5, 0.3, 0.3)) 
R3= Bg ([0.6, 0.7, 0.8, 0.9], (0.7, 0.2, 0.2)) ((0.1, 0.3, 0.5, 0.6], (0.4, 0.5, 0.2)) ([0.3, 0.5, 0.6, 0.7], (0.4,0.3,0.3)) (0.1, 0.2, 0.4, 0.5], (0.7, 0.2, 0. 1)) 
Bs ({0.7,0.8,0.9,1.0], (0.6,0.2,0.2)) ({0.3,0.4,0.6,0.7], (0.5,0.4,0.2)) ({0.1, 0.2, 0.6, 0.8], (0.5,0.2,0.3)) ({0.1,0.2,0.4, 0.5], (0.6, 0.2,0.3)) 
By ({0.4,0.5,0.7,0.9], (0.5,0.2,0.3)) ({0.1,0.2,0.3,0.4], (0.4,0.5,0.1)) (0.1, 0.3, 0.5, 0.6], (0.6,0.2,0.2)) ({0.1, 0.2, 0.3, 0.5], (0.5, 0.4,0.2)) 
CQ C2 C3 Cy 
By ([0.4, 0.5, 0.7, 0.8], (0.4, 0.2,0.5)) ((0.4, 0.5, 0.6, 0.7], (0.6, 0.1, 0.4)) ([0.5, 0.6, 0.7, 0.9], (0.3, 0.4, 0.4)) (0.4, 0.7, 0.8, 1.0], (0.3, 0.1, 0. 6)) 
Rg= By ({0.5,0.6,0.7,0.9], (0.3,0.3,0.5)) ({0.5,0.6,0.7, 0.8], (0.4,0.3,0.3)) ([0.4,0.6, 0.7, 0.8], (0.7,0.1,0.3)) ({0.5,0.6, 0.8, 0.9], (0.5,0.3,0.4)) 
Bs ({0.3,0.5,0.6, 0.8], (0.4,0.2,0.2)) ({0.2,0.4,0.5,0.8], (0.6,0.3,0.2)) (0.2, 0.4, 0.5, 0.6], (0.5,0.2,0.3)) ({0.3, 0.5, 0.6, 0.8], (0.4, 0.3, 0.2)) 
By ({0.1,0.2,0.4, 0.6], (0.6,0.2,0.3)) ({0.3,0.5,0.6,0.7], (0.5,0.5,0.1)) (0.5, 0.6, 0.7, 0.8], (0.4,0.2,0.3)) ({0.2, 0.4, 0.6, 0.7], (0.5, 0.4,0.1)) 


























6.2. The Procedures of Single Valued Trapezoidal Neutrosophic MCGDM Method 


The proposed MCGDM method is used for determining the ranking of the green suppliers. 
Step 1. Normalize the decision matrices. 


The four criteria Cj (j = 1,2,3,4) are regarded as the benefit-type criterion, so the decision matrices 
change nothing. 


Step 2. Aggregate the values of the four alternatives on each criterion to get the collective SVTNNs. 


Use the SVTNPA or SVINPG operator to aggregate the values of four alternatives on each 
criterion, the collective SVTNNs are obtained shown in P and P. 


dD Dz Ds Ds 
B, / ((0.50,0.60,0.70, 0.82], (0.49, 0.28,0.32)) ([0.15, 0.40, 0.53, 0.68], (0.67,0.20,0.23)) _({0.40, 0.58, 0.68, 0.83], (0.53,0.32,0.25)) ([0.42, 0.58, 0.70, 0.85], (0.39, 0.20, 0.48)) 
P= By | ((0.40,0.53,0.63,0.75], (0.55,0.17,0.40)) (0.33, 0.53, 0.70, 0.88), (0.64,0.16,0.23)) ([0.27, 0.42, 0.57, 0.67], (0.56,0.29,0.21)) ((0.47,0.60, 0.73, 0.85], (0.47, 0.25,0.38)) 
Bs | ((0.34,0.47,0.57, 0.70], (0.50, 0.29,0.24)) ({0.15, 0.30, 0.53, 0.78], (0.66,0.20,0.23)) (0.30, 0.40, 0.62, 0.75], (0.55,0.25,0.24)) ([0.25, 0.45, 0.55, 0.75], (0.47, 0.25, 0.22)) 
By \ ((0.32,0.42,0.57, 0.67], (0.57,0.27,0.20)) ({0.13, 0.25, 0.40, 0.60], (0.58,0.22,0.25)) (0.17, 0.30, 0.45, 0.60], (0.51,0.29,0.22)) ([0.28, 0.43, 0.58, 0.70], (0.48, 0.33, 0.20)) 
D, Dy Ds Ds 
B, / ((0.48,0.58, 0.69, 0.81], (0.48,0.28,0.33)) ({0.14, 0.39, 0.52, 0.67], (0.64, 0.20,0.26)) ({0.39, 0.57, 0.67, 0.82], (0.50, 0.38,0.25)) _([0.42, 0.57, 0.70, 0.84), (0.38, 0.21, 0.48)) 
P= By ({0.39, 0.51, 0.62, 0.74], (0.56,0.18,0.39)) — ([0.31, 0.52, 0.69, 0.87], (0.64,0.15,0.23)) ([0.20, 0.38, 0.55, 0.66], (0.53,0.31,0.20)) —([0.47, 0.60, 0.72, 0.85], (0.45, 0.25, 0.38)) 
B; | ((0.32,0.46,0.56, 0.69], (0.49,0.28,0.25)) ([0.14, 0.29, 0.51, 0.76], (0.65,0.20,0.25)) ({0.21, 0.33, 0.60, 0.72], (0.55, 0.26,0.25)) ([0.25, 0.45, 0.55, 0.75], (0.47, 0.25, 0.23)) 
B, \ ((0.27,0.39, 0.56, 0.66], (0.52,0.29,0.21)) ({0.12, 0.25, 0.39, 0.59], (0.57,0.24,0.25)) (0.14, 0.28, 0.42, 0.57], (0.49, 0.34, 0.20)) ([0.24, 0.40, 0.57, 0.70}, (0.49, 0.34, 0.21)) 


Step 3. Aggregate the values of the four alternatives on each green supplier to get the overall SVINNs 
by using the SVTNPA or SVTNPG operator. 


The coverall preference matrix shown in K or K. 


B, ( (0.36,0.54, 0.65, 0.79], (0.51, 0.25, 0.32) 
By | [0.37,0.52, 0.66, 0.79], (0.55, 0.22, 0.31) 
B3 | [0.26,0.40, 0.57, 0.74], (0.54, 0.25, 0.23) 
By \_ [0.22,0.35, 0.50, 0.64], (0.53, 0.28, 0.21) 
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By ( (0.32,0.52, 0.64, 0.78], (0.50, 0.27, 0.34) 

Z— Be | (0.33,0.50, 0.64, 0.77), (0.54, 0.23, 0.31) 
~ Bz | [0.22,0.37,0.55, 0.73], (0.54, 0.25, 0.25) 
1, ( ) 


Bg (0.18, 0.32, 0.48, 0.63], (0.52, 0.30, 0.22 


Step 4. Calculate the possibility degrees of the assessment values of each alternative superior than 
other alternatives’ values to get the possibility degrees matrix U or U. 


By, By Bg Bg 


By — 048 051 0.54 
U= By | 0.52 — 0.52 0.54 
B; | 048 048 — 0.53 
B, \ 047 046 047° — 
B, f — 048 0.51 0.53 
fj_ Be | 052 - 053 054 
B, | 049 047 — 0.52 


By 0.47 046 048 — 


Step 5. Calculate the collective possibility degree index of each alternative to derive the overall values 
of the alternatives. 


Aggregate U or U to get the overall possibility degree index and the overall possibility degree 
index matrix Q or QO. 


By Bg Bg By By By Bg By 
ge ( 0.512 0.526 0.497 0.465 ) o= ( 0.510 0.528 0.494 0.468 ) 


Step 6. Rank the green suppliers and select the best one. 


The ranking of the four green suppliers is By > B; > B3 > By. Therefore, SGM Company will 
choose Sino Trunk as its cooperative alliance. 

The rankings of green suppliers using the SVITNPA operators for different values of A are shown 
in Figure 1. In general, larger values of A are associated with relatively pessimistic decision-makers; 
thus, the alternatives were associated with relatively overall possibility degree index. In contrast, 
lower values of A are associated with relatively optimistic decision-makers. When the decision-makers 
do not indicate any preferences, the most commonly-used value (A = 0.5) is used. 

0.88 
| 


0.6 


ost ———— 








the overall possibility degree index 
° 
} 








t 1 1 1 4 4 1 1 4 4 5 
G5 o1 02 03 a4 os 06 0o7 08 09 1 


Figure 1. Rankings of various green suppliers for different values of A. 
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6.3. Comparison Analysis and Discussion 


In order to validate the accuracy of the proposed single valued trapezoidal neutrosophic MCGDM 
method, a comparative study is conducted based on the illustrative example in this paper and the 
method used for comparison was proposed by Ye [44]. 

When resolving the above example using the approach described in Reference [44], which involves 
the use of t trapezoidal neutrosophic weighted arithmetic averaging (TNWAA) operator or 
trapezoidal neutrosophic weighted geometric averaging (TNWGA) operator with known weights 
to comprehensively analyze green suppliers, the weights of the decision-makers and criteria can be 


1+G(aj) 
BE rategy’ OU) = Thea jay (1 [Slayp)~ S(aip)|)) and 
S(a;;) [44] is the score function value of the SVTNN a;;. The overall values of four alternatives on each 
criterion obtained by using TNWAA operator are shown as the matrix M, the matrix M got by using 


TNWGA operator. 





generated using the PA operator (w;j = 








Di D2 D3 Dg 
Bi ({0.52, 0.62, 0.72, 0.85], (0.51,0.27,0.32)) _([0.15, 0.40, 0.53, 0.68], (0.68, 0.18, 0.22)) _({0.40, 0.57, 0.67, 0.82], (0.50, 0.26,0.22)) _([0.43, 0.58, 0.70, 0.85], (0.42, 0.17, 0.47)) 
M= Bp | ((0.40,0.53, 0.63, 0.75], (0.54,0.17,0.36)) ({0.32, 0.52, 0.70, 0.87], (0.67,0.14,0.21)) ({0.27, 0.42, 0.57, 0.67], (0.57,0.28,0.19)) _({0.47, 0.60, 0.73, 0.85], (0.50, 0.23, 0.37)) 
B3 ({0.34, 0.46, 0.57, 0.69], (0.51, 0.24,0.25)) _([0.15, 0.30, 0.53, 0.78}, (0.66,0.19,0.24)) _({0.28, 0.38, 0.62, 0.74), (0.55, 0.24,0.25)) _([0.25, 0.45, 0.55, 0.75], (0.48, 0.24, 0.22)) 
By \ ((0.32,0.42, 0.57, 0.67], (0.63,0.24,0.17)) ({0.13, 0.25, 0.40, 0.60], (0.58,0.20,0.24)) ({0.17, 0.30, 0.45, 0.60], (0.50,0.30,0.18)) ({0.27, 0.42, 0.57, 0.70], (0.51, 0.30,0.17)) 
Di Do Ds Ds 
By ((0.51, 0.62, 0.72, 0.84], (0.48,0.28,0.33)) ([0.14, 0.40, 0.52, 0.67], (0.65,0.20,0.25)) _([0.39, 0.57, 0.67, 0.82], (0.50,0.38,0.25)) — ([0.42, 0.57, 0.70, 0.84], (0.38, 0.21, 0.48)) 
M= By | ((0.39,0.52, 0.62, 0.74], (0.47,0.18,0.39)) ([0.31, 0.52, 0.69, 0.86], (0.64,0.15,0.23)) ({0.21, 0.38, 0.56, 0.66], (0.53,0.31,0.20)) _({0.47, 0.60, 0.72, 0.85], (0.45, 0.25,0.38)) 
Bs, | ((0.31,0.45,0. }, (0.50, 0.28, 0.26)) ([0.14, 0.28, 0.51, 0.76] 0.20,0.25)) (0.20, 0.32, 0.59, 0.72), (0.54,0.26,0.25)) (0.24, 0.45, 0.55, 0.74], (0.47, 0.25,0.23)) 
By \ ((0.27,0.39, 0.56, 0.66], (0.50,0.30,0.21)) ({0.12, 0.25, 0.39, 0.59], (0.57,0.23,0.25)) ({0.14, 0.28, 0.42, 0.57], (0.49, 0.34,0.20)) —({0.23, 0.39, 0.56, 0.70], (0.50, 0.34, 0.21)) 


The collective values of the four green suppliers can also be obtained by using the TNWAA 
operator as the matrix U or the matrix u by using the TNWGA operator. 








By 0.37, 0.52, 0.66, 0.78], (0.57, 0.20, 0.27) 
uy — Be | {(0-38, 0.54, 0.66, 0.80], (0.55, 0.22, 0.29)) 
B3 | ((0.26,0.40,0.57, 0.74], (0.56, 0.23, 0.24)) 
By \ ((0.23,0.35,0.50, 0.64], (0.56, 0.26, 0.19)) 
By, [ ((0.33,0.50,0.64, 0.77], (0.51, 0.23, 0.31)) 
fj — Be | ((033,0.53, 0.65, 0.79], (0.49, 0.27, 0.34)) 
B3 | ((0.22,0.37,0.55, 0.73], (0.54, 0.25, 0.25)) 
By \ ([0.18,0.32,0.48, 0.63], (0.51, 0.30, 0.22)) 


Finally, the score values s;(i = 1,2,3,4) of each green supplier can be obtained by using the score 
degree function show in the matrix H or H. 


B, Bo Bs Bag 


H= ( 0.410 0.404 0.342 0.301 ) A= (0371 0.362 0.317 0.267 ) 


So, the ranking is B} > By > B3 > Bg and the best green supplier obtained by using the approach 
in Reference [44] is B}. The ranking results of different methods can be shown in Table 1. 


Table 1. The ranking results of different methods. 











Methods Operators Ranking of Alternatives 
: NNTWA operator By > By > Bg > Bz 
The method in Reference [44] NNTWG operator By > By > By > Bs 
SVTNPA operator and the By > By > By > Ba 
The proposed method possibility degrees SVINNs 
SVTNPG operator and the 


possibility degrees SVINNs 
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From Table 1, it can be seen results of the ranking on the four green suppliers obtained by the 
proposed single trapezoidal neutrosophic MCGDM method in this paper is quite different from that 
the ranking obtained by the method introduced in Reference [44]. The main reasons are summarized 
as follows. 


(a) The new operations of SVINNs defined in this paper, which take the conservative and reliable 
principle, can take account of the correlation between trapezoidal fuzzy numbers and three 
membership degrees of SVTNNs. However, the operations in Reference [44] divide the 
trapezoidal fuzzy numbers and three membership degrees of SVTNNs into two parts and 
calculate them separately, which make aggregating results deviate from the reality. 

(b) The new comparison of SVTNNs proposed in this paper has some crucial advantages over 
comparison of SVTNNs based on the score degree function in Reference [44], which can take the 
preference of decision-makers into consideration. 

(c) The relationship among the aggregation information, which exists in the aggregation process of 
in practical MCDM problems, is ignored [44]. Whereas, the SVTNPA and SVTNPG operators, 
which can effectively take the relationship among the assessment information being aggregated 
into consideration and in this paper, the advantages of the possibility degree of SVTNNs are 
combined to rank the uncertain information reasonably and accurately from the probability 
viewpoint. Hence, the ranking result of this paper is more objective and reasonable than that 
obtained by using the operators in Reference [44]. 


7. Conclusions 


In order to improve the reasonability and effectiveness of the methods on dealing with single 
valued trapezoidal neutrosophic MCGDM problems, also overcome the limitations of the existing 
approaches. In this paper, a single valued trapezoidal neutrosophic MCGDM method is proposed form 
the possibility degree of SVTNNs and the single valued trapezoidal neutrosophic power aggregation 
operators. Firstly, the new operations of SVTNNs are proposed for avoiding information loss 
and distortion, the possibility degrees of SVTNNs are proposed from the probability viewpoint. 
Based on the proposed operations and possibility degrees, SVTNPA and SVTNPG operators are 
proposed. Furthermore, a single valued trapezoidal neutrosophic MCGDM method based on SVTNPA, 
SVTNPG operator and the possibility degrees of SVTNNs is developed. The prominent advantages 
of the proposed method are not only its ability to effectively deal with the preference information 
expressed by SVTNNs but also the consideration of the relationship among the information being 
aggregated in the process on dealing with the practical MCGDM problems and the advantage of the 
possibility degrees of SVINNs, which can avoid information loss and distortion, is combined. Thus, 
the final results are more scientific and reasonable. Finally, the method is applied to a practical problem 
on selecting the most appropriate green supplier for SGM Company, meanwhile, the comparison 
with other method is carried on and demonstrates its feasibility and effectiveness in dealing with 
MCGDM problems. 

In future research, the developed method will be extended to other domains, such as personnel 
selection and medical diagnosis. 
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1. Introduction 


The study of origin and features of neutralities lies in the scope of a new branch of philosophy 
known as Neutrosophy. In 1995, Smarandache (for the first time) used the idea of Neutrosophy 
and developed neutrosophic logic which is a more practical and realistic approach, to handle 
imprecise and vague information. He introduced the concept of (T-truth, I-indeterminacy, F-falsity) 
memberships. According to Smarandache Neutrosophic, logics generalizes the all previous logics such 
as fuzzy logic [1], intuitionistic fuzzy logic [2] and interval valued fuzzy logic [3]. Kandasamy 
and Smarandache [4] developed many neutrosophic algebraic structures, neutrosophic bigroup, 
neutrosophic vector space, neutrosophic groups and so on, based on neutrosophic logic. For practical 
applications, we refer the readers to [5-9]. For neutrosophic triplet sets, we refer the readers [10-13]. 
In 2016, Smarandache and Ali [14] gave the concept of Neutrosophic triplet groups which is a very 
useful addition in the theory of groups. 

Hyperstucture theory was brought-out by Marty [15] in 1934, when he defined hypergroup, 
set about analyzing their properties and exerted them to a group. Several papers and books have 
been compiled in this direction, see references [16-18]. In 1990, in Greece, a congress was organized 
by Thomas Vougiouklis on hyperstructure, which was first named algebraic hyper structures and its 
applications algebraic hyper structures(AHA); however actually was the fourth, because there had been 
three more congresses in Italy by Corsini, on the same topic but random names. During this congress, 
Vougiouklis [19] presented the concept of weak structure, presently known as Hv-structure. A number 
of writers have gone through various aspects of Hv-structure. For instance, references [20-27]. Another 
book by Davvaz and Fotea in 2007 has been devoted especially to the study of hyperring theory [28]. 

Kazim and Naseeruddin [29] in 1970, presented the concept of left almost semigroups 
(LA-semigroups) and shifted the discussion toward non-associative structures. According to them, 
a groupoid S is called £.A-semigroups, if it is satisfies the left invertive law: (ww 2)w3 = (w3w2)w, for 
all w1,w2,w3 € S. After that, researchers started working in this direction such as, references [30-32] 
and Yusuf gave the idea of left almost rings [33]. Hila and Dine [34] in 2011, shifted the non-associative 
structures to non-associative hyperstructures and furnished the idea of £.A-semihypergroup, which 
is generalization of semigroup, semihypergroup, £.A-semigroup by using left invertive law with the 
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help of Marty’s hyperoperation. Yaqoob et al. [35] expanded the work of Hila and Dine. Yousafzai et al. 
in [36] and Amjad et al. [37] tried to generalize different aspects of left almost semihypergroups. 
The concept of Hv-£.A-semigroup was laid by Gulistan et al. [38] in 2015. The idea of partially ordered 
left almost semihypergroups was developed by Naveed et al. [39] in 2015. Rehman et al. [40], initiated 
the study of £A-hyperrings and discussed its hyperideals and hypersystems in 2017. Nawaz et al. 
introduced the concept of left almost semihyperrings [41]. Yaqoob et al. [42] gave the idea of left 
almost polygroups in 2018. 

In this paper, we extended the idea of neutrosophic triplet set to non-associative semihypergroups. 
We define neutrosophic triplet £A-semihypergroup. In neutrosophic triplet C A-semihypergroup every 
element “w” has left neut(w) and left anti(w). In neutrosophic triplet £A-semihypergroup left neut(w) 
of an element “w” may or may not be equal to left identity. We also defined the neutro-homomorphism 
on £A-semihypergroups. At the end, we present an application of the proposed structure in football. 


2. Preliminaries 


This section of paper consists of some basic definitions, which are directly used in our work. 


Definition 1 ([34]). Let H be a non void set and o : H * H —+ P® (H) be a hyperoperation, where P® (H) 
is the family non-void subset of H. The pair (H, *) is called hypergroupoid. 
For any two non-void subsets W, and W) of H, then 


Wy * Wo = U Wy * W2. 


w EWy,W2€Wp 
Definition 2 ([34]). An £.A-semihypergroup is the hypergroupoid (H, *) with 
(w 1 * Wz) * Wz = (Wz * W2) * Wy (1) 
for all, wy, w2,3 € H. The equation (1) is called left invertive law. 


Definition 3 ([35]). An element e of an LA-semihypergroup H is called left identity (resp., pure left identity) 
if for all wy € H, wy € e * wy (resp., W; = e * W,). An element e of an LA-semihypergroup H is called right 
identity (resp., pure right identity) if for all w, € H, w, € wy *e (resp., wy = e * W,). An element e of an 
LA-semihypergroup H is called identity (resp., pure right identity) if for all w, € H, w, € wy *eNe* wy 
(resp., Wy = W1 *e Me * 4). 

Definition 4 ([35]). An £.A-smihypergroup with pure left identity satisfies the following property 


Wy * (W2 * WZ) = Wz * (W1 * Ws). 


Definition 5 ([14]). Let N be a non-void set with a binary operation * and w; € N. Then wy is said to be 
neutrosophic triplet if there exist an element neut (w,) € N such that 


Ww * neut (w,) = neut (w,) * wy = 1, 
where neut (wz ) is different from unity element. Also there exist anti(w1) € N such that 
wy, * anti (w 1) = anti (w)) * w, = neut (w) . 


If there are more anti (wy) s for a given wy, one takes that anti(w,) = w2 that anti (wy) in its turn 
forms a neutrosophic triplet, i.e., there exists neut (wz) and anti (w2). We denote the neutrosophic triplet w, by 
(w1,neut (w 1) ,anti(w,)). By neut (w 1), we means neutral of wy. 
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Example 1 ([14]). Consider Z, under multiplication modulo 6. Then 2 is a neutrosophic triplet, because 
neut (2) = 4,as2 x 4 = 8. Similarly anti(2) = 2 because 2 x 2 = 4. Thus 2 is a neutrosophic triplet, 
which is denoted by (2,4,2). Similarly 4 is a neutrosophic triplet because neut (a) = anti (4) = 4. So 4 is 
represented by as (4,4,4). 3 is not a neutrosophic triplet as neut(3) = 5 but anti(3) does not exist in Ze and 0 
is a trivial neutrosophic triplet as neut (0) = anti (0) = 0. This is denoted by (0,0,0). 


3. Neutrosophic Triplet C.A-Semihypergroups 


In this section, we defined the neutrosophic triplet £ A-semihypergroup and some results on 
neutrosophic triplet £A-semihypergroup are provided. 


Definition 6. Let H be a non void set with a binary hyperoperation * and w, € H. Then H is called 
1. left neutrosophic triplet set if for every w; € H, there exist neut (w,) and anti(w;) such that 


wy € neut (wy) * wy, 


neut(w ) € anti (wy) * Wy. 
2. right neutrosophic triplet set if for every w; € H, there exist neut (w,) and anti(w ) such that 


Ww, € wy * neut (wy), 


neut(w 1) € wy, * anti (wy). 
3. neutrosophic triplet set if for every w; € H, there exist neut (w,) and anti(w ,) such that 
wy € (neut (wz) * w1) NM (wy * neut (w1)), 
neut(wy) € (anti (w 1) * w,) MN (wy * anti (w1)). 
Definition 7. Let H be a set with a binary hyperoperation * and w, € H. Then H is called 
1. pure left neutrosophic triplet set if for every w; € H, there exist neut (w;) and anti (w;) such that 


Ww, = neut (w1) * w1, 


neut(w 1) = anti (wy) * wy. 
2. pure right neutrosophic triplet set if for every w; € H, there exist neut (w 1) and anti(w ) such that 


wy = wy, * neut (wi), 


neut(w ) = w, * anti (w) . 
3. pure neutrosophic triplet set if for every w, € H, there exist neut (w,) and anti(w;) such that 


wy = (neut (w 1) * w1) N (wy * neut (wy)), 


neut (wy) = (anti (wy) * W1) N (wy * anti (w))). 
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Example 2. Let H = {w1,w2,w3} be a se with hyperoperation defined as follows: 





* Wy Ww2 W3 





W W3 {wy}, wo} Wy 





wr {wy,w2} {wi,wo} {w,ws} 
ws we {w1,w3} W2 








A Cayley table 1 


Here (w 1, W2,W2) , (W2, Wz, W2) and (w3, W2, W3) are neutrosophic triplets. 
Definition 8. Let (H,*) be a left (resp., right, left pure, right pure) neutrosophic triplet set. Then H is called 
left (resp., right, left pure, right pure) neutrosophic triplet LA-semihypergroup, if the following conditions 


are satisfied: 


1. (H,*) is well defined. 
2. (H,*) satisfies the left invertive law. 


Example 3. Let H = {w1,w2,w3, 4, ws} be a set with the hyperoperation defined as follows: 




















* Wy wW2 W3 Wa W5 

Wy, Wy Wy Wy Wy Wy 

wo w, {w3,ws} wW3 {w,,wa}  {w3,ws} 

w3 Wy w3 w3 {w}, wa} w3 

we Wy {wy,wa} {wy, wg} W4 {wy , wa} 

Ws Wy {w2, ws} w3 {w1,wa}  {w2, ws} 
A Cayley table 2 


Here (H,*) is an LA-semihypergroup, as the element of H satisfies the left invertive law. 
Here(w1, w1,W1) , (W2,W5,W5), (W3,W3,W3), (W4, W4,W4) and (ws,W2,W5) are left neutrosophic triplets. 
Hence (H, *) is a left neutrosophic triplet £_A-semihypergroup. 


Definition 9. Let (H, *) be neutrosophic (resp., pure neutrosophic) triplet set. Then H is said to be neutrosophic 
(resp., pure neutrosophic) triplet LA-semihypergroup, if the following condition are satisfied: 


1. (H,*) is a well defined. 
2. (H,*) satisfies the left invertive law. 


Example 4. Let H = {w1,w2,w3} and the hyperoperation defined in the table as follows: 





* W1 wWw2 W3 





w, {w1,wWo} {wy,wo} we 








w2 H H w3 
W3 W3 W3 W3 
A Cayley table 3 
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Here (H,*) is an LA-semihypergroup, as the element of H satisfies the left invertive law. 
Here (wy, w2,W1), (w2,W1,W2) and (w3,w3,W3) are neutrosophic triplets. Hence (H,*) is a neutrosophic 
triplet LA-semihypergroup. 


Remark 1. Neut(w2) of an element "w 2” is not unique under the hyperoperation * in H and depend on 
elements and hyperoperation. By the Example 4 neut(w2) = wy1,W2. Similarly anti(w2) = wy, wp of an 
element "wa" is not unique and depends on the element and the hyperoperation «. 


Remark 2. Left neut of an element is could be different from left identity. 


Definition 10. Let (H, *) be a neutrosophic LA-semihypergroup. An element w, € H, then there exist pure 
left neut(w,) such that w, = neut (w,) * wy and pure left anti(w ) such that neut(w,) = anti (w1) * wy. 


Proposition 1. Let (H,*) be a pure left neutrosophic triplet £A-semihypergroup with pure left identity. 
Then wz * Wy = W3 * Wy if and only if 


neut (wy) * Wz = neut (w,) * w3. 


Proof. Suppose that w2 * w3 = wW3 * W for w1,W2,w3 € H. Since (H, *) is a pure left neutrosophic LA 
semihypergroup, so anti (w,) € H. Multiply anti (w) to the right side of w2 * w, = w3 * Wy 


(wz * wW1) * anti (w1) = (ws * wW1) * anti (wy) 
(anti (a) * Ww) * Wz = (anti (w)) * w1) * w3 


neut (wy) * w2 = neut (w)) * ws. 
Conversely, let neut (w1) * w2 = neut (w,) * w3. Multiply to both right sides by w; 


neut (wy) * (Ww * W1) = neut (wy) * (wz * wy) 
wz * (neut (wy) * W1) = w3 * (neut (wy) * wy) 


W2 * W, = W3 * Wj. 











This completes the proof. 





Proposition 2. Let (H,*) be a pure right neutrosophic triplet L.A-semihypergroup with pure left identity. 
Then wy * neut (w1) = ws * neut (wy) if w2 * anti (w,) = wz * anti(wy) for all w1,w2,w3 € H. 


Proof. Suppose (H, *) is a pure right neutrosophic triplet £.A-semihypergroup with pure left identity 
and wo * anti (w ) = w3 * anti(w,) for w1, Wz, w3 € H. Multiply w, to the left side of wz * anti (w,) = 
w 3 * anti(wy,), 


Wy  * (Ww * anti (w1)) = wy * (w3 * anti(w})) 


) 
) 


Ww * neut(w1) = w3 * neut (w 1) (because neut(w)) = wy, * anti (wy) ). 


Wz * (wy * anti (w1)) = ws * (w) * anti(w})) 


Therefore, 
W * neut (w,) = w3 * neut(w,). 














Proposition 3. Let (H,*) be a pure right neutrosophic triplet £A-semihypergroup. Then neut(w,) * w2 = 
neut (w,) * we if w2 * anti (w,) = w3 * anti(wy) for all wy, w2,w3 € H. 
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Proof. Suppose (H, *) is a pure right neutrosophic triplet 2 A-semihypergroup and wp * anti (w 1) = 
w3 * anti(w1) for w1,W2,w3 € H. Multiply w; to the right side of w2 * anti (w 1) = w3 * anti(wy), 


(we * anti (w )) * w, = (ws * anti(w,)) * wy 


) 
) 


neut(w ) * w2 


(wy * anti (w,)) * wo = (wy * anti(w,)) * ws 


= neut (w1) * w3 (because neut(w,) = wy * anti (wy) ). 


Therefore, 
neut(w 1) * W2 = neut (wy) * w3. 














Theorem 1. Let (H,* 
neut (w 1) = neut (wy). 


be a pure right neutrosophic triplet idempotent LA-semihypergroup. Then neut (wy) * 


Proof. Consider neut(w,) * neut (w1) = neut (w,) . Multiply first with w, to the right and then again 
multiply with w, to the right, ie., 


(neut(w,) * neut (w1)) * w1) * Wy = (neut (w)) * w1) * Wy 


(wy * neut (w,)) * neut(wy)) * wy = (wy * wW1) * neut (wy) 





wy, * neut(wy)) * (wy * neut (w1)) = wy, * neut (wy) 
W1* Wy = Wy 


W, = Wi. 


This shows that 
neut(w ) * neut (wy) = neut (w)). 














Theorem 2. Let (H,*) be a pure right neutrosophic triplet idempotent L.A-semihypergroup with pure left 
identity. Then neut(w ) * anti(w,) = anti (wy). 


Proof. Let (H,*) be a pure right neutrosophic triplet £A-semihypergroup with pure left identity. 
Multiply w to the left of both side neut(w 1) * anti (w1) = anti (w1),ie., 


wy * ((neut(w,) * anti (w 1) 
neut(wy ) * (wy * anti (w 1) 
neut(w ) * neut(wy 


neut (wy 


This shows that 
neut(w,) * anti 

















= W, * anti (w,) 
= neut(w}) 
= neut (wy) 


= neut (w1) (By Theorem 1) 


w 1) = anti (wy). 


Theorem 3. Let (H,*) be a pure right neutrosophic triplet £.A-semihypergroup. Then 


1. neut(w ) * neut (wo) = neut(w, * we) for all wy, w2 € H. 


2. ant (w,) * anti (w2) = anti (w * w2) for all w1,w2 € H. 
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Proof. 1. Consider the left hand side neut(w ) * neut (w2). Multiply first with wp to the right and then 
again multiply with w, to the right, ie., 


((neut(w,) * neut (wz)) * wz) * wy = ((we * neut (w2)) * neut(w)) * wy 
= (wy * neut(w,)) * wy 
= (wy, * neut(w1)) * w2 
= W *W. 
So 
((neut(wy) * neut (w2)) * wz) * wy = Wy * We (2) 
Now consider the right side neut(w, * wz). Multiply first with w2 to the right and then again 
multiply with w, to the right, ie., 
(neut(wy * Wo) * Wz) * Wy = (WwW, * W2) * Neut(wW, * W2) 
= W * Wo. 
So 
(neut(w1 * Wz) * Wz) * Wy = Wy * W2 (3) 


From the Equations (2) and (3) it is clear that neut(w,) * neut (wz) = neut(w, * wo). 
2. Consider the left hand side anti(w1) * anti (wz). Multiply first with w2 to the right and then 
again multiply with w, to the right, ie., 


((anti(w,) * anti (wz)) * wz) * wy = ((we * anti (w2)) * anti(w )) * wy 


= (neut(wz) * anti(w))) * wy 


(wy * anti(w1)) * neut (wz) 


neut(w,) * neut(w2) 


neut(w, * W2). 
So 
((anti(w1) * anti (w2)) * w2) * wy = neut(wy * w2) (4) 
Now consider the right side anti(w, * wz). Multiply first with w2 to the right and then again 
multiply with wy, to the right, ie., 


(anti(wy * We) * Wr) * Wy = (Wy * We) * anti(wy * W2) 


= neut(w, * W2) 


So 
(anti(wy * Ww) * Wz) * Wy = neut(wy * W2) (5) 


From the Equations (4) and (5) it is clear that 


anti(w ) * anti (wa) = anti(w, * wp). 














In the following example, we show that in a left neutrosophic triplet £.A-semihypergroup 


neut(w,) * neut (w2) A neut(wy * w2) (6) 


and anti(w,) * anti (w2) A anti(w, * wo). (7) 
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Example 5. Let H = {w1,w2,w3,w4} be a set with the hyperoperation defined as follow 











* Wi Ww W3 wa 
wy, {wy,w3,w4} {wy, wa} H H 
wo {wy,W2, wa} {wy}, w2} {w2,wa} {we,w3, wa} 





wz {wWy,W2,w3} {w1,w3,wa}  {we,wa} {wo,w3, wa} 





W4 H {w2, w3, 4} H {w1, w3} 





A Cayley table 4 


All the elements of H. satisfies the left invertive law. Here (wy ,w3, wa), (w2,W4,W1), (wW3,w1,w4) and 
(wg, W2, w3) are left neutrosophic triplets. Hence (H, *) is a left neutrosophic triplet £A-semihypergroup. Now 


neut(w,) * neut (w2) A neut(w, * w2) 


w3 * W4 A neut({w, w4}) 
{W2,w3,w4} A neut(w2) U neut(w4) 


{wo,w3,w4} A {w2, wy}. 
Also 


anti(w 1) * anti (wz) ¢ anti(w, * w2) 


wa * Wy # anti({w, w4}) 
H #& anti(w) Uanti(wa) 
H & {w1,w3}. 


Hence this shows that neut(w,) * neut(w2) # neut(w) * w2) and anti(w) * anti(w2) F 
anti(w  * W2). 


Theorem 4. Let (H,*) be a pure left neutrosophic LA-semihypergroup. Then neut (anti (w ,)) = neut (w.). 
Proof. Let neut (anti (w))) = neut (w,) . If we put anti (w,) = w2, then 


neut (wz) = neut (w)). Post multiply by w2 


Wz = neut (wW1) * Wo 


) 
neut (w2) * Wz = neut (wy) * wz 

) 

anti(w ) = neut (w,) 


* anti(w ), aS W2 = anti (w,) 


anti (w ) = anti (w,). By Theorem 1 neut (w}) * anti(w)) = anti(w}) 




















Hence neut (anti (w ,)) = neut (wy) . 


Theorem 5. Let (H,*) be a pure left neutrosophic £A-semihypergroup. Then anti (anti (w ,)) = wy. 
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Proof. Consider anti (anti (w )) = w;. Post multiplying both sides anti (w1) 


anti (anti (wy )) * anti (w1) = wy * anti (w 1) 
t 


neut (anti (w 1 


— 


neut (wy) * wy) * anti (wy) 


Il 
=~ 


anti (w,) * W1) * neut (w 1) by left invertive law 


neut (anti (wy 


ll 
ZB oR RS 


eut (wy ) * neut (wy) 


( ) 
neut (anti (wy ) 
( ) 
( ) 


neut (anti (wy eut (w,) by Theorem 1 neut (w 1) * neut (w,) = neut (w}) 


) 
) 
) 
) 
) 
) 


neut (Ww eut (w 1) by Theorem 4 














Hence anti (anti (w)) = wi. 


Definition 11. Let (H, *) be a neutrosophic L.A-semihypergroup and let K be a subset of H. Then, K is called 
neutrosophic triplet £A-subsemihypergroup, if K itself is a neutrosophic triplet £ A-semihypergroup. 


Example 6. Let H = {w1,w2,w3, 4, ws} be a set with the hyperoperation defined in the table as follow 


* Wi w2 W3 wa W5 





w, {wy,w3} we {w2,w3} {w4,w5} ws 





wo {wWo,w3} {w2,w3} {w2,w3} {w4,ws} ws 





wz {w,w3} {w2,w3} {w2,w3} {ws,ws} ws 











wy {wa,wW5} {wa, ws}  {w4, ws} wW4 Ws 
Ws Ws W5 W5 Ws W5 
A Cayley table 5 


Here (H,*) is an LA-semihypergroup, because the element of H satisfies the left invertive law. 
Here (wi, w1,W1), (w2,wW3, W3), (W3, W2, W3), (w4, W4, W4) and (ws, W4, Wa) are neutrosophic triplet. Hence 
(H,*) is a neutrosophic triplet LA-semihypergroup. Let K = {wy1,wz,w3} be subset of H. As K is a 
neutrosophic LA-semihypergroup under the *. Then K is called neutrosophic triplet £ A-subsemihypergroup 
of H. 


Lemma 1. Let K be a non-empty subset of a neutrosophic triplet £LA-semihypergroup H. The following 
are equivalent. 


1. Kis a neutrosophic triplet £ A-semihypergroup. 
2. For all w1,w2 € K, w 1 * Wz € K. 











Proof. The proof is straightforward. 





Definition 12. Let (Hy, *1) and (H2, *2) are two neutrosophic triplet £.A-semihypergroups. Let f : Hy —> H2 
be a mapping. Then f is called neutro-homomorphism if for all wy, w2 € Hy, we have 


1. f (wi *1 W2) = f (w2) *2 f (wa), 
2. f (net (w,)) = neut (f (w1)), 
3. f (anti (w)) = anti (f (w1)). 


Theorem 6. Let f : Hy —> Hp be a neutro-homomorphism. Where Hiand H2 are two neutrosophic triplet 
LA-semihypergroup. Let 


1. The image of f is a neutrosophic triplet £A-subsemihypergroup of Hp. 
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2. The inverse image of f is a neutrosophic £.A-subsemihypergroup of 14. 











Proof. The proof is straightforward. 





Remark 3. We have the following key points; 


1. Every neutrosophic triplet £.A-semihypergroup is an £.A-semihypergroup, but the reverse may 
or may not true. 

2. Inneutrosophic triplet £A-semihypergroup, every element must have a left newt (.) , but in an 
£A-semihypergroup the left neut (.) of an element may or may not exist. 

3. In neutrosophic £A-semihypergroup, every element must have left anti(.), but in an 
£A-semihypergroup the element may or may not have semihypergroup. 

4. Inneutrosophic £.A-semihypergroup pure left neut (.) is not equal to pure left Identity. 


4. Application 


Neutrosophic triplet £A-semihypergroups has many applications in different areas. Here, we 
present an application of neutrosophic triplet £2 A-semihypergroup in football. We can use different 
versions of neut and anti elements like left, right, pure left and pure right that we may see in different 
situations. The interesting prospect of this newly defined structure is that it is not comutative, so any 
change from the left and same types of change from the rigth of a certain element may affect the final 
results with respect to neut and anti. 

Consider a Football team; the centre midfield player “C,,” having a degree of performance d}. 
The players “Cyyi9” and “C,,,1” are the midfield player having degree of performance d,. Thus using 
Definition 6, the neut (Cm) € {Cy12,Cmri}. The players “Cy,71” and “Cyy;2” are having better degree 
of performance d2, thus using Definition 6, the neut (Cm) € anti (Cm) * Cm Cm * anti (Cm) = Cun * 
Cin OA Cm * Cinr2 = {d1,d2} Neutrosophic triplet £.A-semihypergroup can help the coach to select the 
players for filling the position in the playground, when a player gets injured. The major advantage of 
neutrosophic triplet £ A-semihypergroup is that if we have a centre mid player and this player has the 
other players having the same performance on the right side as neut of it and it has one player on the 
left having better performance than it as shown in the following Figure 1. 

If the performance of a player playing on the left side and right side of a centre mid player is 
equal to performance of a centre mid player then the structure reduces to a duplet structure. Similarly, 
we can find many applications in different directions. 





Figure 1. A view of football match. 
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5. Conclusions 


In this paper, we apply the idea of neutrosophic triplet sets at the very useful non-associative 


hyperstructures, namely £.A-semihypergroups. We define neutrosophic triplet set (left, right, pure 
left, pure right). We discuss some basic results and an application of the proposed structure at the end. 
In future, we are aiming to extend this idea and give more interesting results. 
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Abstract: Neutrosophic triplet structure yields a symmetric property of truth membership on the 
left, indeterminacy membership in the centre and false membership on the right, as do points of 
object, centre and image of reflection. As an extension of a neutrosophic set, the Q-neutrosophic set 
was introduced to handle two-dimensional uncertain and inconsistent situations. We extend the 
soft expert set to generalized Q-neutrosophic soft expert set by incorporating the idea of soft expert 
set to the concept of Q-neutrosophic set and attaching the parameter of fuzzy set while defining 
a Q-neutrosophic soft expert set. This pattern carries the benefits of Q-neutrosophic sets and soft 
sets, enabling decision makers to recognize the views of specialists with no requirement for extra 
lumbering tasks, thus making it exceedingly reasonable for use in decision-making issues that include 
imprecise, indeterminate and inconsistent two-dimensional data. Some essential operations namely 
subset, equal, complement, union, intersection, AND and OR operations and additionally several 
properties relating to the notion of generalized Q-neutrosophic soft expert set are characterized. 
Finally, an algorithm on generalized Q-neutrosophic soft expert set is proposed and applied to a 
real-life example to show the efficiency of this notion in handling such problems. 


Keywords: algorithm; decision making; expert set; generalized neutrosophic set; neutrosophic sets; 
Q-neutrosophic; soft sets. 





1. Introduction 


Zadeh established the concept of fuzzy set [1] as a way to handle uncertain information, 
by assigning a number to each element that shows the degree of membership of the element. 
Intuitionistic fuzzy set [2] is another way to handle uncertainty that assigns two numbers to each 
element. These numbers show the the degree of membership and the degree of nonmembership of the 
element. However, these theories fail to handle an indeterminate environment, hence Smarandache 
established the idea of neutrosophy [3] as an extension of fuzzy set and intuitionistic fuzzy set to 
mitigate such situations. Neutrosophic set (NS) [4] is recognized via three independent membership 
functions that depict the degrees of truth (T), indeterminacy (I), and falsity (F). Soft set [5] is 
another commonly used method in handling uncertainties. It has been extended extensively to 
fuzzy soft set [6], vague soft set [7-9] and neutrosophic soft set [10]. Although these concepts 
are widely applicable to different life branches, they lack the ability to handle two-dimensional 
problems. This motivates the definition of Q-fuzzy soft set [11,12] that served the uncertainty and 
two-dimensionality simultaneously. Recently, this was extended to the theory of Q-neutrosophic 
soft set (Q-NSS) [13] by extending the theory of Q-fuzzy soft set to a neutrosophic set. Q-NSS is a 
tri-component two-dimensional set, enabling it to address inconsistent, indeterminate and imprecise 
data in which the indeterminacy is measured unequivocally and truth, indeterminacy and falsity 
memberships are independent. Relations between Q-NSSs were studied in [13] while their measures 
of distance, similarity and entropy were discussed in [14]. 
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Decision-making is an exploration point of research especially in uncertain environments. 
Recently, many researchers applied neutrosophic sets to real-life decision making problems containing 
uncertain, indeterminate and incompatible information [15-25]. 

Recently, the need for models incorporating opinions of experts and validating information 
supplied by observers has been recognized. In such cases, it is pertinent to have the conclusions of 
a specialist to approve the information obtained from observers before these data can be utilized to 
make a decision. The lack of this feature was one of the major problems that was inherent in fuzzy 
and soft sets, and their hybrid models, including Q-NSSs. The concept of soft expert sets (SESs) [26] is 
the first model in literature to deal with this issue, by presenting the opinions of the experts, with no 
extra task. Although SES was considered a novel idea at the time of its initiation, it does not have the 
capacity to represent the uncertainty that appears in most real issues. Many generalizations of the SES 
model were introduced to overcome this issue such as fuzzy soft expert sets [27], neutrosophic soft 
expert sets [28], neutrosophic vague soft expert set [17], complex neutrosophic soft expert set [18], 
vague soft expert sets [29-31], generalized neutrosophic soft expert set [32] and Q-neutrosophic soft 
expert set (Q-NSES) [33]. Q-NSES has the capacity to handle indeterminacy and two-dimensionality 
simultaneously, since it incorporates the elements of both soft expert set and Q-neutrosophic set. 
The structure of this concept enables it to provide the opinions of experts to activate the data obtained 
from individuals and able to present the ideas within a two-dimensional indeterminate environment 
which makes it suitable to describe many real problems. 

In this study, we redefine the operations of Q-NSES [33] and introduce the conception of 
generalized Q-neutrosophic soft expert set (GQ-NSES) as an extension of Q-NSES by attaching the 
parameterization of fuzzy sets while defining a Q-NSES. The proposed concept is more practical as it 
includes uncertainty in the selection of a fuzzy set corresponding to each value of the parameter. We will 
introduce some concepts related to this model along with basic operations relevant to GQ-NSESs, 
namely the union, intersection and complement operations. The commutative and associative 
laws of these operations will be proposed and an application of GQ-NSES in decision-making will 
be illustrated. 


2. Preliminaries 


We review some basic ideas of soft set, neutrosophic set and Q-neutrosophic soft expert set that 
are related to the study in this work. 


2.1. Neutrosophic Set 


In the following, we recall the notion of neutrosophic set [4] with the operations of subset, 
complement, intersection and union [3]. 


Definition 1 (see [4]). A neutrosophic set T on the universe X is defined as 
T = {(x, (Tp(x), Ip(x), Fr(x))) : x € X}, where T,L,F : X 3]~0,1*[ 


and 
—0 < Tr(x) + Ir(x) + F(x) <3. 


Definition 2 (see [3]). Let T and ¥ be two neutrosophic sets. Then, we say that T is a subset of ¥ denoted by 
T C ¥ ifand only if Tr(x) < Ty(x), Ip(x) > Ty(x) and F(x) > Py(x) for all x € X. 


Definition 3 (see [3]). The union of two neutrosophic sets T and ¥ in the universe X is denoted by UY = A, 
where 


A = {(x, (max{Tr(x), Ty (x) }, min{ Ip (x), by(x)}, min{ Fr(x), Fy(x)})) : x © X}. 
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Definition 4 (see [3]). The intersection of two neutrosophic sets T and ¥ in the universe X is denoted by 
TN ¥ =A, where 
A = {(x,(min{Tp(x), Ty (x)}, max{ Ip (x), fy (x) }, max{Fr(x), Py (x)})) sx © X}. 


Definition 5 (see [3]). The complement of a neutrosophic set T in the universe X is denoted by T°, where 





T° = {(x, (1 — Tr(x),1— Ip(x),1— Fr(x))) : x € X}. 





The neutrosophic empty set To in the universe X is To = {(x,(0,1,1)): x € X}. 


2.2. Q-Neutrosophic Soft Expert Set 


Abu Qamar and Hassan [13] proposed Q-neutrosophic set (Q-NS) for dealing with 
two-dimensional inconsistent, indeterminate and uncertain information. 


Definition 6 (see [13]). Let X be a universal set and Q be a nonempty set. A Q-neutrosophic set Tg in X and 
Q is an object of the form 


Tg = {( (x19), Tra (%/4)rIrg(%-4), Fra (x9) 1x € Xq € Qh, 


where Tro, Irg, Frg : XX Q-)70, 1* [are the true membership function, indeterminacy membership function 
and false membership function, respectively, with 0 < Trg + Irg + Frg S$ 3t. 


Hassan et al. raised the notion of Q-neutrosophic soft expert [33]. 
Let X be a universe, Q be a nonempty set, E a set of parameters, U a set of experts (agents), and 
O = {1 = agree, 0 = disagree} a set of opinions. Let Z = E x U x Oand A C Z. 


Definition 7 (see [33]). A pair (TQ, A) is called a Q-NSES over X, where To is a mapping given by To : 
A — QNSES such that QNSES is the set of all QNSES over U. 


In the following, we refined the basic operations of Q-NSES introduced in [33]. 


Definition 8. Let (TQ, A) and (¥o,B) be two Q-NSESs over X. Then, (TQ, A) is said to be Q-NSE 
subset of (¥Q,B), denoted by (1g, A)C(¥Q,B) if A C Band Tr(a) (%4) < Teo (a) (Dr HF (ay (9) > 


Te g(a) (% 1), Feo (ay (% 9) > Fe (a) (*4) Va€ A,(x,q)EXxQ. 

Definition 9. The complement of (Tg, A) is defined as (Tg, A)° — (T,,A), where te = A-— P(X x Q) and 
t= {(a, Tye (ay 4) Hp ay (9) Fh ay (%)) :a€ A,(x,q) € Xx Qh, 

such that Va € A,(x,q) € Xx Q 


Tyre (a) (%/9) =1- Ty (x,q), 
The (a) (*/9) mile Tp (4), 
Fre (a) (9) =1- Fi, (x,4)- 


Now, we propose the union and intersection of two Q-NSESs. 
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Definition 10. The union of (TQ, A) and (Yo, B) is a Q-NSES (YQ,C), defined as (Tg, A)O (Fo, B) = 
(Yo, ©), where C = AUB and for all c € C and (x,q) € X x Q the truth, indeterminacy and falsity 
memberships of (Yo, C) are as follows: 


Tra(c) (9) ifce AB, 
Ty (0) (9) - Te 5(c) (%9) ifcE B-—A, 
max{Tp, .) (x,4), Teo (c)(% 4) } ifc€ ANB, 


Frg(c (9) foe A-B, 
Wyo (ey(% 9) = § Wo(c) (%9) ifc€ B—A, 
min{ Feo (o)(%9), o(ey(%9)} fee ANB, 


and 
Fro(c) (*4) ifc€ A-B, 
Fo (e) 9) = 4 Feg(c) (9) ifc€ B—A, 


mint Fe (c)(% OD), Fee) (2 Dt ifo€ ANB. 


Definition 11. The intersection of (TQ, A) and (Yo, B) isa Q-NSES (Yo, C), defined as (To, A)A(¥Q, B)= 
(YQ,C), where C = AMB and for all c € C and (x,q) € X x Q the truth, indeterminacy and falsity 
memberships of (Yo, C) are as follows: 


T34 (0) (xq) = min{ Tp (c) (x,q), Te 00) (x,q)}, 


o(c) (xq) = maxt{ IF, (0) (x,q), Ig (0) (x,q)}, 
Fy ace (89) = MAX Ep, )(¥04)- Fete) 2-4) 


Definition 12. If (Tg, A) and (¥Q,B) are two Q-neutrosophic soft expert sets on X, then (T9,A) AND 
(¥o, B) is the Q-neutrosophic soft expert set denoted by (To, A)A(¥Q, B) and defined by (To, A)A (Yo, B)= 
(Ag, A x B), where Ag(a,b) = T9(a)A¥Q(b) for all (a,b) € A x B is the operation of intersection of two 
Q-neutrosophic sets on X. 


Definition 13. If (To, A) and (Fo, B) are two Q-neutrosophic soft expert sets on X, then (TQ, A) OR (Yo, B) 
is the Q-neutrosophic soft expert set denoted by (Tg, A)V(¥Q,B) and defined by (Tg, A)V (¥9,B) = 
(Ag, A x B), where Ag(a,b) = T9(a)0¥9(b) for all (a,b) € Ax B is the operation of union of two 
Q-neutrosophic sets on X. 


3. Generalized Q-Neutrosophic Soft Expert Set 


In this section, we propose the generalized Q-neutrosophic soft expert set (GQ-NSES) and proceed 
to introduce several concepts related to this model. We will put forward the operations of union, 
intersection and complement of GQ-NSESs, and proceed with the properties of the commutative and 
associative laws of these operations. 

We begin by proposing the definition of GQ-NSES, followed by an illustrative example. 

Let X be a universe, Q be a nonempty set, E a set of parameters, U a set of experts (agents), 
and O = {1 = agree, 0 = disagree} a set of opinions. Let Z = E x U x O, A C Zand f bea fuzzy set; 
that is, f : A — [0,1]. 
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Definition 14. A pair Cc, A) is called a GQ-NSES over X, where vA is a mapping given by 
Ph: A> P(XxQ)xL, 


where P(X x Q) denotes the power Q-neutrosophic soft expert set. For alla € A, Tg is referred to as the 
Q-neutrosophic expert value set of the parameter a, i.e, 


F(a) = {( (x4), The (%4), Teg (9), Fey (%9)) } 


presents the degree of belongingness, indeterminacy belongingness and non-belongingness of elements of X in To, 
where V(x,q) € Xx Q,Wae A, Thay Try Fig representing the membership functions of truth, indeterminacy 
and falsity, respectively. The values Troy lig Fig € [0,1] and 


O< Tp (4) + Ip (x4) + Fe (x4) S 3. 


The GQ-NSES Cc A) is a parametrized family of Q-neutrosophic soft expert sets on X, which has the 
degree of preference of the approximate value set which represented by f(a) for each paremeter a. The GQ-NSES 
can be written as: 


(PG,A) = {(a, (Fala), fla))) 14 € A,Fo(a) € P(X x Q), f(a) € [0,1}}. 


In short, for each parameter a, Th (a) gives not only the extent to which each element in X belongs, 


indeterminacy belong or not belong to Tg but also indicates how much such belonging is preferred. 


Example 1. Suppose a company wants to fill a position to be chosen by an expert committee. There are three 
candidates X = {x1,X2,x3} with two types of qualifications Q = {q, = master,q, = doctorate} and 
the hiring committee takes into consideration a set of parameters E = {e, = computer knowledge,e, = 


experience}. Let U = {uy, uz} be the set of two committee members. Then, we can view the GQ-NSES am A) 
as consisting of the following collection of approximation: 


(P54) = {( ey, 14,1 ri X1,41),0.1,0.2, 0.6], [(x1, 92), 0.4, 0.3, 0.7], [(x2, 41), 0.5, 0.2, 0.1], 
x2, 42), 0.7, 0.2, 0.3], (x3, 41), 0:8, 0.3,0-1], [(x3, 42),0.2,0.3,0.6],0.7) ), 


X1,q2),0.5,0.3, 0.2], [(x2,q1),0.5, 0.4, 0.3], 


(erway i( x1,q1),0.6, 0.4, 0.2 


x2, 42), 0.9,0.4, 0.2], [(x3,41),0.6,0.8, 0.4], [(x3, 42),04,0.1,0.5],0.5) ), 








( ep, 11,1 if X1,41),0.7,0.2, 0.3], [(2x1, 92), 0.8, 0.4, 0.6], [(x2, 41), 0.3, 0.6, 0.9], 
x2,q2),0-1, 0.3, 0.3], [(x3, 41), 0.4, 0.7, 0.5], [(x3,q2),0.8, 0.7, 0.4 0.4) ) 


X1,q2),0.7,0.4, 0.1], [(x2, 41), 0.8, 0.6, 0.3], 


( (e2, 2, 1),([(x1,41),0.7,0.6,0.5 
x2, q2),0.7,0.6, 0.2], [(x3,q1), 0.3, 0.4, 0.2], [(x3, 42 /0.5,0.3,0.7],0.6) ) 
( 1, U1,0 Fi x1,91),0.5, 0.5, 0.3], [(x1, q2),0.8, 0.8, 0.4], [(x2,q1),0.7, 0.1, 0.3], 


x2, 42),0.9,0.7,0.5], [(x3,41),0.9,0.6,0.5],[(x3, 42),0.6,0.3,0.3],08) ), 









































((e1,u2,0 A X1,41),0.2, 0.2, 0.5], [(x1, q2),0.7, 0.4, 0.9], [(x2, 41), 0.8, 0.7, 0.5], 
































x2, 42),08,0.3, 0.3], [(x3,41),0:3,0.2, 0.8], [(x3, 42),0.5,0.5,0.5],0.2) ), 
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(( ep, 1,0 (I X1,41),0.4, 0.8, 0.8], [(2x1, 92), 0.9, 0.6, 0.6], [(x2, 41), 0.9, 0.7, 0.5], 
[(x2,42), 0.2, 0.1, 0.6], [(x3,41),0.4,0.7,0.9],[(x3,42),0.8,0.2, 0.1],0.3) ), 
(( €, 2,0 (I X1,41),0.9,0.4, 0.5], [(x1, 92), 0.7, 0.1, 0.6], [(x2, 41), 0.1, 0.8, 0.4], 


[(x2,q2),0.5,0.7, 0.8], [(x3, 41), 0.4, 0.4, 0.4], [(x3, 92), 0, 6, 0.8, 0.2],0.3) )}. 


Each element of the GQ-NSES implies the opinion of each expert based on each parameter about the 
candidates with their qualifications and the degree of preference of the approximate value set. For example, 
[(x1,q1),0.1,0.2,0.6] under the parameter (e,u;,1) shows the degree to which expert u, agree that the 
candidate x with a master qualification q, has a computer knowledge, whereas |(x1,q1),0.5,0.5, 0.3] under 
the parameter (e,, 1,0) shows the degree to which expert u, disagree that the candidate x, with a master 
qualification q, has a computer knowledge. 


Now, we present the ideas of the subset of two GQ-NSESs and the equality of two GQ-NSESs. 
Definition 15. Let ae A) and (%, B) be two GQ-NSESs over X. Then, cy A) is said to be GQ-NSE subset 
of (¥4,B B), denoted by A A)C a) B) if A C Band fora € A, the following conditions are satisfied: 


1. f(a) isa fuzzy subset of g(a), that is f(a) < g(a), 
2. To(a) is a Q-neutrosophic soft expert subset of ¥Q(a), that is Tp (ay (2/9) < Te Po(a a) (* 14), Tp olay ,q) => 


Te (a (2), Fe g(a) (% 49) 2 Feo a (*/ 9) V (2,4) EXxQ 





Definition 16. Let (4,4) and (25; B) be two GQ-NSESs over X. Then, (PA) is said to be equal to 


ee B), denoted by c ASCs, B) if i A) isa GQ-NSE subset of ce B) and (ee B) is a GQ-NSE 
subset of (Ig, A). 


Next, we give the definitions of an agree- GQ-NSES and a disagree- GQ-NSES. 


Definition 17. An agree- GQ-NSES Oe, A) over X is a GQ-NSES subset of (To, A) defined as 


(P5,A)1 = {F6, (a) :ae ExUx {1}}. 


Definition 18. A disagree- GQ-NSES Cc A) over X is a GQ-NSES subset of eye A) defined as 
(Ph, A)o = {FG, (a) :ae ExUx {1}}. 
In the following, we discuss the operations of complement, union and intersection of GQ-NSESs. 


Definition 19. The complement of ee A) is defined as 
A) = (FQ) A) 
= {(a,(Fg"(a), f*(a))) 2a € A,Pa(a) € P(X x Q), f(a) € [0,1]}, 


where, f°(a) =1— f(a) andTG = {(a, Tyre (a (29), Ie (a) (#9), Fhes(ay(-4)) :a@€ A,(x,q) € Xx Q}, 
such that Va € A,(x,q) € Xx Q 
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Tyre (a) (9) = i> Th (x,q), 
Tre (a) (%/9) =1- Tp (%4), 
Fre (ay (#/4) = 1 — Fp, (,9)- 
Example 2. Consider the approximation given in Example 1, where 
Ph (em1/1) = { ([(a1,p),04, 0.2, 0.6], [(x1,q),0.4, 0.3, 0.7], [(xz, p), 0.5, 0.2, 0.1], 
[(x2,q),0.7, 0.2, 0.3], [(x3, p), 0.8, 0.3, 0.1], [(x3, 4), 0.2, 0.3, 0.6], 0.7) \. 
By using the GQ-NSES complement, we obtain the complement of the approximation given by 
af c 
(FQ) (er, u1,1) = { ([ox1,p),0.9,08, 0.4], [(21,9), 0.6,0.7,0.3], [(x2, p),0.5,0.8,0.9], 


[(x2,q),0.3, 0.8, 0.7], [(x3, p), 0.2, 0.7, 0.9], [(x3, q), 0.8, 0.7, 0.4],0.3) b 
Proposition 1. If (PLA ) isa GQ-NSES over X, then (Ff, A)S)e = (P,4). 


Proof. Suppose that (Ff, 4) is a GQ-NSES over X defined as (F4,4) a {(a, ((Ts (a) (%D), 
Q 
Top h(a (9), Fog ca)(%)-£(@)) ) :a€A,(x,q) € Xx Qh. The complement of (P5,4) denoted by 
ay a (cae A) is as defined below: 
FQ) = {Ce (Tepe cay (MD Het egy Fees ee 1a A,(x,9) €Xx Q} 
= {C4 (= Tp fy A) 1 ~ Foy gy 9/1 — Foy (2). 1 ~ F(a) ) 24 A, (9) € Xx QH. 
Thus, 
(PA) = { (a, oe (oy % De (1 Tog gy (8) Fy (4) F(@)))*) ) 
:a€ A,(x,q) © Xx i 
= {2 ( (= (= Thy yA) V1 ~ Hoy gay 29) ~ 1 Fe (9) 1 ~ (1 F(@)))) 
:a€ A,(x,q) € Xx Q} 
= {C0 ( Teg 2 Bo cy Fogg %)-Fl@)) #4 € A, (9) € Xx QF 


SA): 














This completes the proof. 


Now, we define the union and intersection of two GQ-NSESs. 
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Definition 20. The union of (PA) and (¥6,B) is a GQ-NSES (VEC), defined as (P5,.4)0 (G, B)= 
Go), where C = AUB and for all c € C and (x,q) € X x Q the truth, indeterminacy and falsity 
memberships of (¥4, C) are as follows: 
Toe (o) (%) ifce A-B, 
Tyne) (%9) = Tys (0) (2/9) ifc€e B-A, 
mT fa (x,q), Tys (o) (2, 9)} ifo€ ANB, 


Foe (ey) ifc€e AB, 
Tor (e) (9) = 9s (c) (%-4) ifce B—A, 
men Tes al q), Teg (e) (% q)} ifce€ ANB, 


Fete %) ifc€ A—B, 
Fo (c) (89) = y Fee (ey (9) ifce B-A, 
min Fey (29) Feg((%9)} fe € ANB, 
and h(c) = max{f(c), g(c) : Ve € C}. 


Definition 21. The intersection of (FA) and (Fa .8) is a GQ-NSES (YEC), defined as 


(Ph AA, B)= (XE ,C), where C = AM Band forall c € Cand (x,q) € X x Q the truth, indeterminacy 


and falsity memberships of (YE, C) are as follows: 


Typ ce) (4) = ming Try (.) (4), Tee (o)(% A) 4, 
Fence) (1) = mart Toy (oy (44), Bas (oy), 


Fyn (6) (x,q) = mE i) (x,q), Fos (0) (x,q)}, 
and h(c) = min{ f(c),g(c) : Ve € C}. 
Example 3. Assume that two GQ-NSESs ae A) and (a, B) are defined as follows: 


(ThA) = {((erm1,1),( x1,91),0.2, 0.5, 0.4], [(x1,q2),0.1, 0.3, 0.3], [(x2, 91), 0.8, 0.5, 0.5], 
X2,q2),0.8, 0.8, 0.2], [(x3, 41), 0.6, 0.3, 0.5], [(x3,q2),0.4, 0.3, 0.1 /0.4) ) 
((e1,u2/1),( X1,91),0.2,0.4, 0.7], [(x1,q2),0.5, 0.1, 0.2], [(x2, 91), 0.1, 0.2, 0.6], 
X2,q2),0.6, 0.5, 0.2], [(x3, 41), 0.6, 0.4, 0.1], [(x3,q2 ,0.7, 0.2, 0.4], 0.2) » 
((er,11,0),( x1,q1),0.3, 0.3, 0.3], [(x1,q2),0.7,0.3, 0.5], [(x2,41),0.5, 0.6, 0.2], 


2, 42),0.7,03, 0.1], (x3, 41), 0.3, 0.5,0.2], (x3, 42),0.7,0.5,0.6],05) ), 






































((e1,u2,0),( x1,91),0.4, 0.4, 0.3], [(x1,q2),0.2, 0.3, 0.6], [(x2, 91), 0.1, 0.4, 0.5], 









































X2,q2),0.6,0.4, 0.2], [(x3,q1),0.2, 0.3, 0.6], [(x3, 92), 0.2, 0.1, 0.1 0.4), 


395 


Symmetry 2018, 10, 621 


(¥8,, A) = {( e1,1,1),( [(x1,41), 0.7, 0.3, 0.2], [(x1,q2),0.4, 0.3, 0.1], [(x2, 91), 0.4, 0.4, 0.5], 


2, 42),0.6,0.5,0.5], [(x3, 41), 0.6, 0.6,0.2], [(x3,q2),0.3,0.5,0.5],0.4) ), 


S 


((e Uz, 1),( [(x1,91), 0.7, 0.6, 0.3], [(x1,q2), 0.6, 0.7, 0.2], [(x2, 91), 0.1, 0.5, 0.7], 


,U1,0),( [(x1,q1),0.5, 0.7, 0.4], [(x1, 92), 0.3, 0.4, 0.1], [(x2,q1),0.5, 0.1, 0.6], 


——~ 
a 


S 


X2,q2),0.8, 0.6, 0.2], [(x3, 41), 0.7, 0.8, 0.6], x3, 42),0.5,0.8, 0.6], 0.6) ), 












































( €1,U2,0),{ [(x1,q1),0.3, 0.2, 0.7], [(x1,q2), 0.4, 0.8, 0.1], [(x2, 41), 0.1, 0.1, 0.4], 


S 


( 
( 
( 
(x2, 42), 0.7, 0.5,0.1], [(x3,q1),0.3, 0.2, 0.3], 3,42), 0.1, 0.1,0.4],0.3) ), 
( 
( 
( 
( 



































X2,q2),0.8, 0.3, 0.2], [(x3, 41), 0.4, 0.1, 0.2], 3,42), 0.2, 0.5, 0.3],0.6) ). 
Then, 


Fh, AU a= {( ey, 14,1 A x1,41),0.7,0.3, 0.2], [(x1,42),0.4, 0.3, 0.1], [(x2, 41), 0.8, 0.4, 0.5], 


X2,q2), 0.8, 0.5, 0.2], [(x3,q1), 0.6, 0.3, 0.2], [(x3,q2), 0.4, 0.3, 0.1 0.4)), 


— 


€1,U2,1 i X1,41 ,0.7,0.4, 0.3 X1,q2),0.6,0.1,0.2 , (x2,q1),0.1, 0.2, 0.6], 


x2,q2),0.7,0.5, 0.1], [(x3,41),0.6, 0.2, 0.1], [(x3, 92 ,0.7,0.1,0.4],0.3) ), 


x1, 42),0.7,0.3, 0.1], [(x2,q1), 0.5, 0.1, 0.2], 


— 


e1,4,0 He x1,91),0.5,0.3,0.3 


x2, 42), 0.8, 0.3, 0.1], {(x3, 41), 0.7, 0.5, 0.2], [(x3, qa ,0.7,0.5,0.6],0.6) ), 
































x1, 42), 0.4,0.3,0.1], [(x2,q1),0.1,0.1, 0.4], 


— 


2, 12,0 A x1,41),0.4, 0.2, 0.3 





























x2,q2),0.8, 0.3, 0.2], [(x3,91),0.4, 0.1, 0.2], [(x3,92),0.2, 0.1, 0.1 ,0.6))}. 


The standard commutative and associative laws relevant to the operations of union and 
intersection are satisfied and stated below. 


Proposition 2. Let (ThA iP (73,B ) and (EC) be GQ-NSESs over a universe X. Then, the following 
properties hold true: 
i). Ae, 8) C3 0e A, 
(2) (PE, A)A(#S, B) = (F%, BAF, A), 
(3) ((P4, a)O(#S,B) )O(4,,C) = (Ph, a)0((8,, B)O(V4,C)), 
(4) (PG, AACE, B))AM,C) = Ch, ANS, 8 B)A(Yb,C)) 
Proof. (1) We will prove that (Th,A AUCs, B)= (5 B)U(To, A) by using Definition 20 and we 
consider the case when c € At ™ B as the other cases are trivial: 
(Ph AN Bh, B) = {(e, ( (mart Tg cy (- 9), Tac (2-9) Pe min lpg (4 (2-9) Hag cg (0), 


min{ Foy is ee) : (x,4) €X x Qh 
= { (6 ( (marl 6 0%) Te (a) min ly o)(% Mb o)(% De 
min {Fs (o)(%9), Fp Lee : (x,q) €Xx Qh 
= (88,3) FY, 4). 
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(2) The proof is similar to that of part (1). 
(3) We want to prove that ((f%, A)O(#%,B))O(%4,C) = (Fh, A)O((¥§, B)O(%4,C)) by using 
Definition 20 and we consider the case when c € AM B as the other cases are trivial 


Ph AU #%,B) = {(c, ( (max {Thy (ey (%79)Tag ce (a) borin Toy (9), Boe e)(% 9) } 
min Fy (y(% 4) Fos cg (tra) }) mart fo), (c)}) ) + (t+9) € X x QJ. 
Considering the case when c € C, then we have 
(PE AUF, BUC) 
= { (6, ( (max { max{ Toy (6 (2,4), Tag ((#)} Teaco (%-)}. 
min { min{ [py £ (cI) 98 (0) (% I) b, Hyn co) (x,q)}, 
mnin { min{ Fey. (2,9), Fag ce (%/ 9) } Fog (o)(%-4)})-max { mart f(c),g(c)},(c)})) 
(x,q) €Xx Qo} 
= {(c( (max {7 Fic) %1 1)» Taps (o) (4) Teaco) (OH, 
ami { Tp) (4) 1 Hep co) (0), Hyco) (% 
mnin {Fry (y(¥/), Fog) (8-9), Fon ce) (-4)})-max {f(c),g(c),(c)}) ) 
(x,q) €Xx Q} 
= { (6 ( (mar {Toy oy 9), mart Tag (29), Tepe) DH}, 
amin { Toy (.)(%/4), ming Ips (-)(%/ 4), lpn co) (a) Hy 
amin {Fry ¢. (24), min Fog (e (2,9), Fy ce (2a) }}) max {f(c),max{g(c),h(c)}})) : 
(x,q) € Xx o} 
= PAU ((#, BI, 0). 


(4) The proof is similar to that of part (3). 














Next, we define AND and OR operations of GQ-NSESs. 


Definition 22. If (I (ThA A) and (¥4,,B B) are two generalized Q-neutrosophic soft expert sets on X, then c, A) 


AND (49,8 ) is the generalized Q-neutrosophic soft expert set denoted by (Ph,A A)A(¥S, B) and defined by 


TOA " A)K ys ,B =(A5, A x B), where Ab a,b) = =a ALE (o b) and the truth, indeterminacy and falsity 
Q Q y y 
memberships of (ai, ,A x B) are as follows: 


TY1 (a,b) (xq) = ga a (x,q), Ty (0) (x,q)}, 
Fy (a) (%9) meets (x,q), Igs (yy (%/9)}, 
Fyn (ap) (%9) ae es (9), Fes (oy (I, 


and h(a,b) = min{ f(a), ¢(b) : Va € Aand b © B}. 
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Definition 23. If c , A) and (#3, B) are two generalized Q-neutrosophic soft expert sets on X, then ae A) 


OR ae B) is the generalized Q-neutrosophic soft expert set denoted by ae A)V(¥6,B ) and defined by 


a. A)V (¥ 0B) = = (Ab, A x B), where Al o(4, b) = Tha UPS ) and the truth, indeterminacy and 
falsity memberships of (Ab, A x B) areas ite 

Ty (a6) (%/9) =max{ Top (9) (4) Tos (HD), 

Fyn (a,b) (%9) =a I (a) % D+ Fg (wy) (%)b, 

For (a) (9) mn (9), Fes (oy (Mt, 
and h(a,b) = max{ f(a),g(b) : Va € Aand be B}. 


Example 4. Assume that two GQ-NSESs cee A) and (¥8, B) are defined as follows: 


(P§,4) = { ((ev,u1,1),([(x141), 0.2, 05, 0.4 ,[(x1, q2),0.1, 0.3, 0.3], [(x2, 41), 0.8, 0.5, 0.5], 
[(x2, q2), 0.8, 0.8, 0.2], [(x3, 41), 0.6, 0.3, 0.5], [(x3, 92)/0.4,0.3,0.1],0.4) ) 

(( €1,u1,0),([(x1,41), 0.3, 0.3, 0.3], [(x1, 42), 0.7, 0.3, 0.5], [(x2, 41), 0.5, 0.6, 0.2], 
[(x2, q2), 0.7, 0.3, 0.1], [(x3, 41), 0.3, 0.5, 0.2], (x3, q2),0.7,0.5,0.6],0.5) 


(4) = {(( e1,Uy,1 ,([ 1/91), 0.7,0.3, 0.2], [(x1,q2),0.4, 0.3, 0.1], [(x2, q1),0.4, 0.4, 0.5], 


Xx: 
[(x2,q2),0.6,0.5, 0.5], [(x3,41), 0.6, 0.6, 0.2], [(x3,qa),0.3,0.5,0.5],0.4) ), 
x: 








((e1,01,0 (I 1,91), 0.5,0.7,0.4], [(x1,q2),0.3, 0.4, 0.1], [(x2, q1), 0.5, 0.1, 0.6], 


[(x2,q2),0.8, 0.6, 0.2], [(x3, 41), 0.7, 0.8, 0.6], [(x3,q2),0.5, 0.8, 0.6],0.6) i 


(4, A)V (88, 4) = {( (e1,11,1), (er,41,1)),( [(x1,91),0.7, 0.3, 0.2], [(x1,q2), 0.4, 0.3, 0.1], [(x2,q1), 0.8, 0.4, 0.5], 
X2, 42), 0.8, 0.5, 0.2], [(x3, 41), 0.6, 0.3, 0.2], [(x3, 42), 0.4, 0.3, 0.1], 0.4 ). 


(e1, U1,1), (e1,41,0)),( [(x1,91),0.5, 0.5, 0.4], [(x1, 92), 0.3, 0.3, 0.1], [(x2,q1),0.8,0.1, 0.5], 


— 


x2,q2),0.8, 0.6, 0.2], [(x3,41),0.7, 0.3, 0.5], [(x3, 42), 0.5, 0.3, 0.1],0.4 ). 
( (e1, 1,0), (e1,1,1)),( [(x1,q1),0.7, 0.3, 0.2], [(x1,92), 0.7, 0.3, 0.1], [(x2,q1),0.5,0.4, 0.2], 


x2,q2),0.7,0.3, 0.1], [(x3,91),0.6, 0.5, 0.2], [(x3,q2),0.7, 0.5, 0.5],0.5 ). 























— 


(e1, 1,0), (e1,441,0)),( [(x1,91),0.5, 0.3, 0.3], [(x1, 42), 0.7, 0.3, 0.1], [(x2, 41), 0-5, 0.1, 0.2], 





























x9, 42), 0.8, 0.3, 0.1], [(x3, 41), 0.7, 0.5, 0.2], [(x3, q2),0.7, 0.5, 0.6], 0.6 )}. 


Proposition 3. Let 4), (¥4,,B) and (¥4,C) be GQ-NSESs over a universe X. Then, the following 
properties hold true: 

C)), 
,C)). 


C) = (Fh, A)A((PS, BA 


(LD (PL AA, BAL Yo, 
V(#8,,B))V o)=¢, AVG, B vm 


Yor 
(2) (PE, AV v5 











Proof. The proof is similar to the proof of part 3 of Proposition 2. 
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4. Application of Generalized Q-Neutrosophic Soft Expert Set 


In this section, an application of GQ-NSES in decision making is discussed. The problem we 
consider is as follows: 

An investment company considers several business options to increase its portfolio. The set 
of possible alternatives is X = {x} = car company, x2 = food company, x3 = computer company}, 
Q = {41 = local,qz = international}. The company will choose the best option according to the 
following three criteria E = {e; = risk,ey = growth, e3 = environmental impact}. Let U = {u1,u2} 
be a set of experts. After deliberation, the experts construct the following GQ-NSES: 


(Fg, A) = {((ev-u11),( X1,91),0.4, 0.3, 0.7], [(x1,q2),0.2, 0.1, 0.4], [(x2, 91), 0.3, 0.3, 0.2], 
X2,q2),0.5,0.1, 0.5], [(x3,q1),0.5, 0.6, 0.3], x3, q2),0.8,0.4,0.2],0.2) ), 
((er,u2/1),( X1,91),0.4, 0.6, 0.3], [(x1,q2),0.6, 0.1, 0.1], [(x2,q1), 0.5, 0.6, 0.6], 
X2,q2),0.7,0.5, 0.6], [(x3, 41), 0.6, 0.7, 0.8], x3, 42), 0.2, 0.7,0.5],0.6) ), 
((e2,141,1),( X1,91),0.3, 0.3, 0.3], [(x1,q2),0.4, 0.9, 0.2], [(x2, 91), 0.8, 0.2, 0.1], 
x2,q2),0.4, 0.5, 0.5], [(x3, 41), 0.6, 0.7,0.7], x3, 42), 0.5,0.5,0.5],0.9) ), 
((e2,t2/1),( X1,91),0.9,0.6, 0.2], [(x1,q2),0.2, 0.1, 0.8], [(x2,q1),0.1, 0.8, 0.6], 
X2,q2),0.6, 0.4, 0.8], [(x3, 41), 0.2, 0.2,0.2], x3, 42), 0.9,0.6,0.4],0.7) ), 
((e3,1,1),( X1,91),0.5,0.4, 0.3], [(x1,q2),0.3, 0.8, 0.9], [(x2, 91), 0.3, 0.9, 0.1], 
2, 42),0.1,0.1, 0.4], [(x3,41),0.7,0.1,0.3], [(x3,q2),0.4,0.5,0.7],05) ), 
((e3,2/1),( X1,91),0.6, 0.6, 0.2], [(x1,q2),0.1, 0.2, 0.2], [(x2,q1),0.9, 0.4, 0.2], 
2,42), 0.6, 0.7, 0.4], (x3, 41), 0.5, 0.5, 0.3], [(x3,42),04,0.5,0.1],0,3) ), 
((e1,11,0),( X1,91),0.5,0.7, 0.3], [(x1,q2),0.4, 0.7, 0.9], [(x2, 41), 0.2, 0.8, 0.9], 


2, 42),03,0.2, 0:8}, [(x3,41),0.8,0.1,0.4], (x3, q2),0.7,0.9,0.6],0:8) ), 











((e1,u2,0),( x1,91),0.7,0.4, 0.2], [(x1,q2),0.6, 0.5, 0.8], [(x2, 91), 0.3, 0.4, 0.8], 





2, 42),0.6,0.7,0.9], [(x3,41),0-4,0:3,0.2], [(x3,q2),0.6,0.5,0.9],0.6) ), 
((e2,111,0),( X1,91),0.2, 0.1, 0.2], [(x1,q2),0.4, 0.5, 0.8], [(x2, 91), 0.6, 0.6, 0.6], 


2, 42),04,04, 0.4], [(x3,41), 0:8, 0.2, 0.5], [(x3,q2),0.3,0.7,0.8],0.5) ), 








((e2,142,0),( X1,91),0.1, 0.5, 0.6], [(x1,q2),0.9, 0.4, 0.4], [(x2, 91), 0.7, 0.6, 0.5], 
X2,q2),0.5, 0.1, 0.2], [(x3, 41), 0.3, 0.2, 0.2], [(x3,q2 ,0.7,0.3, 0.8], 0.7) ) 
((e3,11,0),( x1,91),0.1,0.7,0.9], [(x1,q2),0.4, 0.3, 0.8], [(x2, 91), 0.9, 0.9, 0.3], 


2, 42),0.8,08, 0.1], ((x3,41), 0.7, 0.4,0.6],[(x3,q2),0.4,0.8,0.2],0.8) ), 






































((e3,2,0),( x1,91),0.7, 0.3, 0.2], [(x1,q2),0.5, 0.3, 0.3], [(x2, 41), 0.7, 0.4, 0.1], 






































X2,q2),0.3, 0.1, 0.9], [(x3, 41), 0.4, 0.6, 0.5], [(x3,q2),0.6, 0.1, 0.1 0.4) )\. 


399 


Symmetry 2018, 10, 621 


The experts may use the following algorithm to choose the best option for the investment: 


1, Input the GQ-NSES (Ff, A). 

Find the values of ry + Top ~ Fey | for each element (x,q) € X x Q, where Top Top Foy 
representing the truth, tae and falsity membership functions. 

3. | Compute the score of each element (x,q) € X x Q by taking the sum of the products of the 
numerical grade of each element with the corresponding values of f(a) (the degree of preference) 
for the agree-GQ-NSES and disagree-GQ-NSES, denoted by v; and 7, respectively. 

4. Find the values of the score 6; = vj — 17}. 


5. Find m for which 6), = max 6;. 


Table 1 presents the values of IT, + Ih, = Fel for each element (x,q) € X x Q. 





Table 1. Values of |T; Fg | for each element (x,q) € X x Q. 

ExuxoO (1,491) (x1,42) (x2, 41) (x2, 42) (xs, 41) (x3, 42) f(a) 
(e1, 4,1) 0 0.1 04 0.1 0.8 1 0.2 
(e1,U2,1) 0.7 0.6 0.5 0.6 0.5 0.4 0.6 
(e9, 14,1) 03 1 0.9 0.4 0.6 0.5 0.9 
(e2,U2,1) 13 —0.5 0.3 0.2 0.2 11 0.7 
(e3, 4,1) 0.6 0.2 1 02 0.5 0.2 0.5 
(e3, 2,1) 1 0.1 1 0.9 0.7 0.1 0.3 
(e1, 11,0) 0.9 0.2 O.1 03 0.5 1 0.8 
(e1, 11,0) 0.9 03 0.1 0.4 05 0.2 0.6 
(e2, 14,0) 0.1 01 0.6 0.4 05 0.2 0.5 
(e2,U2,0) 0 0.9 0.8 0.4 0.3 0.2 0.7 
(e3, 4,0) 01 0.1 15 15 0.5 1 0.8 
(e3, U2, 0) 0.8 0.5 1 —05 0.5 0.6 0.4 





Tables 2 and 3 present the grades for the agree-GQ-NSES and disagree-GQ-NSES, taken from the 
first six rows and the last six rows of Table 1, respectively. 


Table 2. Numerical grades for agree-GQ-NSES. 





Ex Ux {1} (1,91) (x1, 42) (x2,41) (x2,q2) (x3, 41) (x3, 42) f(a) 
(e1, 14,1) 0 -0.1 0.4 0.1 0.8 1 0.2 
(e1, 42,1) 0.7 0.6 0.5 0.6 0.5 04 0.6 
(ey, 4,1) 0.3 11 0.9 0.4 0.6 0.5 0.9 
(e2,U2,1) 13 —0.5 0.3 0.2 0.2 1 0.7 
(e3, 14,1) 0.6 0.2 11 0.2 0.5 0.2 0.5 
(e3, 12,1) 1 01 11 0.9 0.7 0.1 03 
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Table 3. Numerical grades for disagree-GQ-NSES. 





Ex Ux {0} (1,91) (x1, 42) (2,91) (x2, 42) (x3, 41) (x3, 2) f(a) 
(e1, 14,0) 0.9 0.2 0.1 -03 0.5 1 0.8 
(e1, 2,0) 0.9 0.3 -0.1 0.4 0.5 0.2 0.6 
(ep, 1,0) 0.1 0.1 0.6 0.4 0.5 0.2 05 
(ep, 7,0) 0 0.9 0.8 0.4 0.3 0.2 0.7 
(e3, 1,0) 0.1 0.1 15 15 0.5 1 0.8 
(e3, 12,0) 0.8 05 1 05 0.5 0.6 0.4 


Let vj; and 7; represent the score of each numerical grade for the agree-GQ-NSES and 
disagree-GQ-NSES, respectively. These values are given in Table 4. 


Table 4. The score 6; = v; — 1. 





Vi Hi 0j 
v(x41,q1) = 2.2 4(X1,91) = 1.55 6(x1,q1) = 0.65 
v(X1,q2) = 2.01 4(X1,q2) = 1.14 5(x1,q2) = 0.87 
v(X2,q1) = 2.28 4(X2,91) = 2.48 5(x2,q1) = —0.2 
V(x2,q2) = 1.05 11(X2,q2) = 1.48 5(x2,42) = —0.43 
v(x3,q1) = 1.6 4(x3,41) = 1.76 5(x3,q1) = —0.16 
v(x3,q2) = 1.79 4(X3,q2) = 2.2 5(x3,q2) = —0.41 
As can be seen in Table 4, max d; = 6(x1,q2). Therefore, the best option is to invest in an 


international car company. 


5. Comparative Analysis 


A generalized Q-neutrosophic soft expert model offers better compatibility, accuracy and flexibility 
than existing models. This can be confirmed by a comparison utilizing generalized Q-neutrosophic 
soft expert with the strategy utilized in [33] as seen in Table 5. We can note that the proposed method 
include a degree of preference in the decision process, thus make it highly effective in decision-making. 
The comparison is similarly conducted as the illustration in Section 4, whereby the ranking order is 
found to be consistent. 


Table 5. Comparison of GQ-NSES to Q-NSES. 








Method GQ-NSES Q-NSES 
True Yes Yes 
Falsity Yes Yes 
Indeterminacy Yes Yes 
Expert Yes Yes 
Q Yes Yes 
Degree of preference Yes No 
Ranking (x1, 92) > (x1,91) > (%3,91) > (x3,91) > (X1,42) > (2,91) > 
(x2, 91) > (3,42) > (2,92) (X2,q2) > (x3,q2) > (X1-91) 
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From Table 5, it can be seen that the results of the ranking on the six companies obtained by 
the proposed GQ-NSES method in this paper is different from the ranking obtained by the method 
introduced in [33]. The main reason is that the proposed method has some crucial advantages over 
Q-NSES, which can take the preference of decision-makers into consideration. 


6. Conclusions 


The concept of GQ-NSES was initiated by incorporating the idea of SESs to Q-NSs and attaching a 
degree of preference corresponding to each parameter. The proposed concept is significantly superior 
and improved generalization of Q-NSES, which delivers better results, particularly for decision-making 
problems. The basic operations on GQ-NSES were defined and subsequently the basic properties 
were proven. An algorithm incorporating GQ-NSES is introduced and applied to a real-life example. 
The notion of GQ-NSES extended current neutrosophic theories for dealing with indeterminacy 
and will stimulate further studies on extensions and applied usage. In the future, one could study 
the measures of distance, similarity and entropy of GQ-NSES by generalizing the results in [14]. 
Furthermore, the algebraic structures such as group, ring and field of the Q-NSS and Q-NSES and their 
generalizations may be studied. 
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Abstract: In this paper, a new approach and framework based on the interval dependent degree 
for multi-criteria group decision-making (MCGDM) problems with simplified neutrosophic sets 
(SNSs) is proposed. Firstly, the simplified dependent function and distribution function are defined. 
Then, they are integrated into the interval dependent function which contains interval computing 
and distribution information of the intervals. Subsequently, the interval transformation operator 
is defined to convert simplified neutrosophic numbers (SNNs) into intervals, and then the interval 
dependent function for SNNs is deduced. Finally, an example is provided to verify the feasibility and 
effectiveness of the proposed method, together with its comparative analysis. In addition, uncertainty 
analysis, which can reflect the dynamic change of the final result caused by changes in the decision 
makers’ preferences, is performed in different distribution function situations. That increases the 
reliability and accuracy of the result. 


Keywords: simplified neutrosophic sets (SNSs); interval number; dependent degree; multi-criteria 
group decision-making (MCGDM) 





1. Introduction 


In multi-criteria decision making (MCDM) problems, because of the increasing complexity of 
the socioeconomic situation and the inherent knowledge restrictions of people, the characteristics of 
many things in the world exhibit fuzzy and uncertain features which are difficult to describe by exact 
numerical values [1]. Fuzzy sets (FSs) [2-4], which were proposed by Zadeh in 1965, are regarded 
as an effective way to describe fuzzy information and are widely applied to many decision making 
problems [5]. However, it is hard to describe the degree of non-membership and this is insufficient 
in some cases. For this reason, Atanassov introduced intuitionistic fuzzy sets (IFSs) [6-8] which are 
an extension of FSs. Vague sets are also defined in Reference [9], which are pointed out as being 
mathematically equivalent to Atanassov’s IFSs by Bustince [10]. In recent years, IFSs have been widely 
used in solving MCDM problems [11-15]. IFSs have also been extended to some other forms and 
expressions such as interval intuitionistic fuzzy sets [16-19] and interval intuitionistic hesitant fuzzy 
sets [20,21], etc. 

However, for its fixed scope definition, FSs or IFSs theory has been restricted to some 
uncertainty cases in real problems, especially when the information is incomplete and inconsistent [22]. 
For example [23], when an expert is asked to evaluate a certain statement, he or she may say that the 
possibility of true is 0.5, that of false is 0.6, and the degree of not sure is 0.2. The sum of possibility 
exceeds the scope of FSs and IFSs, and cannot be solved by them. 
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For this reason, Smarandache initially developed neutrosophic logic and neutrosophic sets (NSs) 
theory [24—26], which provides a tool to define the possibility and neutrality degree between the 
affirmative and the negative in most practical situations [27]. An NS is a set in which each element 
has degrees of truth membership, indeterminacy membership, and falsity membership and it lies in 
]o-, 1+ [, the nonstandard unit interval [28]. It may be seen as an extension of the standard interval of 
IFSs and has many practical applications such as medical diagnosis, e-learning, image processing and 
data mining, etc. [29-35]. For convenience in practical situations, Smarandache [24] and Wang [23] 
introduced single-valued neutrosophic sets (SVNSs). Then, using similarity and entropy measures, 
the correlation coefficient of SVNSs were put forward by Majumdar [36] and Ye [37], respectively. 
Huang [38] developed several new formulas of the distance measures for SVNSs. Thanh [39] built 
a new recommender system based on a clustering algorithm for SVNSs. Karaaslan [40] defined the 
correlation coefficient for single valued neutrosophic refined soft sets. Ye [41] found several new 
similarity measure formulas for SVNSs by building the cotangent function. Recently, the concept of 
simplified neutrosophic sets (SNSs) and aggregation operators were introduced by Ye [42], which can 
be characterized by three real numbers in the interval [0,1]. Because its definition is more in line with 
the needs of many engineering situations, SNSs have quickly been applied to MCDM and MCGDM 
problems. Ye [43] proposed the similarity measures between SNSs and INSs in MCDM problems. 
Peng [44] defined the outranking relations with SNSs. Based on the work of Ye [42], Peng [45] 
redefined some aggregation operators of SNSs by utilizing the t-norm and t-conorm. Ye [46] proposed 
exponential entropy measures for SNSs and studied their properties. 

The methods for solving MCDM or MCGDM problems using SNNs outlined above are proved to 
be effective and feasible. There are some aspects which need to be promoted or further studied. (1) Most 
of the operators for SNSs are derived from the operators of fuzzy sets arithmetic such as probability 
degree, score function, correlation coefficient, and similarity measures, etc. Is there any other method 
or framework to perform computing on SNSs? (2) In the calculation process, most existing methods 
need several steps including defining operation laws, choosing aggregation operators, and performing 
ranking functions. It often becomes complex and difficult to understand. In fact, there is usually 
no direct correlation between previous steps and latter steps. Therefore, some methods become a 
combination of various steps and lack algorithm integrality and consistency. (3) Most existing methods 
directly utilize the three values of an SNN as parameters without adequately considering the implied 
distribution information. This leads to some operational deficiencies and information loss. (4) Many 
traditional models are too deterministic and lose their uncertainty information in the calculating 
process. Hence, stability checking and uncertainty analysis cannot be relied upon for the decision 
results in the later stages. So we cannot know whether the decision results will change when decision 
makers’ preferences change slightly, and that means we do not know whether the final result is stable 
and insensitive enough. 

To solve these problems, a novel approach and framework for the MCGDM problem with SNNs is 
proposed. The main advantages and outstanding contributions are shown below. (1) Unlike most of the 
existing methods, the proposed model represents a novel framework which does not require deriving 
from fuzzy sets operations. It builds on interval number and interval dependent degree operators. 
(2) The proposed method does not need those complex definitions and operator steps, and is more 
concise and intuitive. It has higher computation integration for directly combining two main steps 
into unified dependent degree formula. (3) The proposed method, which can describe the implied 
distribution information of an SNN through defining the distribution function in dependent degree 
formula, shows stronger capabilities of description for SNNs and avoids information loss. (4) As a 
result of maintaining information flexibility and dynamics by distribution function, the proposed model 
can analyze the uncertainty and stability of decision results through choosing different distribution 
function expressions. The method takes into account information integrity, computation simplicity, 
and dynamic analysis capability. 
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The rest of the paper is organized as follows. In Section 2, some important concepts including 
interval number, simplified dependent function, distribution function, and interval dependent function 
are defined. Subsequently, the specific expressions of the dependent degree function are deduced 
under the different distribution function. In Section 3, NSs and SNSs are briefly reviewed. Then, 
an interval transformation operator is defined to transform SNN into interval number. On the basis of 
the transformation, the interval dependent function of SNNs is deduced. In Section 4, a computing 
procedure based on the interval dependent degrees of SNNs for MCGDM problems is developed. 
In Section 5, an illustrative instance and a comparative analysis are adopted to validate the proposed 
method. Finally, in Section 6, conclusions are given. 


2. Interval Number and Interval Dependent Function 


In the section, some basic concepts and definitions about simplified dependent function, including 
interval numbers, interval dependent function, and distribution function are introduced. 


2.1. Interval Number 


Definition 1. Interval number. Let X = [a,b| = {x|a < x < b;a,b © R}, and then X is called an interval 
number. In particular, X will be degenerated into a real number if a = b. Here, X = [0,1] is called a 
standard interval. 


Subsequently, the operators of two non-negative interval numbers X = [a,b] and Y = [c,d] are 
defined as follows: 


X+Y=[a+c,b+d] (1) 
X-Y=[a-—d,b—c] (2) 
AX = [Aa, Ab](A > 0) (3) 
1 fii 

x= lpal = 


2.2. Simplified Dependent Function and Interval Dependent Function 


Definition 2. Simplified dependent function. Suppose a finite interval X = [a,b] and its optimal value is 
b, if Vx € X and there is a function k(x, X) that satisfies the following properties: (1) k(x, X) reaches the 
maximum value 1 when x = b, and reaches the minimum value 0 when x = a. (2) When x € X and x £ a,b, 
then 0 < k(x, X) < Lholds. (3) Vxy,x2 € X and x1 < Xp, then k(x1,X) < k(x2,X) holds. Then, k(x, X) is 
called the simplified dependent function of x on the interval X. 

Here, we give some examples of simplified dependent function expressions. 





k(x, X) = F—, (X = [ab)) 6) 
k(x,X) = (X= (0,1) (6) 
K(x,X) = [W(x = [0) (7) 


Figures 1 and 2 show the shapes of Equations (6) and (7), respectively. In Figure 1, the larger the 
parameter a applied, the steeper the front of the function is and the flatter the back of the function is. 
That is always used to describe the different psychology status of decision makers to the values near 
the interval endpoints. Figure 2 shows the contrary situation. 
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k(x, X) 





x 


Figure 1. Dependent function of Equation (6). 


k(x, X) 





Figure 2. dependent function of Equation (7). 


Definition 3. Interval dependent function. Suppose a finite interval X = [a,b] and its optimal value is b, for a 
subinterval Xq = [ag, bo] and Xo C X, then, 


K(Xo,X) = ff k(x, X)h(x, Xo)dx, (an # bo) 8) 
xEXo 

Here, k(x,X) is the simplified dependent function, h(x, Xo) is the probability density function on 
subinterval Xo. k( Xo, X) is called the interval dependent function of subinterval Xo on interval X. 

k(Xo,X) has the following properties: (1) Xo will be degenerated into a real number if a9 = bo, 
and k(Xo, X) will be degenerated into the simplified dependent function k(ag, X). Especially, k( Xo, X) reaches 
the maximum value 1 when ag = bo = b, and reaches the minimum value 0 when ag = bo = a. (2) when 
a0 x bo, 0< k(X, X) <1. 


Definition 4. Distribution function. Distribution function h(x) describes the distribution of x in interval 
[ag, bo]. h(x) is in the form of probability density function. Therefore, 


h(x)dx =1 9 
| stant HOD (9) 
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Figure 3 gives some commonly used probability density function expressions, such as uniform 
distribution, triangular distribution, trapezoid distribution, and normal distribution. Among these, 
Figure 3a indicates that every value in the interval occurred at an equal probability. Figure 3b—d indicate 
that the probability of occurrence of the middle value in the interval is the maximum. Figure 3e,f, 
respectively, indicate that the probabilities of all values in the interval are linearly increasing or 
decreasing. The forms of the distribution functions are various and can be fixed according to different 
actual application situations. It cannot only be used to describe the distribution of the values in the 
interval, but also to examine the stability of the interval dependent degree. 





























A(x h(x) h(x) 
0 ao By x” 0 ao By x 0 ao By x” 
(a) uniform (b) triangular (c) approximately triangular 
A(x) A(x) h(x) 
0 ao by X ~ 0 ao bo xX . 0 a bo X es 
(d) normal (e) trapezoid1 (f) trapezoid2 


Figure 3. Distribution function. 


Property 1. When the probability density function h(x, X9) follows uniform distribution as Figure 3a, then, 


bo 
k(Xp, X) = [ k(x, X)h(x, Xp)dx 





0 
; Mey og (10) 
= ¢; X i —_ —ax 
a bo — ao 
: | ” k(x, X)d 
= x, X)dx 
bo — ao Jag 


Property 2. When the probability density function h(x, Xo) follows triangular distribution as Figure 3b, then, 





ao + bo ‘ 
k(Xp, X) = | 2 k(x, X)h(x, Xo)dx + fag + by k(x, X)h(x, Xo)dx 
. 40 + 70 
2 
ag + bo h ‘ 
——— 2 k(x x) —~_% gg : k(x, X)— 2 70g 11 
nr a (x, thy x+ fag + bo K(x, ‘athe _, x (11) 
7 7 40 2 — > 7 70 


ag + bo 
a [? 
(bo — a0)? | Jay 





bo 
k(x, X)(x —ag)dx + fag + bo k(x, X)(bo — x)dx 
2 
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Property 3. When the probability density function h(x, Xo) follows approximately triangular distribution as 
Figure 3c, then, 


ag+bo bo 
k(Xo,X) = | 7 k(x, X)h(x, Xo)dx + k(x, X)h(x, X)dx 
49 ag+bo2 
ag+bo 
2 2bo + 4x — 6ag bo 6bo — 4x — 2a 
— k(x, X) ——— | k(x, X) dx 12 
[7° "03a ap ann OS ao 2) 


2 07% bo 
a K(x, X)(Bo + 2x 3an)dz+ fossa, K(2,X)(Bb0 ~ 2x — ao) 
3(Bp — ao)? | Jag (x, X)(bo + 2x — 3ag)dx + sty (x, X)(3bo — 2x — ap)dx 





Property 4. When the probability density function h(x, Xo) follows normal distribution as Figure 3d, then, 


k(Xo,X) = fy? k(x, X)h(x, Xo)dx 


(x—p)? (13) 
! [eok(x,X)e 207 dx (w= 5 py 
TO 


Vim 6 


Property 5. When the probability density function h(x, Xo) follows normal distribution as Figure 3e, then, 











bo 
k(Xo, X) =) k(x, X)h(x, Xo)dx 
- bo x — ag 2 2 
=f. k(x, X) (ae + ema) (14) 
2 


bo 
= ear, k(x, X)(x + bo — 2a9)dx 


3. Interval Transformation Operator and Interval Dependent Function of SNS 


3.1. NSs and SNSs 


Definition 5 ([25]). Let X be a space of points (objects), with a generic element in X, denoted by x. An NS A in 
X is characterized by a truth-membership function T(x), an indeterminacy membership function I4(x) and a 
falsity-membership function F4(x). T(x), L4(x), and F(x) are standard or non-standard subsets of |O~,1*[, 
that is, Ta(x) : X >]0~,17[, a(x): X >]07, 1+ [and Fa(x) : X +]0~,1* |. There is no restriction on the 
sum of T(x), I4(x),and F4(x), therefore O~ < supT,(x) +supl,(x) +supFa(x) <3". 


Definition 6 ([25]). An NS A is contained in another NS B, denoted by A C B, if and only if infT4(x) < 
infTp(x), supT,a(x) < supTp(x), infla(x) > infIg(x), supla(x) > supIp(x), infEa(x) > infFEg(x), 
and supF4(x) > supFp(x) for x € X. Since it is difficult to apply NSs to practical problems, Ye (2014a) 
reduced NSs of non-standard intervals into SNSs of standard intervals that would preserve the operations 
of NSs. 


Definition 7 ([42]). Let X be a space of points (objects), with a generic element in X, denoted by x. An NS 
A in X is characterised by Ta(x), I(x), and F4(x), which are subintervals/subsets in the standard interval 
[0,1], that is, Ta(x) : X — [0,1], I4(x) : X > [0,1] and Fy(x) : X — [0,1]. Then, a simplification of A 
is denoted by A = {< x,Ta(x),La(x),Fa(x) > |x € X}, which is called an SNS. In particular, if X has 
only one element, A = < T,(x),L,4(x),F,4(x) > is called an SNN. For convenience, a SNN is denoted by 
A = <Ty,I4,Fa >. Clearly, SNSs are a subclass of NSs. 


Definition 8 ([42]). An SNS A is contained in another SNS B, denoted by A C B, if and only if Ta(x) < 
Tp(x), La(x) = Ip(x), and F4(x) > Fa(x) for any x € X. 
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Definition 9 ([42]). The complement of an SNS A is denoted by A and is defined as 
AS = {< x, Fa(x),1— [4 (x), Ta(x) > |x € X} (15) 


3.2. Interval Transformation Operator of SNNs 


Definition 10. Interval transformation operator Z. ForanSNN A = < Ty,I,,Fa >, there is an operator 


Ta Ta tla 
that makes Z(A) = {Xo, X}, here Xp = _ z 
(A) = {Xo, X} 0= |p aL+h’ tthths 
Then Z is called interval transformation operator of SNN A. 





X = [0,1] is the standard interval. 


The meaning of the operator Z is briefly explained here. From definition 6, there is T4,14,F4 € 


[0,1] holds. So divided by T4 + I4 + F4, SNN A will be mapped into the standard interval [0,1]. Xo is 


aT f. I 
the range of truth-membership values of A actually. 7,7 7" TE and Tr 7 * FE 
At/lA A AtlaA A 


and upper bound of truth-membership values of A, respectively. X = [0,1] is the maximum range of 
truth-membership values and its optimal value is 1 obviously. Although Xo only represents the range 
of truth-membership values, it must be decided by Ty, I, and F, together. 


are lower bound 





Example 1. Assume threeSNNs A= < 0.5,0.2,0.2>,B= <0.5,0.3,0.2 >,andC = <0.5,0.3,0.3 >. 
The following transformation results can be obtained utilizing the operator Z: 


a {Xq = [0.556, 0.778], X = [0,1]} 
Z(B) = {Xo = [0.5,0.8], X = [0,1]} 
Z {Xq = [0.455,0.727], X = [0,1]} 


3.3. Interval Dependent Function of SNNs 


For a SNN A = < T,4,I4,Fa >, by transformation operator Z, the subinterval Xj = 

Ta Ta +la 
TatIg+ Fa’ Tat+lIat+Fa 
Equation (8), the interval dependent degree of SNN A is: 





and the standard interval X = [0,1] are obtained. Then, according to 





k(A) = k(Xo,X) = = k(x, X)h(x, Xo)dx, (I, # 0) (16) 


Here, k(x,X) is the simplified dependent function, h(x, Xo) is the distribution function on 
subinterval Xo. k(A) is called the interval dependent function of SNN A on the standard interval X. 

k(A) has the following properties: (1) Xp will be degenerated into a real number if I, = 0, 

Ta 
Tat+tI,a+Fa , 
k(Xo, X) reaches the maximum value 1 when I, = Fy = 0, and reaches the minimum value 0 when 


I, = Ta = 0. (2) When I4 # 0,0 < k(A) <1. 

The proposed interval dependent function of SNN has the following meanings: Firstly, 
the proposed function represents a new way of thinking and framework without the need of deriving 
from fuzzy sets operations. Secondly, the proposed function integrates the distribution function and 
simplified dependent function into a formula, and so is more concise and intuitive and has higher 
computation integration. Thirdly, the proposed function can describe the distribution information by 
defining the inherent distribution function and describe the SNN better. Fourthly, by defining various 
distribution functions which reflect decision makers’ preferences, the proposed model can analyze the 
uncertainty and sensibility of decision results. 


and k(A) will be degenerated into the simplified dependent function k( X). Especially, 


410 


Symmetry 2018, 10, 640 


4. The MCGDM Method Based on the Interval Dependent Degrees of SNNs 


Suppose that there are m alternatives A = {41,4,...,dm} and n criteriaC = {c1,C2,...,¢n}, 
and the weight vector of criteria is w = (wy ,wWp,...,Wn), where w; 20 G = 12h /n); Y= w; = 1. 
there are / decision-makers D = {dj,dg,...,d,;} with its weight vector A = Ar, Ag, ...,A,). Let R = 
(r' ro) mxn be the decision matrix, where the value of a criterion denoted by SNNs ri = <Tk, lk Fe >, 


yyy 
where T rf indicates the truth-membership function that the alternative a; aes the criterion c; for 


the kth decision-maker, Ix represents the determinacy membership function that the alternative a; 
Nj 
satisfies the criterion Cj for the kth decision-maker, and F rh is the falsity-membership function that 


the alternative a; satisfies the criterion c; for the kth decision- maker. The proposed method uses 
the interval transformation operator and interval dependent degree of SNNs to solve the MCGDM 
problem mentioned above. A procedure for sorting and choosing the most desirable alternative(s) is 
provided in the following steps. 

Step 1. Normalize the decision matrix. Generally, there are two kinds criteria including 
maximizing criteria and minimizing criteria in MCDM problems. For the maximizing criteria, 
it remains unchanged. For Ais minimizing criteria, it can be transformed into maximizing criteria by 


taking its complement as r= (rk, )S = << Fy 1—Ix, Tx > in Definition 9. 
" 


Step 2. Interval transformation. Penomning | transformation operator Z(rk ;) to SNN rf 
according Definition 10. Then, the corresponding subinterval is obtained as 


Xai “i 17 
0 Te 4 rm + Fa’ Tye Ig + Eg | a7) 
ij "i "ij "i "i y 











Step 3. Select the simplified dependent function and distribution function. According to the 
preference of decision makers and the actual requirements, the forms of dependent function Definition 2 
and distribution function as in Definition 4 should be decided. 

Step 4. Calculate the interval dependent degree of each SNN of the decision matrix. According to 
Equation (16), the dependent degree of SNN ri as 


rk rk. 
k(ré) = (Xs, X) = / a k(x, X)h(x, Xp dx (18) 


7 xEX,! 
re 
Here, X,” is obtained in step 2, X is the standard interval (0, 1], k(*) function and h(+) function 
are decided in step 3. 
Step 5. Calculate the comprehensive dependent degree of each alternative. The comprehensive 
dependent degree of each alternative a; is obtained as 


1 n 
= Xu (x L we) (19) 
=1 


Then, the sorting result is achieved by comparing those comprehensive dependent degrees of all 
the alternatives. 

Step 6. Stability analysis. By selecting different distribution functions in Definition 4, the stability 
analysis is performed to the decision results. It can be seen whether the sorting result will change 
under different distributions of truth-membership values. 


5. An Illustrative Example 


In this section, an example of MCGDM problems is provided to illustrate the feasibility, reliability, 
and effectiveness of the proposed method. 
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Consider a MCGDM problem adapted from Reference [47]. There is a company which wants 
to choose a suitable supplier as its long-term partner. The expert set D = {d1,d2,d3} is composed of 
three experts with their weight vector being A = (0.4,0.3,0.3). There are four suppliers comprising 
set S = {51,59,53,54}. Each supplier has been evaluated on four criteria denoted by supplier set 
C = {c1,c2,c3,cq} that includes product quality cy, production capacity cz, after-sales service c3, 
and management ability cy. The weight vector of the criteria is given as w = (0.27,0.27,0.27,0.19). 
For each expert, the four possible alternatives are evaluated under all the criteria. The evaluation 
values are in the form of SNNs (i = 1,2,3,4;j = 1,2,3,4;k = 1,2,3), as shown in the following 


Tables 1-3: 


Table 1. Evaluation data of expert dy. 

















C1 c2 c3 c4 
sy <0.65,0.10,0.25 > <0.50,0.18,0.32> <0.68,0.12,0.20> <0.50,0.10,0.25 > 
sg  <0.83,0.12,0.05 > <0.65,0.15,0.20 > <0.50,0.10,040> < 0.67,0.18,0.15 > 
83 <0.67,0.13,0.20 > <0.50,0.15,0.35 > <0.68,0.12,0.20> <0.50,0.20,0.30 > 
sq <0.66,0.14,0.20 > <0.50,0.16,0.34 > <0.70,0.10,0.20> <0.50,0.15,0.35 > 
Table 2. Evaluation data of expert d. 
C1 C2 c3 cq 
sy  <0.90,0.02,0.08 > <0.10,0.10,0.80 > <0.15,0.15,0.70> <0.10,0.05,0.85 > 
sg <0.75,0.15,0.10 > <0.85,0.05,0.10 >  <0.50,0.10,040> < 0.68,0.10,0.22 > 
s3  <0.50,0.05,0.45 > <0.40,0.15,0.45> <0.68,0.12,0.20> <0.15,0.05,0.80 > 
sq <0.50,0.10,0.40 > <0.50,0.10,0.40 > <0.60,0.10,0.30> <0.50,0.05,0.45 > 
Table 3. Evaluation data of expert d3. 
C1 C2 c3 ca 
sy <0.65,0.15,0.20 > <0.30,0.10,0.60 > <0.65,0.20,0.15 >  <0.50,0.10,0.40 > 
sg  <0.85,0.05,0.10 > <0.85,0.05,0.10 > <0.34,0.16,050> <0.60,0.10,0.30 > 
s3 <0.61,0.18,0.21 > <0.67,0.13,0.20> <0.68,0.22,0.10> <0.30,0.10,0.60 > 
sq <0.62,0.28,0.10 > <0.68,0.22,0.10> <0.68,0.12,0.20> <0.50,0.10,0.40 > 


5.1. The Decision Making Procedure 


In this case, some main parameter values of the proposed method are explained here. 
For comparison, two simplified dependent functions, which include linear function Equation (5) 
and nonlinear function Equation (6) with parameter a initialized to 2.0, are adopted. At this point, 
the function Equation (6) shows a moderate curve. At the beginning, the distribution function uses 
triangular distribution as in Figure 3b. For the final stability test and uncertainty test, the parameter a 
and distribution function will change. 

Step 1. Normalize the decision matrix. Because all the criteria are maximizing criteria, all the 
SNNs should remain unchanged. 


Step 2. Interval transformation. By interval transformation operator Z, the corresponding 
3 


yl 2 3. 
subinterval is obtained as x ; pied ,and x in Tables 4-6. 
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Table 4. The corresponding subintervals of simplified neutrosophic numbers (SNNs) of dy. 





C1 c2 C3 C4 
1 
Xi! [0.650,0.750] —[0.500,0.680] —_[0.680,0.800] —_[0.588, 0.706] 
1 
X;7_ [0.830,0.950] — [0.650,0.800] —[0.500,0.600] —_[0.670, 0.850] 
1 
X;" — [0.670,0.800] —[0.500,0.650] —_[0.680,0.800] —_[0.500, 0.700] 
1 
Xp! [0.660,0.800] —[0.500,0.660] —[0.700,0.800] —_[0.500, 0.650] 


Table 5. The corresponding subintervals of SNNs of d>. 








C1 C2 C3 C4 
nf [0.900,0.920] [0.100,0.200] —[0.150,0.300] (0.100, 0.150} 
Xo (0.750, 0.900] —[0.850,0.900] —_[0.500,0.600] —_[0.680, 0.780] 
x. (0.500, 0.550] — [0.400,0.550] —_[0.680,0.800] —_[0.150, 0.200] 
Xp! [0.500,0.600] —[0.500,0.600] 0.600, 0.700] —_[0.500, 0.550] 


Table 6. The corresponding subintervals of SNNs of d3. 





cy c2 c3 C4 
4 (0.650, 0.800] — [0.300,0.400] —_[0.650,0.850] —_[0.500, 0.600] 
Xo [0.850,0.900]  [0.850,0.900] —_[0.340,0.500] —_[0.600, 0.700] 
x, [0.610,0.790] —[0.670,0.800] —[0.680,0.900] (0.300, 0.400] 
Xi [0.620,0.900] —_[0.680,0.900] —_[0.680,0.800] —_[0.500, 0.600] 


Step 3. Select the simplified dependent function and distribution function. To facilitate a clearer 
comparison, a linear simplified dependent function as in Equation (5) and a nonlinear simplified 
dependent function as in Equation (6) (# = 2.0) are selected. In addition, triangular distribution as in 
Figure 3b is used as the distribution function. 

Step 4. Calculate interval dependent degree of each SNN of the decision matrix. According to 
Equation (18), the dependent degrees k(rk) of SNNs are obtained as in Tables 7 and 8, in which Table 7 
shows the dependent degrees with linear simplified dependent function as in Equation (5), and Table 8 
shows those with nonlinear simplified dependent function as in Equation (6). 


Table 7. Dependent degree with linear function of SNNs. 


Expert 
dy dy d3 
0.7000, 0.5900, 0.7400, 0.6471 0.9100, 0.1500, 0.2250,0.1250 0.7250, 0.3500, 0.7500, 0.5500 
0.8900, 0.7250, 0.5500,0.7600 0.8250, 0.8750, 0.5500, 0.7300 0.8750, 0.8750, 0.4200, 0.6500 
0.7350, 0.5750, 0.7400, 0.6000 0.5250, 0.4750,0.7400,0.1750 0.7000, 0.7350, 0.7900, 0.3500 
0.7300, 0.5800, 0.7500,0.5750 0.5500, 0.5500, 0.6500, 0.5250 0.7600, 0.7900, 0.7400, 0.5500 
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Table 8. Dependent degree with nonlinear function of SNNs. 








Expert 
dy dz d3 
k(rf,) 0.8234, 0.7415, 0.8503, 0.7855 0.9529, 0.2603, 0.3663,0.2221 0.8402, 0.5182, 0.8565, 0.7095 
k(15;) 0.9416, 0.8402, 0.7095, 0.8631 0.9038, 0.9333, 0.7095, 0.8438 — 0.9333, 0.9333, 0.5908, 0.7877 
k(5;) 0.8470, 0.7297, 0.8503, 0.7492 0.6885, 0.6435, 0.8503,0.2977 0.8230, 0.8470, 0.8820, 0.5182 
K(f) 0.8436, 0.7336, 0.8570, 0.7297 0.7095, 0.7095, 0.7877,0.6885 0.8624, 0.8820, 0.8503, 0.7095 
Step 5. Calculate the comprehensive dependent degree of each alternative. According to 


Equation (19), experts weight vector A and criteria weight vector w, there are comprehensive dependent 
degree K(a;) of each alternative a; as in Table 9. Table 9 shows the values of K(a;) under different 
simplified dependent functions which include linear function and nonlinear functions with a = 3.0, 
a = 2.0, 4 1.5, and a 1.2. As we can see, although the dependent degrees under different 
dependent functions are different from each other, the sorting result remains unchanged. In fact, 
the simplified dependent function can reflect the psychology status of decision makers. For example, 
Equation (6) describes risk aversion psychology, which means the curve slope will change with 
different evaluation values. The smaller the parameter a, the greater the extent of regret evasion 
from decision makers. Nevertheless, the result shows that it is not influenced by the risk aversion 
psychology changing in the decision makers. So it exhibits high stability. 


Table 9. The comprehensive dependent degree of alternative set S. 





Sq Ss 83 S4 Sorting Result 

K(a;) (linear) 0.5591 0.7276 0.6193 0.6549 so >sq>s3 > S1 
K(a;) (nonlinear « = 3.0) 0.6325 0.7928 0.6995 0.7367. sy > sg > 83 > 81 
K(a;) (nonlinear « = 2.0) 0.6811 0.8322 0.7500 0.7868 = sy > sg > 83 > 54 
K(a;) (onlinear «= 1.5) 0.7434 0.8778 0.8111 0.8453 sy > sg > s3 > 81 
K(a;) (nonlinear « = 1.2) 0.8323 0.9321 0.8886 0.9148 sy) > s4> 53> 51 


Step 6. Uncertainty analysis. Tables 10 and 11 show the sorting result under different distribution 
functions as in Figure 3. Although the dependent degree values are slightly different as the distribution 
function changes, the result remain unchanged, which illustrates the lower uncertainty and sensibility 
of the ranking result. Therefore, for decision makers in this case, the sorting result is sufficiently certain 
and stable. 


Table 10. The sorting result with different distribution functions. 








a = 2.0 Ss] so 83 S4 Sorting Result 

K(a;) (uniform) 0.6806 0.8318 0.7496 0.7864 sy>+sg>s3> 5} 
K(a;) (normal) 0.6793 0.8300 0.7481 0.7848 s»>+sg>s3> 5} 
K(a;) (triangular) 0.6811 0.8322 0.7500 0.7868 s»>+sy>s3> 5} 
K(a;) (appro-triangular) 0.6808 0.8320 0.7498 0.7866 sp>sg>s3> $1 
K(a;) (trapezoid 1) 0.6864 0.8362 0.7553 0.7919 sp >sq4> 53> 81 
K(a;) (trapezoid 2) 0.6748 0.8276 0.7439 0.7809 sp >sq4>s3> 81 
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Table 11. The sorting result with different distribution functions. 





a= 1.2 Sq S2 $3 S4 Sorting Result 
K(a;) (uniform) 0.8316 0.9319 0.8882 0.9144 so>sg> 53> 51 
K(a;) (normal) 0.8303 0.9297 0.8864 0.9124 so>sg>s3> 51 


K(a;) (triangular) 0.8323 0.9321 0.8886 0.9148 s)>sy>s3> 51 
K(a;) (appro-triangular) 0.8318 0.9319 0.8884 0.9145 sp>sg>s3>s 
K(aj) (trapezoid 1) 0.8356 0.9339 0.8911 0.9169 s>+sy>s3> 51 
K(a;) (trapezoid 2) 0.8234 (0.9283 0.8844 (0.9136 sp + 54% 53> 54 


5.2. A Comparison Analysis 


In order to verify the effectiveness of the proposed method based on the interval dependent 
degrees of SNNs, a comparison analysis was conducted. Several methods in Reference [42,45—-48] 
were used on the above example and the same sorting results as in Table 12 were obtained, which is 
consistent with that derived from the proposed method. It indicates the effectiveness and feasibility 
of the proposed measure. However, this study presents a new method with maintaining uncertain 
and fuzzy information of SNNs in the algorithm process, while previous methods only consider three 
values of an SNN while ignoring its latent uncertain information. That makes the proposed method 
capable of uncertainty and stability analysis. From computational complexity, most previous methods 
need to take aggregation operations for three values of a SNN, respectively, in entire algorithm 
steps, while the proposed model only takes interval number operations throughout the process. 
Interestingly, although this study will transform SNN to an interval number, it avoids information loss 
and incompleteness by defining distribution functions. In summary, the advantages over the other 
methods are summarized below. 

(1) In the proposed approach, the interval transformation operator is developed to convert 
SNNs into interval numbers, which avoids various complex aggregation operator processes for SNNs. 
The transformation operator is simple and convenient to perform. Then, the following process is built 
on the interval number which is relatively straightforward and understandable. 

(2) As a result of the various kinds of aggregation operators, most previous methods considered 
will produce many intermediate results in neutrosophic MCGDM problems. However, in the proposed 
approach, the key parameters and main steps are directly integrated into the dependent function 
expression. Therefore, the proposed method takes less intermediate results and is more concise. 

(3) In the proposed approach, the distribution function is conducted to describe latent uncertain 
information for SNNs. In this way, the fuzziness of the original information can be conserved and 
fully utilized which can be used to take some uncertainty analysis for the decision result. For decision 
makers, not only the sorting result is obtained, but the dynamic influences on the sorting result caused 
by any uncertainty in the decision environment will also be observed, which cannot be provided by the 
others methods. Therefore, the final ranking of the proposed approach is more conclusive and accurate. 


Table 12. A comparison of different methods. 





Sorting Result BestOne Worst One 





SNNWA [42] 52 > Sg > $3 > S81 SQ Sy 
Entropy of Euclidean [48] sz > sq > 53 > 84 SQ Sy 
SNEE [46] 82 > S4 > 83 > S1 So Sy 
SNNCI [47] 82 > $4 > 83 > S81 so Sy] 
GSNNWA [45] 82 > Sg > 53 > 81 82 81 

the proposed method 82 > $4 > 83 > S81 so Sy] 


6. Conclusions 


In this paper, a novel method and framework based on the interval dependent degree of SNNs 
for MCGDM problems is proposed. Firstly, the interval dependent function is defined, in which the 
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distribution function is used to describe inherent distribution information of a SNN. Subsequently, a 
transformation operator is constructed to convert SNNs into interval numbers, and then the interval 
dependent function for SNNs is build. Afterwards, the sorting result is obtained by computing and 
comparing the comprehensive dependent degree of each alternative. Finally, the uncertainty and 
stability analysis method for the result is given. 

The proposed approach is convenient to perform, and is effective at decreasing original 
information loss. Its validity and feasibility also have been verified by an illustrative example and 
comparative analysis. The advantages over the other methods are demonstrated in the comparative 
analysis section. Through its uncertainty and stability analysis, the method can provide more reliable, 
persuasive, and accurate results. The proposed method not only provides a novel way of solving 
MCDM problems with simplified neutrosophic sets, but also enriches the theory of neutrosophic sets. 

MCDM problems exist widely in many industrial and social application situations, such as 
medical diagnosis, investment decision, supplier selection, etc. To choose the appropriate solution, 
people often have to evaluate the effects of multiple criteria. Usually, the evaluation values are given 
not as a certain value but some degrees of truth, falsity, and indeterminacy which can be adequately 
described by SNNs. Moreover, the truth degree of a decision maker often covers a range and does not 
obey uniform distribution in the range. The proposed method, which can provide a more concise and 
comprehensive way of solving these problems, shows broad application prospects. 

In the future, the proposed method will be extended to the other neutrosophic sets such as 
interval neutrosophic sets (INSs) [49], multi-valued neutrosophic sets (MVNSs) [50,51], and complex 
neutrosophic sets (CNSs) [52], etc. Further study as regards some complete uncertainty situations in 
which both the criteria and the weights are denoted as SNNs is also necessary. In addition, we consider 
exploring its possible applications in some non-traditional areas such as the game theory [53], which has 
become a new effective method for solving MCDM problems in recent years because of its non-linear 
dynamics description capability [54]. 
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1. Introduction 


In classical computability theory, algorithmic computation is modeled by Turing machines, which 
were introduced by Alan M. Turing [1]. A Turing machine is an abstract model of computation defined 
by a 7-tuple (Q,2,T, 6, qo, F, {L, R}), where Q is a finite set of states, X is the alphabet, I is the tape 
alphabet, qo € Q is the starting state, F C Q isa set of halting states, the set {L, R} denotes the possible 
left (L) and right (R) move of the tape head, and 4 is the transition function, defined as: 


6:QxT>Qxzx {LR}. 


Each transition is a step of the computation. Let w be a string over the alphabet &. We say 
that a Turing machine on input w halts if the computation ends with some state q € F. The output 
of the machine, in this case, is whatever was written on the tape at the end of the computation. 
If a Turing machine M on input w halts, then we say that M is defined on w. Since there is a 
one-to-one correspondence between the set of all finite strings over & and the set of natural numbers 
N = {0,1,2,...}, without loss of generality we may assume that Turing machines are defined from N 
to N. 

Standard Turing machines admit partial functions, i.e., functions that may not be defined on every 
input. The class of functions computable by Turing machines are called partial recursive (computable) 
functions. We shall not delve into the details about what is meant by a function or set that is computable 
by a Turing machine. We assume that the reader is familiar with the basic terminology. However, for a 
detailed account, the reader may refer to Reference [2-4]. Using a well known method called Gédel 
numbering, originated from Gédel’s celebrated 1931 paper [5], it is possible to have an algorithmic 
enumeration of all partial recursive functions. We let Y; denote the ith partial recursive function, i.e., 
the ith Turing machine. 

If a partial recursive function is defined on every argument we say that it is total. Total recursive 
functions are simply called recursive or computable. Since there are countable infinitely many Turing 
machines, there are countable infinitely many computable functions. Computable sets and functions are 
widely used in mathematics and computer science. However, nearly all functions are non-computable. 
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Since there are 20 functions from N to N and only Xo many computable functions, there are 
uncountably many non-computable functions. 

Oracle Turing machines, introduced by Alan Turing [6], are used for relativizing the computation 
with respect to a given set of natural numbers. An oracle Turing machine is a Turing machine with an 
extra oracle tape containing the characteristic function of a given set of natural numbers. The characteristic 
function of a set S C N is defined as: 


oe 1 ifxeS 
MSO) 0 if eS. 


We may also think of 75 as an infinite binary sequence and call it the characteristic sequence of S. 
For a set S C N, we let S(i) denote xs (i). So the characteristic sequence of a set S simply gives the 
membership information about natural numbers regarding S. For a given an oracle Turing machine 
with the characteristic sequence of a set S provided in the oracle tape, functions are denoted as 
computable by the machine relative to the oracle S. If the oracle Turing machine with an oracle S 
computes a function f, then we say that f is computable in S or we say S computes f. We denote the 
ith oracle Turing machine with an oracle A by ¥;(A). Then, it makes sense to write ¥;(A) = B if A 
computes B. 

Now we shall look at a non-standard Turing machine model based on neutrosophic sets. 
Neutrosophic logic, first introduced by Smarandache [7,8], is a generalization of classical, fuzzy and 
intuitionistic fuzzy logic. The key assumption of neutrosophy is that every idea not only has a certain 
degree of truth, as is generally taken in many-valued logic contexts, but also has degrees of falsity 
and indeterminacy, which need to be considered independently from each other. A neutrosophic set 
relies on the idea that there is a degree of probability that an element is a member of the given set, 
a degree that the very same element is not a member of the set, and a degree that the membership 
of the element is indeterminate for the set. For our purpose we take subsets of natural numbers. 
Roughly speaking, if 1 were a natural number and if A were a neutrosophic set, then there would be a 
probability distribution pe(n) + pg(n) + pr(m) = 1, where pe<(i) denotes the probability of n being 
a member of A, pg() denotes the probability of n not being a member of A, and p;(1) denotes the 
degree of probability that the membership of n is indeterminate in A. Since the probability distribution 
is expected to be normalized, the summation of all probabilities must be equal to unity. We should 
note however that the latter requirement can be modified depending on the application. 

The above interpretation of a neutrosophic set can be in fact generalized to any multi-dimensional 
collection of attributes. That is, our attributes did not need to be merely about membership, 
non-membership, and indeterminacy, but it could range over any finite set of attributes a9, a1,..., a 
and bo, b;,...b,% so that the value of an element would range over (x,y,1I) such that x € am and 
y € by, for 0 < m < k. The set of attributes can also be countably infinite or even uncountable. 
However, we are not concerned with these cases. We shall only consider the membership attribute 
discussed above. 

We are particularly interested in subsets of natural numbers A C N, in our study. Any neutrosophic 
subset A of natural numbers (we shall occasionally denote such a set by A’) is defined in the form of 
ordered triplets: 


{ (pe (0), pg (0), p1(0)), (Pe (1), pe (1), pr(1)), (Pe (2), pe (2), Pr(2)),---}, 


where, for each i € N, pe(i) denotes the degree of probability of i being an element of A, pg(i) denotes 
the probability of i being not an element of A, and p;(i) denotes the probability of i being indetermined. 
Since we assume a normalized probability distribution, we have that for every i € N: 


pe(i) + pe(i) + pr(i) = 1. 
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2. Oracle Turing Machines with Neutrosophic Values 


Now we can extend the notion of relativized computation based on neutrosophic sets and 
neutrosophic logic. For this we introduce oracle Turing machines with neutrosophic oracle tape. 
The general idea is as follows. Standard oracle tape contains the information of the characteristic 
sequence of a given set A C N. We extend the definition of the characteristic function to neutrosophic 
sets as follows. 


Definition 1. Let A C N bea set. A neutrosophic oracle tape is a countably infinite sequence to, ty,... where 
t; = (a,b,c) is an ordered triplet and a,b,c € Q so that a is the probability value of i such that i € A, b is the 
probability value of i such that i ¢ A, and c is the probability of i being indeterminate for A. 


The overall picture of a neutrosophic oracle tape can be seen in Figure 1. Now we need to modify 
the notion of the characteristic sequence accordingly. 


(pe(0), pg(0), Px(0)) | (Pe(1), pe(1), Px) | (pe(2), pe(2), pi(2)) 





Figure 1. Neutrosophic oracle tape. 


Definition 2. Let S C N be a set and let B denote the blank symbol in the alphabet of the oracle tape. 
The neutrosophic characteristic function of S is defined by 

















(1,0, I) if pe(x) > Oand pg(x) > Oand p;(x) > 0 
(B,0, I) if pe(x) =Oand pg(x) > Oand p(x) > 0 
(B, B, 1) if pe(x) = Oand pg(x) = Oand p;(x) > 0 
ny. _ J} (B,B,B) if pe(x) =Oand pg(x) =0and p;(x) =0 
Xs (x) = (1, B, I) if pe(x) > Oand pg(x) = Oand p;(x) > 0 
(1, B, B) if pe(x) > Oand pg(x) =Oand p(x) =0 
(1,0, B) if pe(x) > Oand pg(x) > Oand p(x) =0 
(B,0, B) if pe(x) =Oand pg(x) > Oand p(x) =0 


The idea behind this definition is to label the distributions which have significant probability 
value with respect to a pre-determined probability threshold value, in this case we assume this value 
to be 0 by default. Note that this threshold value could be defined for any r € Q so that instead of 
being greater than 0, we would require the probability for that attribute to be greater than r in order to 
be labelled. We will talk about the properties of defining an arbitrary threshold value and its relation 
to neutrosophic computations in the next section. 


Definition 3. A neutrosophic oracle Turing machine is a Turing machine with an additional neutrosophic 
oracle tape (Q,X,T,1', 5, qo, F,{L, R}), where Q is a finite set of states, X is the alphabet, T is the tape alphabet, 
I’ is the neutrosophic oracle tape alphabet containing the blank symbol B, qo € Q is the starting state, F C Qis 
a set of halting states, the set {L, R} denotes the possible left (L) and right (R) move of the tape head, and 6 is the 


transition function defined as: 
6:QxTxI’ 5+ Qxzx {LR}. 


Theorem 1. Any neutrosophic oracle Turing machine can be simulated by a standard Turing machine. 
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Proof. Assuming the Church—Turing thesis in the proof, we only need to argue that standard oracle 
tapes can in theory represent neutrosophic oracle tapes. In fact any neutrosophic oracle tapes can be 
represented by three standard oracle tapes each of which contains one and only one attribute. The ith 
cell of the first oracle tape contains the probability value pe (i). The ith cell of the second oracle tape 
contains the value p¢(i). Similarly, the ith cell of the third oracle tape contains py(i). 

We also need to argue that a three-tape oracle standard Turing machine can be simulated by a 
single tape oracle Turing machine. Let I be the oracle alphabet. We define an extension I’ of I by 
introducing a delimeter symbol # to separate each attribute for a given number i. We define another 
delimiter symbol | to separate each i € N. Let I’ = TU {#, L}. Then, a neutrosophic oracle tape can 
be represented by a single oracle tape with the tape alphabet I’. The oracle tape will be in the form: 


pe(O)#pg(0)#p1(0) Lpe(#pg(1)#pi(1)1... 


The symbol | determines a counter for i, whereas for each i, the symbol # determines a counter 
for the attribute. 














A neutrosophic set A computes another neutrosophic set B if using finitely many pieces of 
information of the characteristic sequence of A determines the ith entry of the characteristic sequence 
of B given any index i € N. Then, based on this definition, a set B C N is neutrosophically computable 
in A if B = ¥N(A) for some e € N, where ¥Y denotes the e-th neutrosophic oracle Turing machine. 
If B = ¥N(A) for some e € N, we denote this by B <j A. If B <j A and A <y B, then we say that 
A and B are neutrosophically equivalent and denote this by A =y B. Intuitively, A =) B means that 
A and B are neutrosophic subsets of natural numbers, and they have the same level of neutrosophic 
information complexity. We leave the discussion on the properties of the equivalence classes induced 
by =n for another study as it is beyond the scope of this paper. 


3. Neutrosophic Enumeration and Criterion Functions 


We now introduce the concept of neutrosophic enumeration of the members of neutrosophic 
subsets of natural numbers. Since we talk about enumeration, we must only take countable sets 
into consideration. It is known from classical computability that, given a set A C N, A is called 
recursively enumerable if there exists some e € N such that A is the domain of ¥,. We want to define 
the neutrosophic counterpart of this notion, but we need to be careful about the indeterminate cases, 
an intrinsic property in neutrosophic logic. 


Definition 4. A set A is called neutrosophic Turing enumerable if there exists some e € N such that A is the 
domain of ¥ restricted to elements whose probability degree of membership is greater than a given probability 
threshold. More precisely, if r € Q is a given probability threshold, then A is neutrosophic Turing enumerable if 
A is the domain of ¥N (@) restricted to those elements i such that p&(i) > r, where pA (i) denotes the degree of 
probability of membership of i in A. 


If the eth Turing machine is defined on the argument i, we denote this by ¥.(i) |. The halting set 
in classical computability theory is defined as: 


K = {e: ¥,(e) |}. 


It is known that K is recursively enumerable but not recursive. Unlike in classical Turing 
computability, we show that neutrosophically computable sets allow us to neutrosophically compute 
the halting set. The way to do this goes as follows. A single neutrosophic subset of natural numbers is 
not enough to compute the halting set. Instead, we take the union of all neutrosophically computable 
subsets of natural numbers by taking an infinite join which will code the information of the halting set. 
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Let { A;}jen be a countable sequence of subsets of N. The infinite join is defined by 
DtAi} = {i x) sx € Aj}, 
where (i, j) is mapped to a natural number using a uniform pairing function N x N > N. 
Theorem 2. Let AN be a neutrosophic subset of N. Then, @{AN} =vnkK 


Proof. We first show that @{AN \ >n K. The infinite join of all neutrosophically computable sets 
computes the halting set. Let {¥N hen be an effective enumeration of neutrosophic Turing functionals. 
Let {AN } be the corresponding neutrosophic sets, each of which is computable by EN . To compute 
K, we let @{AN} be the infinite join of all AN. To know whether ¥;(i) is defined or not, we see 
if pe(i) + pe(i) > 0.5. If so, then ¥;(i) |. Otherwise it must be that p;(i) > 0.5. In this case, 
Y; (i) is undefined. 

Next, we show @{AN }\ <n K. To prove this, we assume that there exists an oracle for K. If i € K, 
then there exist indices x,y € N such that (x,y) = i and it must be that pe(i) + pg(t) > 0.5 since ¥;(7) 
is defined, but we may not know whether i € A; ori ¢ Aj. Ifi ¢ K, then the same argument holds to 
prove this case as well. UJ 


The use of the probability ratio 0.5 is for convenience. This notion will be generalized later on. 
Classically speaking, given a subset of natural numbers, we can easily convert it to a neutrosophic 
set preserving the membership information of the given classical set. Suppose that we are given a 
set A C N and we want to convert it to a neutrosophic set with the same characteristic sequence. 
The neutrosophic counterpart AN is defined, for each i € N, as: 


i,1-i,0) if A(i)=1 
AN(i) = (i 
(i) (1 —i,i,0) otherwise. 


We now introduce the tree representation of neutrosophic sets and give a method, using trees, 
to approximate its classical counterpart. Suppose that we are given a neutrosophic subset of natural 
numbers in the form: 


AN = {(pe(i), pe (i), Pili) fen: 


We use the probability distribution to decide which element will be included in the classical 
counterpart. If AN isa neutrosophic subset of natural numbers, the classical counterpart of AN is 
defined as: 


0 ifpe(i) < peli. 


Now we introduce a simple conversion using trees. The aim is to approximate to the classical 
counterpart of a given neutrosophic set AN ina computable fashion. For this we start with a full 
ternary tree, as given in Figure 2, coding all possible combinations. 


ao={ | if pe(i) > peli) 


pe(1) pe(1) pr(1) pe(1) p¢(1) pil) pe(1) pg) prQ) 





Figure 2. Approximating a neutrosophic set with a classical set through a ternary tree. 
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The correct interpretation of this tree is as follows. Each branch represent a possible element of the 
set we want to construct. For instance, if pe(0) has the largest probability value among pe<(0), pg(0), 
p1(0), then we choose pe (0) and define 0 to be an element of the classical set we construct. If either 
p¢(0) or p;(0) is greater than p<(0), then we know 0 is not an element of the constructed set. Since we 
are defining a classical set, the only time when some i € N is in the constructed set is if pe(i) > pg(i) 
and pe(i) > p7(i). Continuing along this line, if pg(1), say, has the greatest probability value among 
pe(1), pe(1), p1(1), then 1 will not be an element. So far, 0 is an element and 1 is not an element. So in 
the tree we choose the leftmost branch and then next we choose the middle branch. Repeating this 
procedure for every i € N, we end up defining a computable infinite path on this ternary tree which 
defines elements of the set being constructed. At each step, we simply take the maximum probability 
value and select that attribute. The infinite path defines a computable approximation to the classical 
counterpart of AN using the tree method. 

Earlier we defined Turing machines with a neutrosophic oracle tape. Suppose that the characteristic 
sequence of a neutrosophic set A can be considered as an oracle. Then, the e-th neutrosophic oracle 
Turing machine can compute a function of the same characteristic. That is, not only can Turing machines 
with neutrosophic oracles compute classical sets, but they can also compute neutrosophic sets. It is 
important to note that we need to modify the definition of standard oracle Turing machines in order to 
use neutrosophic sets. We add the symbol I to the alphabet of the oracle tape. The transition function 6 
is then defined as: 

ON: Qx Ux >Qx Du {I} x {LR}. 


We say that the neutrosophic oracle Turing machine, say ¥Y, computes a neutrosophic set B 
if YN — B. 

We now turn to the problem of enumerating members of a neutrosophic subset A of natural 
numbers. Normally, general intuition suggests that we pick elements i € N such that pe(i) > 0.5. It is 
important to note that, given A = {(pe(i), p¢(i), pr(i)) tien, not every 7 will be enumerated if we use 
this probability criterion. However, changing the criterion depending on what aspect of the set we 
want to look at and depending on the application, would also change the enumerated set. Therefore, 
we would need a kind of criterion function to set a probability threshold regarding which elements of 
the neutrosophic set are to be enumerated. 

In practice, one often encounters a situation where the given information is not directly used 
but rather analyzed under the criterion determined by a function. We examine how the computation 
behaves when we impose a function on the neutrosophic oracle tape. That is, suppose that f : N > 
{a,b,c} is a function, where a,b,c € Q, which maps each cell of the neutrosophic oracle tape to a 
probability value. For example, f could be defined as a constant non-membership function which 
assigns every triplet in the cells to the non-membership ¢ attribute. In this case, the probability of 
any natural number not being an element of the considered oracle A is just 1. When these kinds of 
functions are used in the oracle information of A, we may be able to compute some useful information. 

The intuition in using criterion functions is to select, under a previously determined probability 
threshold, a natural number from the probability distribution which is available in a given neutrosophic 
subset of natural numbers. As an example, let us imagine a neutrosophic subset A of natural numbers. 
Suppose for simplicity that A is finite and is defined as: 


A = {(0.1,0.4,0.5), (0.6, 0.3,0.1), (0,0.9,0.1)}. 


First of all, we should read this as follows: A has neutrosophic information about the first three 
natural numbers 0, 1,2. In this example, pe(0) = 0.1, pg(0) = 0.4, p7(0) = 0.5. For the natural number 
1, we have that pe(1) = 0.6, pg(1) = 0.3, py(1) = 0.1. Finally, for the natural number 2, we have 
pe(2) = 0, pg(2) = 0.9, py(2) = 0.1. Now if we want to know which natural numbers are in A, 
normally we would only pick the number 2 since pe (2) > 0.5. Our criterion of enumeration in this 
case is 0.5. In general, this probability value may not be always applicable. Moreover, this probability 
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threshold value may not be constant. That is, we may want to have a different probability threshold 
for every natural number i. If our criterion were to select the ith element whose probability exceeds pj, 
we would enumerate those numbers. For example, if the criterion is defined as 


then for the first triple, the probability threshold is 0, meaning that we enumerate the natural number 

0 if pe(0) > 0. Obviously 0 will be enumerated in this case since pe(0) = 0.1 > 0. The probability 

threshold for enumerating the number 1 is 0.8, so it will not be enumerated since pe(1) = 0.6 < 0.8. 

Finally, the probability threshold for enumerating the number 2 is 0.2. In this case, 2 will not be 

enumerated since pe(2) = 0 < 0.2. So the enumeration set for A under the criterion f will be {0}. 
We are now ready to give the formal definition of a criterion function. 


Definition 5. A criteria function is a mapping f : N — Q which, given a neutrosophic subset A of natural 
numbers, determines a probability threshold for each triple (pe(i), pg(i), pr(i)) in A. 


We first note a simple observation that if the criterion function is the constant function f(1) = 0 
for any n € N, the enumeration set will be equal to N itself. However, this does not mean that the 
enumeration set will be empty if f(m) = 1. Given a neutrosophic set A, if pe (i) = 1 for all i, then the 
enumeration set for A will also be equal to N. 

We shall next give the following theorem. First we remind the reader that we call a function f 
strictly decreasing if f(i+1) < f(i). 


Theorem 3. Let f bea strictly decreasing criterion function for a neutrosophic set A such that pe(i) < pe(i+1) 
for every i € N, and let Eq be the enumeration set for A under the criterion f. Then, there exists some k € N such 
that |E4| <k. 


Proof. Clearly, given A and that for each i, pe(i) < pe(i+1), only those numbers i which satisfy 
pe(i) > f (i) will be enumerated. Since the probability distribution of membership degrees of elements 
of A strictly increases and f is strictly decreasing, there will be some number j € N such that 
pe(i) < f(j). Moreover, for the same reason pe(m) < f(m) for every m > j. Therefore, the number of 
elements enumerated is less than j. That is, |E4| < j. 














We denote the complement of a neutrosophic subset of natural numbers A by A‘ and we define 
it as follows. Let p4(i) denote the probability of i being an element of A and let peli) denote the 
probability of i being not an element of A. In addition, pili ) denotes the probability of the membership 
of i being indeterminate. Then: 

A‘(i) = (pe (i), pe (i), pt (i). 

So the complement of a neutrosophic set in consideration is formed by simply interchanging 
the probabilities of membership and non-membership for all i ¢ N. Notice that the probability of 
indeterminacy remains the same. Our next observation is as follows. Suppose that A and A* are 
neutrosophic subsets of natural numbers and f is a criterion function. If €4 C €,c, then clearly 
pe(i) = pe(i) for alli N. 

The probability distribution of members of a neutrosophic set can be also be given by a function 
g(i,j) such that i € N andj € {1,2,3} where j is the index for denoting the membership probability 
by 1, non-membership probability by 2, and indeterminacy probability by 3, respectively. For instance, 
for i € N, g(i,2) denotes the probability of the non-membership of i generated by the function g. 
Now g being a computable function means, for any i, j, there is an algorithm to find the value of ¢(i, j). 
We give the following theorem. 
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Theorem 4. Let A be a neutrosophic set. If g is a computable function, then there exists a computable criterion 
function f such that E 4 is the enumeration set of A under the criterion function f and, moreover, E, = N. 


Proof. Suppose that we are given A. If g is a computable function that generates the probability 
distribution of members of A, then we can computably find g(i,1) = k. We then simply let f(i) be 
some m < k. Since pe(i) =k > f (i), every i will be a member of €4. Since i is arbitrary, E, = N. 














We say that a function f majorizes a function g if f(x) > g(x) for all x. Suppose now that g isa 
quickly growing function in the sense that it majorizes every computable function. That is, assume 
that ¢(i,j) > f (i) for every i,j € N and every computable function f. Now in this case g is necessarily 
non-computable. Otherwise we would be able to construct a function h where h(i) is chosen to be 
some s > t such that g(i, j) is defined at step t. So if g is not computable, we cannot apply the previous 
theorem on g. The only way to enumerate A is by using relative computability rather than giving a 
plain computable procedure. Suppose that we are given such a function g. Let ¥;(A;i) denote the 
ith Turing machine with oracle A and input i. We define g’ = {x : ¥x(g;x) |} to be the jump of g, 
where x = (i,j) for a uniform pairing function N x N — N. The jump of g is basically the halting 
set relativized to g. If we want to enumerate members of A, we can then use g! as an oracle. Since, 
by definition, g’ computes g, we enumerate members of A computably in 9’. 

We shall also note an observation regarding the relationship between A and A°. Given a function 
f, unless f (i) is strictly between p4(i) and pe (i), we have that E4 = E,c. That is, the only case when 
Ea # Exc isif pa(i) < fli) < pai) or pe (i) < f(i) < p(i). Let us examine each case. In the first case, 
since f(i) > pA(i), i will not be enumerated into €4, but since p4‘(i) > f(i), it will be enumerated 
into €4c. The second case is just the opposite. That is, i will be enumerated into E, but not into E,c. 

What about the cases where i is enumerated into both enumeration sets? It depends on how we 
allow our criteria function to operate over probability distributions. If we only want to enumerate 
those elements i such that pe(i) > f(i), then we may have equal probability distribution among 
membership and non-membership attributes. We may have that pe(i) = pg(i) = 0.5 and p;(i) = 0. 
In this case, we get to enumerate i both into €4 and E4c. However, if we allow the criterion function 
to operate in a way that i is enumerated if and only if pe(i) > f(i), then it must be the case that 
pe(i) < f(i) soi will only be enumerated into €4. 

The use of the criterion function may vary depending on the application and which aspect of the 
given neutrosophic set we want to analyze. 


4. Conclusions 


We introduced the neutrosophic counterpart of oracle Turing machines with neutrosophic values 
allowed in the oracle tape. For this we presented a new type of oracle tape where each cell contains a 
triplet of three probability values, namely for the membership, non-membership, and indeterminacy. 
The notion of neutrosophic oracle Turing machine is interesting in its own right since oracle information 
is used in relative computability of sets and enables us to investigate the computability theoretic 
properties of sets relative to one another. In this paper, we also introduced a method to enumerate 
the elements of a neutrosophic subset of natural numbers. For this we defined a criterion function to 
choose elements which satisfy a certain probability degree. This defines a method that can be used 
in many applications of neutrosophic sets, particularly in decision making problems, solution space 
searching, and many more. We proved some results about the relationship between the enumeration 
sets of a given neutrosophic subset of natural numbers and the criterion function. A future work of 
this study is to investigate the properties of equivalence classes induced by the operator =). We may 
call this equivalence class, neutrosophic degree of computability. It would be interesting to study 
the relationship between neutrosophic degrees of computability and classical Turing degrees. The 
results also arise further developments in achieving of new generation of computing machines such as 
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fuzzy cellular nonlinear networks paradigm or the memristor-based cellular nonlinear networks [9]. 
The latter of course has practical benefits. 
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Abstract: We introduce refined concepts for neutrosophic quantum computing such as neutrosophic 
quantum states and transformation gates, neutrosophic Hadamard matrix, coherent and decoherent 
superposition states, entanglement and measurement notions based on neutrosophic quantum 
states. We also give some observations using these principles. We present a number of quantum 
computational matrix transformations based on neutrosophic logic and clarify quantum mechanical 
notions relying on neutrosophic states. The paper is intended to extend the work of Smarandache 
by introducing a mathematical framework for neutrosophic quantum computing and presenting 
some results. 


Keywords: neutrosophic computation; neutrosophic logic; quantum computation; computation; 
logic 





1. Introduction 


1.1. Neutrosophy Theory 


Neutrosophic set concept, introduced by Smarandache [1,2], is a more universal structure that 
extends the concepts of the classic set, fuzzy set [3] and intuitionistic fuzzy set [4]. Unlike intuitionistic 
fuzzy sets, the indeterminacy is explicitly defined in neutrosophic sets. A neutrosophic set has three 
basic components defined separately: Truth T, indeterminacy I and falsity F, regarding membership. 
Neutrosophy was proposed as an ambitious project by Smarandache as a new branch of philosophy 
as well, concerning “the origin, nature, and scope of neutralities, as well as their mutual effects with 
different intellectual spectra”. The key assumption of neutrosophy is that every idea has not only 
a certain degree of truth, as is generally taken in many-valued logic contexts, but also degrees of 
falsity and indeterminacy need to be considered independently from each other. Neutrosophy has 
settled the baseline for a number of new mathematical theories generalizing both their classical and 
fuzzy counterparts, such as neutrosophic set theory, geometry, statistics, topology, analysis, probability, 
and logic. The neutrosophic framework has already been applied to practical applications in many 
different fields, such as decision-making, semantic web, and data analysis in medicine. 

Now, let us look at the concepts of some subfields of neutrosophy. Neutrosophic set has a 
formal definition as follows: Let U be a universe of discourse or space, and M be a set in U. 
An element x from U is stated related to the set M as x(T, I, F) and belongs to M in the following 
way: it is t % true in the set, 7 % indeterminate in the set, and f % false, where t varies in T, i 
varies in I, f varies in F. Statically T, I, F are subsets, but dynamically T, I, F are functions/operators 
depending on many known or unknown parameters. Neutrosophic logic is a general framework 
for the unification of many existing logics. The main idea of neutrosophic logic is to characterize 
each logical statement in a 3-dimensional neutrosophic space, where each dimension of the space 
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represents respectively the truth (T), the falsehood (F), and the indeterminacy (I) of the statement 
under consideration, where T, I, F are standard or non-standard real subsets of [0~,1*]. For instance, 
a statement can be between [0.21, 0.55] true, 0.23 or between (0.35, 0.45) indeterminate, and either 
0.32 or 0.75 false. Neutrosophic statistics is the analysis of events characterized by the neutrosophic 
probability. The function that models the neutrosophic probability of a random variable x is called 
neutrosophic distribution: NP(x) = (T(x),I(x),F(x)), where T(x) represents the probability that 
value x occurs, F(x) represents the probability that value x does not occur, and I(x) represents 
the indeterminate /unknown probability of value x. Neutrosophic probability is an extension of the 
classical probability and imprecise probability where a case, event or fact A occurs is t % true—where 
t varies in the subset T,i % indeterminate—where i varies in the subset I, and f % false—where f 
varies in the subset F. In classical probability nsup < 1, while in neutrosophic probability nsup < 3°. 
In imprecise probability, the probability of an event is a subset T in [0,1], not a number p in [0,1], 
the rest was supposed to be the opposite, subset F (also from the unit interval (0, 1]); there is no 
indeterminate subset I in imprecise probability. 


1.2. Quantum Mechanics and Computing 


Quantum mechanics was started with Planck [5] and interpreted as real life problem by Einstein [6]. 
The mechanics was developed by Bohr, Heisenberg, Broglie, Schrédinger, Born, Dirac, Hilbert, 
Sommerfeld, Dyson, Wien, Pauli, Von Neumann and others [7-12] in the first 30 years of the 20th 
century. Computers are mechanisms that support transaction information by executing algorithms. 
An algorithm is a well-defined process to perform an information processing task. The task can always 
be translated into a realization. When creating complicated algorithms for a variety of tasks, working 
with some improved computational models is very useful, probably very important. However, when 
examining the actual limitations of a computation mechanism, it is key to remember the connection 
between computation and realization. Quantum computation explores how efficiently nature allows us 
to compute. The standard computational model is based on classical mechanics; the mechanics of the 
Turing machine relies on classical mechanics. Quantum information processing changes not only the 
physical paradigm used for computing and communication but also the concepts of knowledge and 
computation. Quantum computation is not synonymous with quantum effects to make calculations. 
Actual computing mechanisms of the quantum are based on a larger physical reality than is represented 
by the idealized computational model. Quantum information processing is the result of the use of 
the physical reality that quantum theory states to perform tasks that were previously thought to 
be infeasible or impossible. The mechanisms that perform quantum information processing are 
known as quantum computers. In the last few decades of the twentieth century, researchers tried 
to follow two of the most influential and revolutionary theories: information science and quantum 
mechanics. Their success provided an unfamiliar computation and information range of vision. This 
new insight has significantly changed how the relationship between quantum information theory, 
computation, knowledge, and physics is considered and has given rise to new applications and 
epoch-making algorithms. The theory of information, which contains the foundations of computer 
science and communication, made possible to address the important issues in computer science and 
communication. The Turing machine is a classical model that behaves entirely according to classical 
mechanical principles. Quantum mechanics has become an increasingly significant line in the progress 
of developing more efficient computing mechanisms. Until recently, the effect of quantum mechanics 
had been limited to low-level applications and it had no effect on how computation or communication 
was carried or worked. At the beginning of the 1980s, a number of scientists found that quantum 
mechanics had eye-opening effects that could be used in information processing. Richard Feynman [13], 
Yuri Manin [14], and other influential scientists realized that some quantum mechanical phenomena 
could not be efficiently simulated by a standard Turing machine. This observation has led to speculation 
that perhaps these quantum phenomena could be used to make computations more efficient in general. 
Such programme required re-thinking the underlying theoretical model of informatics and completely 
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removed it from the classical circle. Quantum computing, a field that includes quantum information, 
quantum algorithms, quantum cryptography, quantum communication, and quantum games, explores 
the effects of using quantum mechanical phenomena for information modeling and processing instead 
of using the rules of classical mechanics in computations. 

In the following sections, we will introduce a mathematical framework of the unification of 
neutrosophic theory and quantum theory, in a fully computational approach. In this context, we will 
reveal how one can have a computational approach to the solution of mathematical and algorithmic 
problems of a model that can be encountered in both the neutrosophic and quantum universes. 
In this sense, this paper presents a more computational approach to the neutrosophic quantum 
concept, ie., neutrosophic quantum computation, whose groundwork was laid by the work of 
Smarandache [15]. 


2. Neutrosophic Quantum Computing 


In this part, we define some fundamental notions of neutrosophic quantum computing. 
Some concepts will involve new interpretations and others will be straightforward generalizations. 
As also mentioned in Smarandache [15], we should note in the beginning of our paper that the 
reversibility condition of quantum computing has some challenging issues in the neutrosophic 
counterpart of this ambitious field. It is mainly due to the fact that neutrosophic states involve 
indeterminacy, so the inverse function of such states might not always be definable, hence the domain 
may not be uniquely recovered from the image. We propose an interesting open problem regarding a 
special case of this issue at the end of the paper. 

We assume some basic familiarity with linear algebra and complex numbers including their basic 
properties like the norm of a complex vector, complex conjugation, complex number multiplication, 
etc. The reader may refer to Yanofsky and Mannucci’s [16] or Nielsen and Chuang’s [17] book for a 
detailed account on quantum computing and quantum information. 


Definition 1. A neutrosophic quantum bit (neutrobit) is a three-dimensional complex vector 





yl 
Ip) = |B} = 10) + Bl1) + r1J) 
" 


such that «,B,y € Care called coefficients (or amplitudes) and |x|? + |B|* + |7|* = 1, where we define the 
basis vectors |0), |1), |) in the canonical basis as 


1 0 0 
|0)= JO}, |= ]1], [p= ]0 
0 0 1 


In comparison to classical quantum computation, the reader may have noticed a new basis vector 
|I) introduced above. We call this vector the indeterminacy basis. 

A coherent neutrosophic quantum state |p) is a linear combination (superposition) of the basis vectors 
|0), |1) and |Z) which is in the form 


Ip) = @|0) + Bl1) + r12) 


such that w, B,-y € C and that |a|? + |B|? + |y|? =1. 
Thus, a coherent neutrosophic quantum state is three-dimensional complex vector, which is of 
unit length. 
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Quantum systems evolve via special kind of matrix transformations. We define neutrosophic Pauli 
gates as given below: 


1 
ia Loo ; 0 | [2 | 
; 1 
100], y=|0 é o], z=/o -1 0], wa] J Ol. 
1 41 
Vi 


0 0 1 Jo o | Joo -1 





x= 
v2 


The matrix X is actually the NOT gate which the reader might be familiar from classical quantum 
computation. That is, if k € {0,1}, then X|k) = |1—k). Notice that X|I) = |I). Thus, we define 
the negation of the indeterminacy basis as itself. The next two gates are Y-rotation and Z-rotation 
(phase change). The new gate here is the W-transformation which can be simply thought of as a 
rotation around the |I) basis with an equal coefficient distribution of the bases between |) and the 
basis on which the rotation is applied. The intuition behind these rotation gates will be understood 
better once we give the unit ball representation of neutrobits later on. 

An important quantum gate in classical quantum computing is the Hadamard transform, which is 
defined as the matrix 


v2l1 -1) | -z 


Standard Hadamard transform is defined on a single qubit since it is a 2 x 2 matrix. Hadamard 


Ue. <ul 
5\, | a 


matrix used in classical quantum computing is a unitary matrix. Thus, it is reversible, and is actually its 
own inverse. To introduce the neutrosophic counterpart of this transformation, we first need to define 
the notion of indeterminate (decoherent) superpositions to make sense of the use of the Hadamard 
transform in neutrosophic quantum computing. The terms coherent and decoherent superpositions 
of neutrobits were first introduced by Smarandache [15] for denoting quantum states with some 
indeterminacy. We modify these notions to make the Hadamard transform work on neutrobits. 


Definition 2. The reserved three-dimensional vector 
|0;) = |0 
is called the decoherent state of the |0) basis vector. We define |1;) similarly. That is, 


|47) = ]1 





ata | 


is defined to be the decoherent state of |1). Any linear combination that includes either of these vectors is called a 
decoherent superposition. 


The motivation behind this definition is to mix the coherent (stable) basis state |0) with the intrinsic 
property of neutrosophic logic, which is indeterminacy. A quantum system may still have a degree 
of indeterminancy even if the system appears to be in a pure basis state. A scalar w for any of these 
decoherent vectors is denoted by «;. Thus, when we write 7, for some number a, the reader should 
understand that we are refering to the coefficient of a decoherent state. For example, the vector 
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denotes the decoherent superposition state 


1 1 
Vz 2 


We could also define a decoherent state for |I), but, since the state |[) naturally involves 
an indeterminacy regarding which classical bit the state refers to, there is no need to repeat this 
decoherence. Thus, we adopt |0;) and |1;) as reserved basis vectors that will be used in decoherent 
superposition states. We should once again emphasize that |0;) is different than the coherent basis 
state |0). It is also different than the coherent superposition state |p) = 510) + Zit ). The latter 
says that the system is in a superposition of basis states |0) and |I), the former says that the system 
is in a possibly indetermined state |0). If |~) = |0), this tells us that |) is for certain in the basis state 
|0). The state |0;) + |I) says that the system is in a decoherent superposition of |I) and a possibly 
indetermined state |0). The distinction between coherent and decoherent states should now be clear. 
However, another way to imagine |07) as the state |0) with a bounded error € > 0. 


Given the information above, we define the neutrosophic Hadamard transform as 


\0r) + >=|1)). 




















a ck (+) 

Bi v3 v2) 1 

= 1 1 
Hy ii B a 

1 
“uw ° 
Then, it is easy to verify that 

Hyy|0) = 510) + Zell) + Jal), 
Hyl1) = 3g|0) - 4,)1) - 410), 


Hy|I) = ¥5|01) + ylti)- 


3. Observables and Measurement 


In classical mechanics, it is intuitively understood what is meant by an observable. An observable 
in classical mechanics is a quantity like velocity, momentum, position, temperature, etc. It is intuitively 
clear what these quantities are. In quantum mechanics, one needs to be more specific when talking 
about observables. 


Definition 3. Let A be ann x n matrix. We say that A is Hermitian if AtA = AA*, where A’ is called the 
Hermitian conjugate of A and is defined as the transpose of the complex conjugate matrix of A. Ann x n matrix 
A is called unitary if AtA = AA* = Id, where Id is the identity matrix. 


We note that, in classical quantum computing, state evolution is obtained by applying unitary 
operators. There are two reasons for this. The first reason is that classical quantum computations 
are reversible. The second reason is that unitary transformations preserve inner products, hence 
they preserve the norm of the vectors. As we shall discuss later, this requirement is questionable in 
neutrosophic quantum computing. 
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In classical quantum computing, it is assumed that, for every observable, there corresponds a 
Hermitian operator. We use the same postulate for the neutrosophic case. 


Measurement postulate. Observables in neutrosophic quantum computing are Hermitian operators. 


Measurements are the outcomes of observables applied on the physical system in consideration. 
Classical quantum computing usually takes projective measurements in the sense that when we measure 
a state, the new state of the system becomes one of the basis states of the system. Thus, after the 
measurement, a general superposition state gets projected onto one of the basis vectors. We shall not 
adopt this requirement in neutrosophic quantum computing. The reason is the following. If the 
outcome were to be projected onto one of the basis states, the logic used here would be no different 
than the classical interpretation. Even if the state of the quantum system is projected onto a single 
basis state, we would still require a degree of probability of the same basis state being on other basis 
states. This is one reason why we should decoherent superposition states into account in neutrosophic 
quantum computing. It relies on the very nature of neutrosophic logic. For that matter, observables we 
take into consideration are non-projective. 

Measuring an observable on a neutrosophic quantum bit yields not a single classical state, but 
a probability distribution of the basis states |0),|1),|I). This is perhaps one of the most important 
difference between classical quantum computation and neutrosophic quantum computation. Given a 
neutrobit |) = «|0) + 6|1) + y|I), making a measurement on state |p) yields a triplet 


(Ploy, Pla), Pir) ) 


where pj) denoting the probability of |y) being in state |0), pj) denoting the probability of |p) being 
in state |1), and pj) denoting the probability of |p) being in the indetermined basis state |). Thus, 
the outcome of observing a neutrobit gives a probability distribution of basis states. In classical 
quantum computing, the outcome of measurement on a qubit is a classical bit information. 

Let us illustrate this idea. For example, given the neutrobit 








1 1 1 
1p) glo) a gl 


in a coherent superposition, measuring some observable Q on the state |) should yield a neutrosophic 
quantum state |’) = a|0) + B|1) + |Z), of decoherent superposition. 

It should be noted that the neutrosophic quantum state should not be confused with an ordinary 
superposition state of a classical quantum system. Thus, a pure state in a neutrosophic quantum system 
always looks like a superposition. A neutrosophic quantum state is in a coherent superposition of three 
basis states |0), |1), |). However, as soon as we make a measurement on state |), it yields a decoherent 
superposition, which is merely a triplet containing the information of probability distributions for each 
basis states. We state this as a theorem. 


Theorem 1. Let |) = «|0) + B\1) + y|1) be a coherent neutrosophic quantum state. The outcome 
of a measurement on |) is a three-dimensional real vector, particularly a decoherent neutrosophc 
quantum superposition. 


Proof. Suppose that we are given a coherent state |) = a|0) + 6|1) + 7|1). Without loss of generality, 
we may assume that the state is in a superposition rather than in a single coherent basis. Assume that 
we are given a Hermitian operator 1 which is not necessarily unitary and projective. Applying 0 
on |p), since we assumed that CQ is non-projective, will still yield a linear combination of vectors, 
particularly a three-dimensional vector. Since the probability of seeing a single coherent basis state is a 
magnitude square of the coefficient corresponding to that basis vector, the probability of observing 
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|0) is some pjg). Similarly, the probability of observing |1) is pj; and the probability of seeing |/) is 
some pj). Since O is non-projective, we observe a vector containing these probabilites as elements. 
However, since the outcome is decoherent, it should be that each probability value can be taken to be 
indetermined. That is, the outcome of the observation will be a vector 


Since |I); = |), we have 








L (Pizy) 


The vector above is a decoherent superposition state with numbers pjgy, Pj1), and p)7). Since each 
number is the magnitude square of the coefficients of the state vector being measured, they cannot be 
complex valued. Thus, each of these numbers are real valued. 














4. Tensor Products and Entanglement 


The usual tensor product of classical qubits generalizes to the neutrosophic case. Given two neutrobits 


a4 x2 
lp) = |Bil, 16) = | Bo], 
V1 2 
the tensor product is defined as 
| a1 0p 
nm 
4172 
"| a hn 
Ip) @ |p) = | Bry @ | Boy = | ipo! 
ix | br 
y1%2 
11 B2 
LY17Y2 





The tensor product of measurement outcomes can also be defined. Assume that |1)’) = (Pjoy- 
Phys Phy) and |g’) = (Pho): PhyPhy) are two probability distributions of two decoherent quantum states. 
Then, we define 
1@2_ pl . 2 
Ploy = Poy * Ploy. 


1@2 
Pity = Phy Phy 
1@2 
Pity = Plny* Ptr: 
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Then, we write the tensor product as |p’) ® |p’) = (Pig)? Phys Ply): 


The tensor product of measurement outcomes provides us with the ability to use compound 
outcome information of multiple neutrobit systems. We shall now look at the neutrosophic 
entanglement property. In classical quantum computation, a two qubit system is entangled if it 
is not the tensor product of two single-qubit systems. We adopt the same definition for neutrosophic 
coherent superposition states. However, entanglement is not defined on decoherent states. Suppose 
that we are given two neutrobits |) = a1|0) + 61/1) + 71/1) and |) = a2|0) + B2|1) + 72|Z), the tensor 
product is defined exactly the same as in the classical case. That is, 


|W) ® |) = ay@2]00) + a1 B2|O1) + ayy2|Ol) +--+ + y272I| 11). 


This is completely a coherent superposition. If we measure this two-neutrobit system, though, 
we get a 9-tuple containing probability distributions where each element of the 9-tuple denotes the 
probability of the compound system |) ® |~) being in the ith basis state for a two-neutrobit system. 
The reader should easily be able to verify that, for an n-neutrobit system, there are 3” basis states. 


5. More on Quantum Operators 


As noted earlier, most quantum transformations are defined similarly as in the classical case. 
For a better understanding though, we shall discuss more about the action of the neutrosophic 
Hadamard transform. The neutrosophic Hadamard transform is defined as 





fs & 
a= A 3 a 
a 


The indeterminate values as in the neutrosophic Hadamard transform denote the indeterminate 
decoherent counterpart of the basis states |0) and |1). Any state which involves any of these decoherent 
vectors is also decoherent. Despite that we leave Hy|07) and Hy|17) undefined, we define the logical 
NOT operator over the decoherent states as 


NOT|0;) = [11), 


NOT|1;) = |07). 


We leave the action of Hy on two reserved decoherent vectors |0;) and |1;) undefined for the 
reason that creating a superposition from an already decoherent neutrosophic quantum state might 
prevent us to obtain the original input decoherence from the output decoherence. Thus, due to this 
reversibility problem, it is better if we leave the mentioned transformations undefined. Since |) is a 
legitimate coherent state in neutrosophic quantum computation, we defined 


Hyd) = Slo) m Salli). 


We may imagine a coherent neutrobit as a vector on a three-dimensional unit ball as given in 
Figure 1. 
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<0) + 1) + yd) 


(0) 


Figure 1. Representation of a neutrobit vector on a unit ball with real coefficients. 


Of course, we assume in this image, for simplicity, that the amplitudes are real values. Allowing 
complex coefficients would require us to represent a neturobit on a four-dimensional geometry since 
an additional imaginary axis would need to be introduced. The basis vectors here are all mutually 
orthogonal. That is, the inner product of any of the two basis vectors is 0. 

When we make a measurement on the state |), we get a triplet (pjq), Pj1y, Pj) Which was 
defined earlier, where pjg) = |o|*, Pay = (BI, Pl) = |7|*. The new state of the system in this case is a 
decoherent superposition of |0), |1) and |I) each with a degree of probability pig), pj1), Pir), respectively. 


6. Results 


We introduced a refined mathematical framework for neturosophic quantum computing based on 
the original work of Smarandache [15] and we gave a few standard transformations and notions that 
are to be used in neutrosophic quantum computations. Perhaps the most important difference from 
the classical quantum computation is the involvement of the indeterminacy basis and the separation 
between coherent and decoherent states. Treating the Hadamard transform as a function creating a 
superposition from a coherent state, we introduced the reserved decoherent vectors for this purpose. 
The measurement process is also slightly different in this case. The outcome of any measurement on a 
neutrobit gives a probability distribution, a decoherent state, of all possible basis states each with a 
certain degree of probability determined by the corresponding coefficients. 

The computational complexity of the neutrosophic quantum gates, when applied to a quantum 
state, would be the same as their classical counterparts since the size of the transformation matrices in 
the neutrosophic counterpart does not change asymtotically. That is, for the neutrosophic Hadamard 
transform for instance, multiplying a 3 x 3 matrix with a three-dimensional vector does not give any 
difference in terms of computational complexity compared to its classical counterpart. The same 
observation can be easily seen with the other gates. The only complexity difference is with the tensor 
product that, since we are not working on a three-dimensional vector space, the size of the vector space 
grows by factors of 3 instead of 2 when taking tensor products of n many neutrobits. It should be 
noted that this is still a constant difference. 

A practical application of neutrosophic quantum computing in the future would be used to 
solve hard problems involving indeterminate cases of multiple states when taken as a whole system. 
For example, it may not be known which one of the many possible channels that a quantum information 
is transferred through quantum communication channels. If we were to study the behavior of the 
transferred superposition quantum state, we would have to use neutrosophic quantum computing 
notions to describe the state of the transfer process that will involve the probability of the information 
being transferred on one particular channel, probability of the information not being transferred on 
the same channel, and a degree of indeterminacy of the information being transferred on that channel. 
This is required for a single channel. Thus, we would have a superposition of all possible probability 
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distributions if we consider every channel taken together. The entire distribution will naturally define 
a decoherent quantum superposition state. 

As stated in Smarandache [15], satisfying the reversibility condition of quantum computing is 
more problematic in the neutrosophic case due to the inclusion of indeterminate states. The first attempt 
to settle this problem is to try to make the neutrosophic Hadamard transform unitary, and hence 
reversible. We shall give the following open problem, for which we hope to encourage researchers in 
neutrosophic computation or quantum computing for finding a possible solution. 


Open problem. Define a “reasonable” neutrosophic Hadamard transformation matrix, which 
is unitary. 


By “reasonable”, we mean preserving the original properties of the standard Hadamard transform 
such as creating a superposition of basis states, etc. 

Another future work is to find a legitimate protocol for the teleportation of the state of a neutrobit 
from one location to another. This particularly has many applications in networks and communication. 
A typical quantum teleportation of a standard qubit is performed through classical bit channels. 
In order to send the state of a qubit, the first party sends two classical bits and the second part recovers 
the state of a qubit from the received classical bits. What kind of channels do we need to transport the 
state of a neutrobit? A classical channel may be a solution. A quantum channel, on the other hand, 
may not be sufficient to teleport a neutrobit due to the fact that the preservation of indeterminate states 
through the teleportation process becomes questionable. One idea is to separate the indeterminate 
state from the superposition and treat it as a classical quantum superposition state of all coherent basis 
states and then use the classical quantum teleportation protocol on this system. 

Neutrosophic quantum computing is at its very early stage of development. We believe that 
this new field will attract many researchers in computer science, physics and mathematics for further 
advancement along with discovering many useful future applications. 
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